
In[ ]:= SetDirectory[

"C:\\drorbn\\AcademicPensieve\\Talks\\LearningSeminarOnCategorification-2006"];

<< "Engine-Speedy.m";

<< "Objects.m";

$k = 0; ℏ = 1;

» Warning: On Sep 4 2019 I swapped the operations

ϵ and η. Some incompatibilities may arise in older notebooks.

In[ ]:= s; h; t; Γ; dL; V; Xp; Xm

Once[Begin["MetaCalculi`"]; << "../../Projects/MetaCalculi/MetaCalculi.m";

End[];]

ΓSimp = MetaCalculi`ΓSimp;

ΓR[i_, j_] := Γ[Xp[i, j]]; ΓR[i_, j_] := Γ[Xm[i, j]];

Out[ ]= Xm

MetaCalculi` loading...

In[ ]:= ΓR[1, 2]

Out[ ]=

1 s1 s2
s1 1 1 - T1
s2 0 T1
Γ 1 T1

In[ ]:= Ri,j

Out[ ]= {}→{i,j}[aj bi, xj yi, 1]

In[ ]:= cmi,j→k

Out[ ]= {i,j}→{k}ak αi + ak αj + bk βi + bk βj, yk ηi +
yk ηj

i
+
xk ξi

j
+ bk ηj ξi + xk ξj, 1 + O[ϵ]1

In[ ]:= dmi,j→k

Out[ ]= {i,j}→{k}ak αi + ak αj + bk βi + bk βj, yk ηi +
yk ηj

i
+
xk ξi

j
+ 1 - Bk ηj ξi + xk ξj, 1 + O[ϵ]1

In[ ]:= cRi_,j_ := {}→{i,j}aj bi,
1 - Bi

bi
xj yi, 1

In[ ]:= (cR1,2 cR4,3 cR5,6 // cm1,4→1 // cm2,5→2 // cm3,6→3) ≡ (cR2,3 cR1,6 cR4,5 // cm1,4→1 // cm2,5→2 // cm3,6→3)

Out[ ]= True

In[ ]:= cRi_,j_ := {}→{i,j}-aj bi,
Bi - 1

bi Bi
xj yi, 1

In[ ]:= cR1,3 cR2,4 // cm1,2→1 // cm3,4→3

Out[ ]= {}→{1,3}0, 0, 1 + O[ϵ]1
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In[ ]:= sp1_[ω_, L_, Q_] //  := {}→sp1[L, Q, ω + O[ϵ]];

sp1_[ω_, L_, Q_] // sp2_[L2_, Q2_, P2_] := sp1[ω, L, Q] //  // sp2[L2, Q2, P2]

In[ ]:= G1 = Expand /@

{1,2,3}ω, {b1, b2, b3}.
l11 l12 l13
l21 l22 l23
l31 l32 l33

.{a1, a2, a3}, {y1, y2, y3}.
α β θ
γ δ ϵ
ϕ ψ Ξ

.{x1, x2, x3}

Out[ ]= {1,2,3}[ω, a1 b1 l11 + a2 b1 l12 + a3 b1 l13 + a1 b2 l21 + a2 b2 l22 + a3 b2 l23 + a1 b3 l31 + a2 b3 l32 + a3 b3 l33,

α x1 y1 + β x2 y1 + θ x3 y1 + γ x1 y2 + δ x2 y2 + ϵ x3 y2 + ϕ x1 y3 + ψ x2 y3 + Ξ x3 y3]

In[ ]:= G1 // 

Out[ ]= {}→{1,2,3}a1 b1 l11 + a2 b1 l12 + a3 b1 l13 + a1 b2 l21 + a2 b2 l22 + a3 b2 l23 + a1 b3 l31 + a2 b3 l32 + a3 b3 l33,

α x1 y1 + β x2 y1 + θ x3 y1 + γ x1 y2 + δ x2 y2 + ϵ x3 y2 + ϕ x1 y3 + ψ x2 y3 + Ξ x3 y3, ω + O[ϵ]1

In[ ]:= G1 // cm1,2→0 // Simplify

Out[ ]= {}→{0,3}a0 b0 l11 + l12 + l21 + l22 + b3 l31 + l32 + a3 b0 l13 + l23 + b3 l33,

1

-1 + γ b0
x3 -θ + (-α ϵ + γ θ) b0 - ϵ B0

l11+l21 B3
l31 y0 + -Ξ + (γ Ξ - ϵ ϕ) b0 y3 +

x0 -β + (β γ - α δ) b0 - δ B0
l11+l21 B3

l31 - α B0
l12+l22 B3

l32 - γ B0
l11+l12+l21+l22 B3

l31+l32 y0 +

-ψ + (-δ ϕ + γ ψ) b0 - ϕ B0
l12+l22 B3

l32 y3,
ω

1 - γ b0
+ O[ϵ]1

In[ ]:= {}→r_[L_, Q_, P_] //  := r[Normal@P, L, Q]

In[ ]:= G1 // cm1,2→0 // 

Out[ ]= {0,3}-
ω

-1 + γ b0
, a0 b0 l11 + l12 + l21 + l22 + a3 b0 l13 + l23 + a0 b3 l31 + l32 + a3 b3 l33,

1

-1 + γ b0
-β x0 y0 + β γ b0 x0 y0 - α δ b0 x0 y0 - δ B0

l11+l21 B3
l31 x0 y0 - α B0

l12+l22 B3
l32 x0 y0 -

γ B0
l11+l12+l21+l22 B3

l31+l32 x0 y0 - θ x3 y0 - α ϵ b0 x3 y0 + γ θ b0 x3 y0 - ϵ B0
l11+l21 B3

l31 x3 y0 -

ψ x0 y3 - δ ϕ b0 x0 y3 + γ ψ b0 x0 y3 - ϕ B0
l12+l22 B3

l32 x0 y3 - Ξ x3 y3 + γ Ξ b0 x3 y3 - ϵ ϕ b0 x3 y3

In[ ]:= S_[ω_, L_, Q_] // Form := Module[{M, i, j},

M = Table[Simplify[∂xi,yj Q], {i, S}, {j, S}];

PrependTo[M, y# & /@ S];

M = Join[

{Prepend[x# & /@ S, ω]},

Transpose[M],

{Prepend[Table[∂ai L, {i, S}], ""]}

];

MatrixForm[M]

];

In[ ]:= S1_[ω1_, L1_, Q1_] ≡ S2_[ω2_, L2_, Q2_] :=

Sort[S1] === Sort[S2] ∧ Simplify[ω1 ⩵ ω2] ∧ Simplify[L1 ⩵ L2] ∧ Simplify[Q1 ⩵ Q2]
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In[ ]:= G1 // Form

Out[ ]//MatrixForm=

ω x1 x2 x3
y1 α β θ

y2 γ δ ϵ

y3 ϕ ψ Ξ

 b1 l11 + b2 l21 + b3 l31 b1 l12 + b2 l22 + b3 l32 b1 l13 + b2 l23 + b3 l33

In[ ]:= G1 // cm1,2→0 //  // Form

Out[ ]//MatrixForm=

- ω

-1+γ b0
x0 x3

y0
β+(-β γ+α δ) b0+δ B0

l11+l21 B3
l31+α B0

l12+l22 B3
l32+γ B0

l11+l12+l21+l22 B3
l31+l32

1-γ b0

θ+(α ϵ-γ θ) b0+ϵ B0
l11+l21 B3

l31

1-γ b0

y3
ψ+(δ ϕ-γ ψ) b0+ϕ B0

l12+l22 B3
l32

1-γ b0

Ξ+(-γ Ξ+ϵ ϕ) b0

1-γ b0

 b0 l11 + l12 + l21 + l22 + b3 l31 + l32 b0 l13 + l23 + b3 l33

In[ ]:= G2 = {0,3}
ω

1 - γ b0
, {b0, b3}.

l11 + l12 + l21 + l22 l13 + l23
l31 + l32 l33

.{a0, a3}, {y0, y3}.

β+(α δ-γ β) b0+δ B0
l11+l21 B3

l31+α B0
l12+l22 B3

l32+γ B0
l11+l12+l21+l22 B3

l31+l32

1-γ b0

θ+(α ϵ-γ θ) b0+ϵ B0
l11+l21 B3

l31

1-γ b0

ψ+(δ ϕ-γ ψ) b0+ϕ B0
l12+l22 B3

l32

1-γ b0

Ξ+(ϵ ϕ-γ Ξ) b0

1-γ b0

.{x0, x3} // Form

G1 // cm1,2→0 //  ≡ G2

Out[ ]//MatrixForm=

ω

1-γ b0
x0 x3

y0
β+(-β γ+α δ) b0+δ B0

l11+l21 B3
l31+α B0

l12+l22 B3
l32+γ B0

l11+l12+l21+l22 B3
l31+l32

1-γ b0

θ+(α ϵ-γ θ) b0+ϵ B0
l11+l21 B3

l31

1-γ b0

y3
ψ+(δ ϕ-γ ψ) b0+ϕ B0

l12+l22 B3
l32

1-γ b0

Ξ+(-γ Ξ+ϵ ϕ) b0

1-γ b0

 b0 l11 + l12 + l21 + l22 + b3 l31 + l32 b0 l13 + l23 + b3 l33

Out[ ]= True

In[ ]:= G1 // dm1,2→0 //  // Form

Out[ ]//MatrixForm=

ω

1-γ+γ B0
x0 x3

y0
β-β γ+α δ+(β γ-α δ) B0+δ B0

l11+l21 B3
l31+α B0

l12+l22 B3
l32+γ B0

l11+l12+l21+l22 B3
l31+l32

1-γ+γ B0

α ϵ+θ-γ θ+(-α ϵ+γ θ) B0+ϵ B0
l11+l21 B3

l31

1-γ+γ B0

y3
δ ϕ+ψ-γ ψ+(-δ ϕ+γ ψ) B0+ϕ B0

l12+l22 B3
l32

1-γ+γ B0

Ξ-γ Ξ+ϵ ϕ+(γ Ξ-ϵ ϕ) B0

1-γ+γ B0

 b0 l11 + l12 + l21 + l22 + b3 l31 + l32 b0 l13 + l23 + b3 l33
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In[ ]:= G3 = {0,3}
ω

1 + γ B0 - 1
, {b0, b3}.

l11 + l12 + l21 + l22 l13 + l23
l31 + l32 l33

.{a0, a3},

{y0, y3}.

β-γ β+α δ+(γ β-α δ) B0+δ B0
l11+l21 B3

l31+α B0
l12+l22 B3

l32+γ B0
l11+l12+l21+l22 B3

l31+l32

1+γ (B0-1)

α ϵ+θ-γ θ+(-α ϵ+γ θ) B0+ϵ B0
l11+l21 B3

l31

1+γ (B0-1)

δ ϕ+ψ-γ ψ+(-δ ϕ+γ ψ) B0+ϕ B0
l12+l22 B3

l32

1+γ (B0-1)

Ξ-γ Ξ+ϵ ϕ+(γ Ξ-ϵ ϕ) B0

1+γ (B0-1)

.

{x0, x3} // Form

G1 // dm1,2→0 //  ≡ G3

Out[ ]//MatrixForm=

ω

1+γ (-1+B0)
x0 x3

y0
β-β γ+α δ+(β γ-α δ) B0+δ B0

l11+l21 B3
l31+α B0

l12+l22 B3
l32+γ B0

l11+l12+l21+l22 B3
l31+l32

1+γ (-1+B0)

α ϵ+θ-γ θ+(-α ϵ+γ θ) B0+ϵ B0
l11+l21 B3

l31

1+γ (-1+B0)

y3
δ ϕ+ψ-γ ψ+(-δ ϕ+γ ψ) B0+ϕ B0

l12+l22 B3
l32

1+γ (-1+B0)

Ξ-γ Ξ+ϵ ϕ+(γ Ξ-ϵ ϕ) B0

1+γ (-1+B0)

 b0 l11 + l12 + l21 + l22 + b3 l31 + l32 b0 l13 + l23 + b3 l33

Out[ ]= True

In[ ]:= R1,2 //  // Form

Out[ ]//MatrixForm=

1 x1 x2
y1 0 1

y2 0 0

 0 b1

In[ ]:= R1,4 R6,2 R3,5 // dm1,2→1 // dm1,3→1 // dm1,4→1 // dm5,6→2

Out[ ]= {}→{1,2}a1 b1 - a2 b1 - a1 b2,

B1 - B2 + B2
2 x1 y1

-B2 + B1 B2 + B2
2

+
x2 y1

1 - B1 - B2
-

B1 x1 y2

-1 + B1 + B2
+

1 - B1 x2 y2

-B1 + B1
2 + B1 B2

,
B1 B2

-1 + B1 + B2
+ O[ϵ]1
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In[ ]:= R1,4 R6,2 R3,5 // dm1,2→1 // dm1,3→1 // dm1,4→1 // dm5,6→2 // Simplify //  // Form

Out[ ]//MatrixForm=

B1 B2

-1+B1+B2
x1 x2

y1
B1+(-1+B2) B2

B2 (-1+B1+B2)
- 1

-1+B1+B2

y2 - B1

-1+B1+B2

1-B1

B1 (-1+B1+B2)

 b1 - b2 -b1

In[ ]:= cR1,4 cR6,2 cR3,5 // cm1,2→1 // cm1,3→1 // cm1,4→1 // cm5,6→2 // Simplify //  // Form

Out[ ]//MatrixForm=

B1 B2

-1+B1+B2
x1 x2

y1 - (-1+B1) (B1+(-1+B2) B2)

b1 B2 (-1+B1+B2)

-1+B1

b1 (-1+B1+B2)

y2
B1 (-1+B2)

b2 (-1+B1+B2)

(-1+B1) (-1+B2)

b2 B1 (-1+B1+B2)

 b1 - b2 -b1

In[ ]:= ΓR[1, 4] ΓR[6, 2] ΓR[3, 5] // dm[1, 2, 1] // dm[1, 3, 1] // dm[1, 4, 1] // dm[5, 6, 2]

Out[ ]=

-1+T1+T2

T2
s1 s2

s1
T1

-1+T1+T2

(-1+T1) T2

-1+T1+T2

s2
-1+T2

-1+T1+T2
- 1-T1-2 T2+T1 T2

-1+T1+T2

Γ T1

T2

1

T1

In[ ]:= γ1 = Expand /@

Γ1{1,2,3}ω, {b1, b2, b3}.
l11 l12 l13
l21 l22 l23
l31 l32 l33

.{a1, a2, a3}, {y1, y2, y3}.
α β θ
γ δ ϵ
ϕ ψ Ξ

.{x1, x2, x3}

Out[ ]= Γ1{1,2,3}[ω, a1 b1 l11 + a2 b1 l12 + a3 b1 l13 + a1 b2 l21 + a2 b2 l22 + a3 b2 l23 + a1 b3 l31 + a2 b3 l32 + a3 b3 l33,

α x1 y1 + β x2 y1 + θ x3 y1 + γ x1 y2 + δ x2 y2 + ϵ x3 y2 + ϕ x1 y3 + ψ x2 y3 + Ξ x3 y3]

In[ ]:= Γ1sp1_[ω_, L_, Q_] //  := {}→sp1[L, Q, ω + O[ϵ]];

Γ1sp1_[ω_, L_, Q_] // sp2_[L2_, Q2_, P2_] := Γ1sp1[ω, L, Q] //  // sp2[L2, Q2, P2]

In[ ]:= {}→r_[L_, Q_, P_] // Γ1 := Γ1r[Normal@P, L, Q]

In[ ]:= Γ1S_[ω_, L_, Q_] // Γ1Form := Module[{M, i, j},

M = Table[Simplify[∂xi,yj Q], {i, S}, {j, S}];

PrependTo[M, y# & /@ S];

M = Join[

{Prepend[x# & /@ S, ω]},

Transpose[M],

{Prepend[Table[∂ai L, {i, S}], "Γ1"]}

];

MatrixForm[M]

];
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In[ ]:= Γ1S1_[ω1_, L1_, Q1_] ≡ Γ1S2_[ω2_, L2_, Q2_] :=

Sort[S1] === Sort[S2] ∧ Simplify[ω1 ⩵ ω2] ∧ Simplify[L1 ⩵ L2] ∧ Simplify[Q1 ⩵ Q2]

In[ ]:= γ1 ≡ γ1 //  // Γ1

Out[ ]= True

In[ ]:= γ1 // cm1,2→0 // Γ1 // Γ1Form

Out[ ]//MatrixForm=

- ω

-1+γ b0
x0 x3

y0
β+(-β γ+α δ) b0+δ B0

l11+l21 B3
l31+α B0

l12+l22 B3
l32+γ B0

l11+l12+l21+l22 B3
l31+l32

1-γ b0

θ+(α ϵ-γ θ) b0+ϵ B0
l11+l21 B3

l31

1-γ b0

y3
ψ+(δ ϕ-γ ψ) b0+ϕ B0

l12+l22 B3
l32

1-γ b0

Ξ+(-γ Ξ+ϵ ϕ) b0

1-γ b0

Γ1 b0 l11 + l12 + l21 + l22 + b3 l31 + l32 b0 l13 + l23 + b3 l33

In[ ]:= γ2 = Expand /@

Γ2{1,2,3}ω, {b1, b2, b3}.
l11 l12 l13
l21 l22 l23
l31 l32 l33

.{a1, a2, a3}, {y1, y2, y3}.
α β θ
γ δ ϵ
ϕ ψ Ξ

.{x1, x2, x3}

Out[ ]= Γ2{1,2,3}[ω, a1 b1 l11 + a2 b1 l12 + a3 b1 l13 + a1 b2 l21 + a2 b2 l22 + a3 b2 l23 + a1 b3 l31 + a2 b3 l32 + a3 b3 l33,

α x1 y1 + β x2 y1 + θ x3 y1 + γ x1 y2 + δ x2 y2 + ϵ x3 y2 + ϕ x1 y3 + ψ x2 y3 + Ξ x3 y3]

In[ ]:= Γ2sp1_[ω_, L_, Q_] //  := {}→sp1L, Q /. yi_ ⧴ yi  bi, ω + O[ϵ];

In[ ]:= {}→r_[L_, Q_, P_] // Γ2 := Γ2r[Normal@P, L, Q /. yi_ ⧴ yi bi]

In[ ]:= Γ2S1_[ω1_, L1_, Q1_] ≡ Γ2S2_[ω2_, L2_, Q2_] :=

Sort[S1] === Sort[S2] ∧ Simplify[ω1 ⩵ ω2] ∧ Simplify[L1 ⩵ L2] ∧ Simplify[Q1 ⩵ Q2]

In[ ]:= γ2 ≡ γ2 //  // Γ2

Out[ ]= True

In[ ]:= Γ2S_[ω_, L_, Q_] // Γ2Form := Module[{M, i, j},

M = Table[Simplify[∂xi,yj Q], {i, S}, {j, S}];

PrependTo[M, y# & /@ S];

M = Join[

{Prepend[x# & /@ S, ω]},

Transpose[M],

{Prepend[Table[∂ai L, {i, S}], "Γ2"]}

];

MatrixForm[M]

];
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In[ ]:= γ2 //  // cm1,2→0 // Γ2 // Γ2Form

Out[ ]//MatrixForm=

- ω

-1+γ
x0 x3

y0
β-β γ+α δ+δ B0

l11+l21 B3
l31+α B0

l12+l22 B3
l32+γ B0

l11+l12+l21+l22 B3
l31+l32

1-γ

α ϵ+θ-γ θ+ϵ B0
l11+l21 B3

l31

1-γ

y3
δ ϕ+ψ-γ ψ+ϕ B0

l12+l22 B3
l32

1-γ
Ξ - ϵ ϕ

-1+γ

Γ2 b0 l11 + l12 + l21 + l22 + b3 l31 + l32 b0 l13 + l23 + b3 l33

In[ ]:= cR1,4 cR6,2 cR3,5 // cm1,2→1 // cm1,3→1 // cm1,4→1 // cm5,6→2 // Γ2 // Γ2Form

Out[ ]//MatrixForm=

B1 B2

-1+B1+B2
x1 x2

y1
-B1

2+(-1+B2) B2+B1 1+B2-B2
2

B2 (-1+B1+B2)

-1+B1

-1+B1+B2

y2
B1 (-1+B2)

-1+B1+B2

(-1+B1) (-1+B2)

B1 (-1+B1+B2)

Γ2 b1 - b2 -b1

In[ ]:= {cR1,2 // Γ2 // Γ2Form, ΓR[1, 2]}

Out[ ]= 

1 x1 x2
y1 0 1 - B1
y2 0 0

Γ2 0 b1

,

1 s1 s2
s1 1 1 - T1
s2 0 T1
Γ 1 T1



In[ ]:= γ3 = Expand /@

Γ3{1,2,3}ω, {b1, b2, b3}.
l11 l12 l13
l21 l22 l23
l31 l32 l33

.{a1, a2, a3}, {y1, y2, y3}.
α β θ
γ δ ϵ
ϕ ψ Ξ

.{x1, x2, x3}

Out[ ]= Γ3{1,2,3}[ω, a1 b1 l11 + a2 b1 l12 + a3 b1 l13 + a1 b2 l21 + a2 b2 l22 + a3 b2 l23 + a1 b3 l31 + a2 b3 l32 + a3 b3 l33,

α x1 y1 + β x2 y1 + θ x3 y1 + γ x1 y2 + δ x2 y2 + ϵ x3 y2 + ϕ x1 y3 + ψ x2 y3 + Ξ x3 y3]

In[ ]:= With{sp = {1, 2, 3, 4},

L = a1 b1 l11 + a2 b1 l12 + a3 b1 l13 + a1 b2 l21 + a2 b2 l22 + a3 b2 l23 + a1 b3 l31 + a2 b3 l32 + a3 b3 l33},

Sumⅇ-∂aiL //. l2U yi xi, {i, sp}



Out[ ]= B1
l11 B2

l21 B3
l31 x1 y1 + B1

l12 B2
l22 B3

l32 x2 y2 + B1
l13 B2

l23 B3
l33 x3 y3 + x4 y4

In[ ]:= Γ3sp_[ω_, L_, Q_] //  :=

{}→spL, Q /. yi_ ⧴ yi  bi - Sumⅇ-∂aiL //. l2U yi xi  bi, {i, sp}, ω + O[ϵ];

In[ ]:= {}→r_[L_, Q_, P_] // Γ3 :=

Γ3rNormal@P, L, Q /. yi_ ⧴ yi bi + Sumⅇ-∂aiL //. l2U yi xi, {i, r}

Dror Bar-Natan: Academic Pensieve: Talks: LearningSeminarOnCategorification-2006: Archive: Scratch-200619.nb 2020-06-21 09:47:12

http://drorbn.net/AcademicPensieve/Talks/LearningSeminarOnCategorification-2006/Archive/#MathematicaNotebooks



In[ ]:= Γ3S_[ω_, L_, Q_] // Γ3Form := Module[{M, i, j},

M = Table[Simplify[∂xi,yj Q], {i, S}, {j, S}];

PrependTo[M, y# & /@ S];

M = Join[

{Prepend[x# & /@ S, ω]},

Transpose[M],

{Prepend[Table[∂ai L, {i, S}], "Γ3"]}

];

MatrixForm[M]

];

In[ ]:= cR1,2 // Γ3 // Γ3Form

Out[ ]//MatrixForm=

1 x1 x2
y1 1 1 - B1
y2 0 B1
Γ3 0 b1

In[ ]:= Γ3S1_[ω1_, L1_, Q1_] ≡ Γ3S2_[ω2_, L2_, Q2_] :=

Sort[S1] === Sort[S2] ∧ Simplify[ω1 ⩵ ω2] ∧ Simplify[L1 ⩵ L2] ∧ Simplify[Q1 ⩵ Q2]

In[ ]:= γ3 ≡ γ3 //  // Γ3

Out[ ]= True

In[ ]:= γ3 //  // cm1,2→0 // Γ3 // Γ3Form

Out[ ]//MatrixForm=

- ω

-1+γ
x0 x3

y0 β - α δ

-1+γ
- α ϵ

-1+γ
+ θ

y3 - δ ϕ

-1+γ
+ ψ Ξ - ϵ ϕ

-1+γ

Γ3 b0 l11 + l12 + l21 + l22 + b3 l31 + l32 b0 l13 + l23 + b3 l33

In[ ]:= γ3 //  // cm2,1→0 // Γ3 // Γ3Form

Out[ ]//MatrixForm=

- ω

-1+β
x0 x3

y0 γ - α δ

-1+β
ϵ - δ θ

-1+β

y3 ϕ - α ψ

-1+β
Ξ - θ ψ

-1+β

Γ3 b0 l11 + l12 + l21 + l22 + b3 l31 + l32 b0 l13 + l23 + b3 l33
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In[ ]:= Γ4S_[ω_, L_, Q_] // Γ4Form := Module[{M, i, j, SS = Sort[S]},

M = Table[Simplify[∂yi,xj Q], {i, SS}, {j, SS}];

PrependTo[M, x# & /@ SS];

M = Join[

{Prepend[y# & /@ SS, ω]},

Transpose[M],

{Prepend[Table[∂ai L, {i, SS}], "Γ4"]}

];

MatrixForm[M]

];

In[ ]:= γ4 = Expand /@

Γ4{1,2,3}ω, {b1, b2, b3}.
l11 l12 l13
l21 l22 l23
l31 l32 l33

.{a1, a2, a3}, {x1, x2, x3}.
α β θ
γ δ ϵ
ϕ ψ Ξ

.{y1, y2, y3}

Out[ ]= Γ4{1,2,3}[ω, a1 b1 l11 + a2 b1 l12 + a3 b1 l13 + a1 b2 l21 + a2 b2 l22 + a3 b2 l23 + a1 b3 l31 + a2 b3 l32 + a3 b3 l33,

α x1 y1 + γ x2 y1 + ϕ x3 y1 + β x1 y2 + δ x2 y2 + ψ x3 y2 + θ x1 y3 + ϵ x2 y3 + Ξ x3 y3]

In[ ]:= γ4 // Γ4Form

Out[ ]//MatrixForm=

ω y1 y2 y3
x1 α β θ

x2 γ δ ϵ

x3 ϕ ψ Ξ

Γ4 b1 l11 + b2 l21 + b3 l31 b1 l12 + b2 l22 + b3 l32 b1 l13 + b2 l23 + b3 l33

In[ ]:= Γ4sp_[ω_, L_, Q_] //  :=

{}→spL, Q /. yi_ ⧴ yi  bi - Sumⅇ-∂aiL //. l2U yi xi  bi, {i, sp}, ω-1 + O[ϵ];

In[ ]:= {}→r_[L_, Q_, P_] // Γ4 :=

Γ4rNormal@P
-1, L, Q /. yi_ ⧴ yi bi + Sumⅇ-∂aiL //. l2U yi xi, {i, r}

In[ ]:= cR1,2 // Γ4 // Γ4Form, cR1,2 // Γ4 // Γ4Form

Out[ ]= 

1 y1 y2
x1 1 0

x2 1 - B1 B1
Γ4 0 b1

,

1 y1 y2
x1 1 0

x2 1 - 1

B1

1

B1

Γ4 0 -b1



In[ ]:= cR2,1 // Γ4 // Γ4Form, cR2,1 // Γ4 // Γ4Form

Out[ ]= 

1 y1 y2
x1 B2 1 - B2
x2 0 1

Γ4 b2 0

,

1 y1 y2

x1
1

B2
1 - 1

B2

x2 0 1

Γ4 -b2 0



In[ ]:= Γ4S1_[ω1_, L1_, Q1_] ≡ Γ4S2_[ω2_, L2_, Q2_] :=

Sort[S1] === Sort[S2] ∧ Simplify[ω1 ⩵ ω2] ∧ Simplify[L1 ⩵ L2] ∧ Simplify[Q1 ⩵ Q2]
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In[ ]:= γ4 ≡ (γ4 //  // Γ4)

Out[ ]= True

In[ ]:= γ4 //  // cm1,2→0 // Γ4 // Γ4Form

Out[ ]//MatrixForm=

ω - β ω y0 y3

x0 γ - α δ

-1+β
ϵ - δ θ

-1+β

x3 ϕ - α ψ

-1+β
Ξ - θ ψ

-1+β

Γ4 b0 l11 + l12 + l21 + l22 + b3 l31 + l32 b0 l13 + l23 + b3 l33
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