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Dror Bar-Natan: Talks: Indsana-1611:  (thanks for accepting my invitation!) wefi=http://drorbn.net/Indiana- 1611/

: eping my . r t«@av
A Poly-Time Knot Polynomial Via Solvable Approximation Work in Progress” [a] g
Abstract. Rozansky [Ro2] and Overbay [Ov] described a BB o cabadalod, o i ’ﬁn S
pectacular knot polynomial that failed to attract the at- i+ T N f S I'é"“']“f"'“
tention it deserved as the first poly-time-computable knot UeT, l € .ﬂ,.
polynomial since Alexander’s [Al, 1928] and (in my opi- 'l \

and van der Veen, I will explain how to compute the Ro- ;bb"" Kbe 7i ; AK)ERC ﬂl'
zansky polynomial using some new commutator-calculus aste is better, leaner iy meaner!

: % iy i A =—l”0"l—l—"l+51—"1-—71+|1
techniques and a Lie algebra g; which is at the same time  oyertay P = 5119 — 18014 4+ 33117 — 32017 4 201" + 420 — 624" — 8 + 1661 — 2421+

solvable and an approximation of the simple Lie algebra s/,. 10865 + 132¢* — 226r* + 148 ~ 111 - 36
Theorem ([BNG]. conjectured [MM], e- 'Q' ::2"::‘“ 6 The Gold Standard is set by the “T-calculus™ Alexander
lucidated [Rol]). Let J,(K) be the co- Garoufalidis formulas [BNS, BNI]. An S-component tangle 7" has
-9ured Jones p.o_lynomial of K. in the d-dimensional representa- I[(T) € Rs X Mgxs(Rs) = { w|S } with Rs = ZU(t,: a € S)):
ion of s/;. Writing SlA

(¢'"? — g ') (K)

N S S anm‘l;y 4 2z with l
mion) as the second most likely knot polynomial (after Tan 5 = ﬂ:,.\ prot (”) m
Alexander’s) to carry topological information. With Ro- & r

= Z apm(K)d'h",

([‘”2 = q-d/Z N e ThuT; =
g=¢ >
‘below diagonal” coefficients vanish, a;,,(K) =
0 if j > m, and “on diagonal” coefficients b (O-Pw| ¢ = S )
give the inverse of the Alexander polynomial: ﬁ) l ¢ Y+ip €+ -ﬁ
) b C - it
T (KO ) - ACK () = 1. a1 5 |ds .-.7; =+

Above dmgonal we have Rozansky s Theorem [Ro3, (1.2)]: Roland: “add to A the product of column b and row a, divide by (1 — A,,),

' —q [I " i (q— ])kRA(K)(‘fI)J delete column b and row a™.)
(g = qHAK) g A*(K)g") For long knots, w is Alexander, and that’s the fastest A-
Why “spectacular”™? Foremost reason: OBVIOUSLY. Cf. proving lexander algorithm I know! Dunfield: 1000-crossing fast.
i putable A)=(i putable B). or categorifying (i putable C). There are also formulas for strand doubling and strand reversal).
Also, will bound genus and may disprove {ribbon} = {slice]. Theorem [EK, Ha, En, Se]. Thz.rc is a “homomorphic cxpanslon

Genus. f s\ S S
S 4 S -component Y, SO PN/, <
mﬂ mﬁ == mﬁmm e {(v/b Jtangles } =7 ,“ Y
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-~ f \
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\ S
I = alall e~y
- : Eiisgof  Kawhdan  Haoviv  Enriquez  Severa ( I -

a ribbon larity  a clasp si
A bit about ribbon knots. A “nbhon knot™ is a knot that can be
presented as the boundary of a disk that has “ribbon singulari-
ies”, but no “clasp singularities”™. A “slice knot™ is a knot in
S = @B* which is the boundary of a non-singular disk in B*.

Ja(K)(g) =

Algebras and Invariants. Given any unital algebra A (even better
f A is Hopf: lyp:cally, A ~ TU(g)), appropriate 1o REA®A,

‘ I get an A* -valued invariant of pure
S componenl mngle\

Every ribbon knots is clearly slice, yet, with
Conjecture. Some slice knots are not ribbon. @®::c
Fox-Milnor. The Alexander polynomial of a ribbon knot is alw- ®
ays of the form A(r) = f(l)f(l/r) (also for slice) ®
voTangles: [ L. Y\ o e R — b
o] T : y
K/ \ (_uond News. In theory enough to know R, and stitch-
I N a o jativity:  Ing/multiplication m!: Ai®@A; - A
{ L= <{ T ]_. 4 ‘{ T ].. e M.. — ey [Problem. Extract information out of Z.
- Textbook Solution. Use representation theory - works, slowly.

Today’s Solution (with van der Veen). For some speci-
fic g's, work in a space of “formulas of a specific type™
for elements of T(q)®*:
{ordcrcd pcr(urbed} - D)
Gaussian formulas

L //}vj -{-\,
Frontl

“God created the knots, all else in =
topology is the work of mortals.”

Leopold Kronccker (modified) www.katlas.org riesee fiv g

van der Veen
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1-Smidgen s/» Let g, be the 4-dimensional Lie algebra q; =
b, c,u,w) over thering R = Qlel/(e* = 0), with b central and wi-
th [w,c] = w, [c,u] = u, and [, w] = b - 2ec, with CYBE r;; =
b = ecidej+upw; in Ulgy )8l Over @, gy is a solvable approxi-
mation of sl2: qp 2 (b, u.w. eb, ec, eu, ew) 2 (b, eb, ec, en, ew) o

(note: deg(h, e, u,w,e) = (1,0,1,0,1))

[-Smidgen Tnvariants. Much is the same:

The Big g; Lemma. Parts 1 and 6 are the same, yet

5. 0 e“”*wwlwu] > O(V(l + ch)e“"""'"""""ﬁ“*"""’lcuw)
Here A is for Adyog, “a principle of order and knowledge”, a ba-
lanced quartic in @, £, ¢, w. and w:

A== bv(via’f + dévap + 26) /2 - 6v'(3bé + 25’12

»-Smidgen s> ©. Let gp be g at € = 0, or Q{b.c, u, w)/([b,-] =
L [eoul = u, [e,w] = —w, [u,w] = b with ry; = biey + wpw;. Ttis
* 2 b where b is the 2D Lie algebra Q{c, w) and (b, u) is the dual
basis of (¢, w). For topology, it is more valuable than g, / s/5, but
topology already got by other means almost everything q; gives.

= bW (2 = 6 (2b6 + 1)t w

—2b5 + 1 Wovef + 26)8u — Zbﬁlr’(wrﬁ + d)uw

+ v (b8 + 20w’ |2 + 2(vaf + S)c + 20vBeu + 28 veuw
+ 2vaew + v aun” + f(va,{? + 28w,

How did these arise? sy = b* @ b7/h = si]/b, where b* =
c,wh/[w,c] = wis a Lie bialgebra with : b* — b* @ b* by
B (e, w) = (0,c A w). Going back, sl = D(b™) = (b") @b" =
bou,e,wy/ -+, ldea. Replace § — &6 over Qe]/(e“' = 0). At
k=0, getay Atk =1, get [w,c] = w, [w,b'] = —ew, [c,u] = u,
|6 u) = —eu. |[B'.c] = 0, and [u,w] = b — ec. Now note that
b" + ec is central, so switch to b := b" + ec. This is ;.

roof. A brutal hell.
Problem. We now need to normal-order perturbed Gaussians!
Solution. Borrow some tactics from QFT:

OeP(e, u)e” Muc) = OleP(d,, {?‘g}e"""ﬂ"ma'] =
hind likewise 'I)(EP((‘]Y‘ r?;,}f’""'_'”"lc-u},
o] (eP(u, w)e"“"‘ﬂ“+6""|wu} =0 (EP(&IB,G.,)W"(_M"‘"%"&“’ Icuw)
Note. Strand stitching requires a tiny extra step.

Ordering Symbols. O (poly | specs) plants the variables of poly in
kS(@0) on several tensor copies of U(g) according to specs. E.g.,
8] (L‘?m L'ge"-‘u'§|x: WiC), ¥iu uy.'g) =’ @uec € Uy), @U(w),
[This enables the description of elements of ’lﬁ’(g)“"s using com-
mutative polynomials / power series.

[Finally, the values of the generators 7, ™, e u. and e, are
set by brutally solving many equations, non-uniguely.

Pragmatic Simplifications. Get rid of £ = (¢f = 1)/b factors by
rescaling u — @ = {u. Complement this with 8 — § = '8,
6 — 0 =¢"d, € = &= (¢"e Simplify further by naming

)-Smidgen Invariants. r = Id € b~ & b* solves the CYBE
[Fi2. i3] + [ri2ral + (i3, r2s] = 0 in T(ge)® and, by luck,
=R = el = el e Uay; @ o)

Kb
/ \} i1y solves YB/R3.

Lemma. Rjj=efi*vi=0 (exp (b,-c, + %”f’"’f) lizug, j: c‘,u-‘,)
Example. Z(Ty) = = Fon LomCaill

i @ "
by
D[ exp (bsq + ”%" uswy +bhacy+ ';,—‘]ugw., —bicg+

e T P
s we)|
“cuw form”

XI€IWlta, Vi UJC:‘“’.;HSC&‘V(,) =0 Colly Wy, VI c_.-u_,.w_,.]

€ =
e’ — reg.,v — ¥ = (14— 1d"". Getconfused by re-
maming (i, B, 8, ¥) — (1,3, 6,v), and more confused by working
with g = v~! and Blw, L, Q. P) = w (1 + ew ™ P)el* ', where
€ R =0Qt), L = ¥libic; with l;; € Z, Q = ¥ gijusw; with
gij € R, and P is a balanced quartic polynomial in ¢;, w;, and w;
with coefficients in R, Magically, all coefficients are now Laurent
olynomials in the #;'s.

Rough complexity esu- &
. 4
mate, after i — 1. n: xing EZHI w el = pdwt e (0%, 07)
number; w: width, maybe A—"" E F @
~ 4fn. A: go over stitchings in order. B: multiplication ops per

Goal. Write(Zhs a Gaussian: wel*2 where L bilinear in b; and ¢;
with integer coefficients, Q a balanced quadratic in w; and w; with
coefficients in Ry := Q(b;, e™), and w € Rs.

N*¥i, d: deg of wy, w; in P. E: #terms of deg d in P. F: ops per
term. G: cost per polynomial multiplication op.

Sxperimental Analysis (wefi/Exp). Log-Tog plot of comp on
ime (sec) vs. crossing number, for all knots with up to 12 cros-

he Big gy Lemma. Under [e, u] = w, [e.w] = =w, and Ju, w] = B
la. N" = Qe Puc) = 0" Meu)  (means eer = prree 8
b, N = O(e" ¥ we) = O(e?™+ ™ |ew)
2. G(Ernr bﬂlrlwu) = 0(9 b«rﬂurmﬂuluwj
B. O™ lwi)e™ = 0™ jwu), with v = (1 + bé)™"
a. expand and crunch. b, use w = b w = d,.
K. O™ lwu) = O(ve" ™™ uw)

5. Nulns: = D{Eﬁﬁm-wuwlwu»j s 0{Ve—bmﬁwwrwxiu—-ﬁmrluw]
6. N = O(lleie;) = O e e — eller)
Sneaky. o may contain (other) u’s, 8 may contain (other) w's,

...in the {ax + b group) | |
(the Weyl relations) | |

. use “scatter and glow™.) | |

(same techniques) ||

kings (mean times) and for all torus knots with up to 48 crossings:

Cnnjcctﬁm (checked on the same. collections). Given a knot K
with Alexander polynomial A, there is a polynomial p; such that

Strand Stitching, ni', is defined as the composition
N [y

HjWj —— € Wi Wit W ————— T30y HgHE Wpw;

LA e

———— W

Cilt; WiC |

§ gy

P= AE((; —24 N + :AA‘(—f4+’_"](““'+ a=Do 1))

2r-1)
Furthermore, A and p; are symmetric under f — ', so let A* and
o) be their “positive parts”, soe.g., pi (1) = pl (D +p] (17 h —py(0).

Power. On the 250 knots with at most 10 crossings, the pair
A, py) attains 250 distinct values, while (Khovanov, HOMFLY-
PT) attains only 249 distinct values. To 11 crossings the numbers

are (802, 788, 772) and to 12 they are (2978, 2883, 2786).
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22 =Ry 14 R; o nrsuls Ry o R g nlgurg Ry oo
nryz Ulis Rig 1 Nlis Urys;
(Do[z2 = 22 // My a, {k, 2, 20)];
22=22 /. a_; = a)

The 0-Framed
Trefoil

E—:l.':'t,e,o.
e AedeN gl g
10ct- 142 8ct? 760 - 32 2¢t 2ctty

6
2t 6% g uw. BUN _ TuW L Tuw L uM
v-5 v T e T g T

6tuu—2t1un—:t3uw- :t‘uw-;tsun]

Questions and To Do List. ® Clean up and write up. » Implement
well, compute for everything in sight. « Why are our guanti-
ties polynomials rather than just rational functions? « Bounds on
their degrees? o Their integrality (Z) properties”? o Can everyth-
ing be re-stated using integrals {f)? » Find the 2-variable version
(for knots). How complex is it? e What about links / closed
components? e« Fully digest the “expansion”™ theorem; include
cuaps. « Explore the (non-)dependence on R. e Is there a canoni-
cal R? « What does “group like” mean? o Strand removal? Strand
doubling? Strand reversal? e Say something about knot genus.
o Find the EK/AT/KV “vertex™. o Use as a playground to study
associators/braidors. » Restate in topological language. » Study
the associated (v-)braid representations. e Study mirror images
and the b" « b~ involution.  Study ribbon knots. « Make preci-
se the relationship with I'-calculus and Alexander. » Relate to the
coloured Jones polynomial. » Relate with “ordinary™ g-algebra.
® k-smidgen sl,, etc. » Are there “solvable” CYBE algebras not
arising from semi-simple algebras? o Categorify and appease the
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of Links and Rationality

Gods. Help Needed! Conjecture, arXivimath/0201139,
Pisthrimes—This is-all-gut Th 1 H [Se]l P. Severa, Quantization of Lie Bialgebras Revisited, Sel. Math., NS, 1o
Bttt pieces are appear, arXiv:1401.6164,
i m, Alexander’s A, genus [ ribhon ai WAl fers AL genus / ibbon
fagram Today's / Rozansky's o7 unknotting number [ amphicheir B8N Today's [ Rozansky's ) unknotting number / amphic
[ 0/v 3 op-
0 0/ [
43— 1% 5 oP-rsl
] 1/ 20+ M
5 u-3 /% 6 5-2r
St-4 /X -4
6 —+d-3 /% 6 F-3+5
f—af +dr -4 1/% 0
T f -1 i/x Ty -5
3+ 50 + 6t i/x 141 - 16
742 -3+3 2/x ToA-7
9 + 8iF = 160+ 12 /% 32 - 24t
T2 -4+ S 2/x% TP +5-17
o' = 160 + 29¢ - 28 RS 4 =8P 419 =20
TP -5+9 2/% & T3t
8- 3t /% si—16
8 - +3F-3r43 /X 8 0—dr
205 = 8t + 100 - 1207 + 131 - 12 27X 0
8 -2 +51-5 2/ - +3° -4i+5
I -8 +6r-4 2% 205 & Bt = 136 4 2008 = 220 + 24
8 -2t +6r-7 /% 8 P -3 +5-5
56 =208 + 28 - 32 2/ % At -0 + 127 — 13412
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