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Abstract. This will be a very “light” talk: I will explain why
about 13 years ago, in order to have a say on some problems in
knot theory, I’ve set out to find tangle invariants with some nice
compositional properties. I will not mention that in recent joint
work with Roland van der Veen we’ve found such invariants, and
we are now struggling to make use of them.

Strand Doubling and Reversal.
ω a S
a α θ
S φ Ξ

q∆a
bc

−−−−−−→
µBTa−1
νBα−σa

Ta 7→TbTc


ω b c S
b (σa − αTa − νTc)/µ (Tb − 1)Tcν/µ (Tb − 1)Tcθ/µ
c (Tc − 1)ν/µ (α − σaTa − νTc)/µ (Tc − 1)θ/µ
S φ φ Ξ


dS a

yTa→T−1
a αω/σa a S

a 1/α θ/α
S −φ/α (αΞ − φθ)/α


Where σ assigns to every a ∈ S a Laurent mono-
mial σa in {tb}b∈S subject to σ

(
!a b, "b a

)
= (a →

1, b → t±1
a ), σ(T1 t T2) = σ(T1) t σ(T2), and

σ�mab
c = (σ \ {a, b}) ∪ (c→ σaσb)|ta,tb→tc .

(v-)Tangles.

(meta-associativity:
mab

x �mxc
y = mbc

x �max
y )

(tangles are generated
by ! and ")

Genus. Every knot is the boundary of an orie-
ntable “Seifert Surface” (ωεβ/SS), and the least
of their genera is the “genus” of the knot.
Claim. The knots of genus ≤ 2 are precisely the
images of 4-component tangles via

A Bit about Ribbon Knots. A “ribbon knot” is a knot that can be
presented as the boundary of a disk that has “ribbon singularities”,
but no “clasp singularities”. A “slice knot” is a knot in S 3 = ∂B4

which is the boundary of a non-singular disk in B4. Every ribbon
knots is clearly slice, yet,
Conjecture. Some slice knots are not ribbon.
Fox-Milnor. The Alexander polynomial of a ribbon knot is always
of the form A(t) = f (t) f (1/t). (also for slice)

ωεβ/AlexDemo

Runs.Meta-Associativity

R3

Implementation key idea:
(ω, A = (αab))↔
(ω, λ =

∑
αabtahb)

Vo’s Thesis [Vo]. A proof of the Fox-Milnor theorem for
ribbon knots using this technology (and more).

Fact. Γ is better viewed as an invariant of
a certain class of 2D knotted objects in R4

[BND, BN].
Fact. Γ is the “0-loop” part
of an invariant that generalizes to
“n-loops” (1D tangles only, see
ωεβ/talks and future publications
with van der Veen).

Speculation. Stepping stones to categorification?

Theorem. K is ribbon iff it is κT for a tangle T for which τT is
the untangle U.

Gompf, Schar-
lemann, Tho-
mpson [GST]

The Gold Standard is set by the “Γ-calculus” Alexan-
der formulas [BNS, BN]. An S -component tangle T has

Γ(T ) ∈ RS × MS×S (RS ) =

{
ω S
S A

}
with RS B Z({Ta : a ∈ S }):

(
!a b, "b a

)
→

1 a b
a 1 1 − T±1

a
b 0 T±1

a

T1 t T2 →

ω1ω2 S 1 S 2

S 1 A1 0
S 2 0 A2

ω a b S
a α β θ
b γ δ ε
S φ ψ Ξ

mab
c

−−−−−−−−−−−−→
Ta,Tb → Tc


(1 − β)ω c S

c γ + αδ
1−β ε + δθ

1−β

S φ +
αψ
1−β Ξ +

ψθ
1−β


For long knots, ω is Alexander, and that’s the fastest
Alexander algorithm I know! Dunfield: 1000-crossing fast.

A2n

1 ∈ An

with R B
κ(τ−1(1))T2n

U ∈ Tn

z(K) ∈ R ⊆ A1ribbon K ∈ T1
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Strand
reversal:
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a clasp singularity
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. . . divide and conquer!
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“God created the knots, all else in
topology is the work of mortals.”
Leopold Kronecker (modified) www.katlas.org
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Faster is better, leaner is meaner!
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Theorem. A knot K is ribbon iff there exists a tangle T whose 𝜏 closure is the untangle and whose 
κ closure is K.

Proof. The backward ⟸ implication is easy:

For the forward implication, follow the following 5 steps:

Step 5: Pulling bottom handles
avoiding the obstacles.
At end: Theorem is proven.

Step I: In-situ cosmetics.
At end: D is a tree of chord-and-arc polygons.

Step 2: Near-situ cosmetics.
At end: D is tree-band-sum of n unknotted disks.

Step 3: Slides.
At end: D is a linear-band-sum of n unknotted disks.

Step 4: Exposure!
The green domain is contractible - so it can be shrank,
moved at will (with the blue membrane following along),
and expanded back again.
At end: D has (n-1) exposed bridges which when turned,
make D a union of n unknotted disks.

Proof of the Tangle Characterization of Ribbon Knots

      


