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The DOgma iS wl_ong joint with van der Veen. Preliminary writeup [BV1]. G nggg <

fuller writeup [BV2]. More at wefi/talk wep:=http://drorbn.neyidiF+ -
Abstract. It has long been known: that there-are knot. invariants {Fheorem ([BNG], conjectured [MM], e- :z:.""')
associated to semi-simple Lie algebras, and there has long been lucidated [Rol]). Let J4(K) be the co- Garoufalidis]
a dogma as for how to extract them: “quantize and use repre- loured Jones polynomial of K, in the d-dimensional representa-
sentation theory”. We present an alternative and better procedu- tion of s/>. Writing
re: “centrally extend, approximate by solvable, and learn how to (g'"% = ¢ ") 1K)
re-order exponentials in a universal enveloping algebra”. While T2 —gdiz
: it : A ; q q =t fr0

equivalent to the old invariants via a complicated process, our i- . . o L
hvariants are in practice stronger, faster to compute (poly-time vs. | Pelow diagonal™ coefficients Va“'fh' ajm(K) =
fxp-time), and clearly carry topological information. 0 if j > m, and “on diagonal” coefficients
KiW 43 Abstract (wefi/kiw). Whether or not you like the formu- give the mvers: o the A'lexander plynomial;
las on this page, they describe the strongest truly computable knot =0 (KO ) w(K)(e) = 1.

! ‘Above diagonal” we have Rozansky’s Theorem [Ro3, (1.2)]:

invariant we know. 3. =i o 3 i
¢ -q [Hz(q—l)pkuo(q‘)}

Dror Bar-Natan: Talks: csBinblesctot 208 Follows Rozansky [Rol, Ro2, Ro3] and Overbay [Ov].

= ). am(K)dn",

Experimental Analysis (0eB/Exp). Log-log plots of computation | J,(K)(¢g) =

time (sec) vs. crossing number, for all knots with up to 12 cros- (g =g H(K)g") w*(K)(g")
sings (mean times) and for all torus knots with up to 48 crossings: ™~ . ,C_ The Yang-Baxter Technique. Given an alge-
o o b i bra U (typically U(g) or U,(g)) and elements
W N R=)a®becUU and Cel,

b(» aj form

\ L= ZCa;b,-agCZb,-a,-b,,C.

ik

' — . , : b a Problem. Extract information from Z.
Power. On the 250 knots with at most 10 crossings, the pair o The Dogma. Use represe n t}e(iry
w, py) attains 250 distinct values, while (Khovanov, HOMFLY- | € C  principle finite, but slow.
PT) attains only 249 distinct values. To 11 crossings the numbers [The Loval Opposition. For certain algebras, wo wﬁ'k Y1 hf) OO
are (802, 788, 772) and to 12 they are (2978, 2883, 2786). phic poly-dimensional : B
Genus. Up to 12 xings, always p; is symmetric under + <> !, Fspace of formulas™. "'k() {Fs) > 'UN)QW
With p] denoting the positive-degree part of py, always deg o < The (fake) moduli of Lie alge-
2g — 1, where g is the 3-genus of K (equality for 2530 knots). bras on V, a quadratic variety in
This gives a lower bound on g in terms of p, (conjectural, but (V*)**&V is on the right. We ca-
undoubtedly true). This bound is often weaker than the Alexander e about -‘"f—: =Sl (e =
bound, yet for 10 of the 12-xing Alexander failures it does give Recomposing g/,. Half is enough! gl, @ a, = D(, b,0):
the right answer. Ribbon Knots. iy 2

i3 ] St () =b: NN — Y
exampl [BN] | b : | a
V/ X TR R PO
Now define glf, := D(N, b, €6). Schematically, thisis [, N] = ¥,

a ribbon smgulamy a clasp singularity [ IN] = e, and [N, 0N] = N + €Y. In detail, it is

| | I ! I f'\ I Gompf, Schar- i i [ ] s P ] 5 5
Jemann,  Tho- Xiio Xpl=0 Xy — Opxe Vi Vil = €0 i yvip — €01y
i i i i % LT T . TN i Xkt) =0 i — Oxej  [Yijs Yt kil 1iVk

i x| i Ykl =0 (€6 jexxi + Sia(bi + €ai)[2 + Sisryir)
UeT,

iy lr || —01i(€0k< jXyj + Ok j(b; + €a;)[2 + Ops jyi
Tan — A, ||
RN N '

YN i, ] = (83 = Su)xje [bi, xjx] = €(6i; — )X ji
ribbon K € 7, K)eRC A,

lai, y i) =(0ij — i)y [bivyjix] = €(6;; — di)y ji
The Main s/, Theorem. Let g = (t,v,a,x)/([t,-] = 0, [a,x] =
Vo]: Works i with R := x(r"(l)) v, [a,y] = =y, [x,y] = t—2€a) and let g; = a/(€"*! = 0). The g;-
for Ale’l‘?""e” " . : Tu -1+ ,%,’ -P = 2¢ “+ 50 - 721 - 71: 13 invariant of any S -component tangle K can be written in the form
ot =515 — | +33~—323+2 +4211 - 62¢° - 818 + 16617 — 2421+ )+ : .
L’usle: is be(?e’r. lezme: is mea'ner! ’ IOBr‘:— 1326r"— 2'.?6'1’ + I6468’I2 - Ill’— 36 ) = (“)L TS ® s V1% ") wl}ere wisa ?Calar (@ ratio-
al function in the variables #; and their exponentials 7; = &"),
where L = } ljtia; is a quadratic in #; and a; with integer coef-
ficients /;;, where Q = } g;;y;x; is a quadratic in the variables y;
O (ajyia2e" 33| x30) ® y1y3a2) = 'a’ @ ye'a € U(g) © U(g) End x; with scalar coefficients g;;, and where P is a polynomial in

~.

:\3\:’]

Ordering Symbols. O (poly | specs) plants the variables of poly in
S(@;0) on several tensor copies of U4(g) according to specs. E.g.,

€.yi.aj, x;} (with scalar coefficients) whose €/-term is of degree
t most 2d + 2 in {y;, v/a;, x;}. Furthermore, after setting #; =  and
T; = T for all i, the invariant Z(K) is poly-time computable.

This enables the description of elements of Z/(g)® using com-
mutative polynomials / power series.
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-(r -{ry 2
e E + L+ e pé + ...

; ; . w8 4
ote 1. This defines a mapping ®: R i R Ry e
Proof. g has a 2D representation p:
_ (1 ey, 0 o),
ot=(g 1) ov=( o)
_((1+1/e)/2 0 s o= 18 AN
pa= ) -(1-1/e)/z)""'(e o)
Simplify@ {pa.oX - pX.pa = pPX, PA.pYy - pPY.pa = -pY,
pX.pY - py.pX = pt - 2 € pa}
(True, True, True}
It is enough to verify the desired identity in p:
ME = MatrixExp;
si-pnfy[
ME [ty pot] .ME[n: py] .ME[ay pa] .ME[&; pX] .ME [z pt] .
ME [n2 py] -ME [az pa] .ME[£ pX] ==

ME [t pt] .ME [ne py] .ME [@e pa] .ME[&e pX] /.

Log[l-enp €3] =%np
-9 - + L +
{to = T+ T2y Mo M+ 7orers

a»2Llog[l-en&1] + a1 +az, Eo-';':—:":;*ﬁ}]

True

Expand [O(nm) Ota1,2191,2) O(n2,2) Otaz,2) 02,1 EXP[

(- Logllenzfal ": +Ty 4+ :;) t+ (m + —'“-;_;‘:z “) y+

(2Log[l-em &) +ar+az) a+ (1.-::161 ‘ﬁ) X
] /. (:|n|a|€)x|z"°]

2a°t2xy* 4ty -16atx?yt 24t xPyt - 162 txPyt s
4attx?y' +16x°y* -32ax’y* + 24223y - 823X}y  + at P yS ¢
2a%txy’e-8atxyle+8x2y'e -40axiy'c +80a2x?y'e -
8oa’xly'ec +40at x?ytc -8a%xiyte -4 xyle? + 8afxyle?

Note 3. The two great e-
vils of mathematics are
non-commutativity and
non-linearity. We traded one for the other.
Note 4. We could have done similarly with e™@"Ye®9ef1¥ =
eﬂwp'mra-r{x' and with s(enlemyeameﬁx)‘ A(enlem,\'emaeflx)’
nf=l Tl Y pid it

Fact. Ry — exp (6,,6,,, + 6,.|6x2)(l + Y4=1 € pa), where the py
are computable polynomials of a-priori bounded degrees.

Moral. We need to understand the pushforwards via maps like ®
of (formally co-order) “differential operators at 0", that in them-
selves are perturbed Gaussians. This turns out to be the same
problem as “0O-dimensional QFT” (except no integration is ever
needed), and if é*! = 0, it is explicitly soluble.
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dog-ma 9 (wsgms, dog-)

n. pl. dog-mas or dog-ma-ta (-ma-ta)
1. A doctrine or a corpus of relating to
faith, set forth in an authoritative manner by a religion.
2. A principle or statement of ideas, or a group of such principles or statements,

pecially when consi to be authoritative or d uncritically: "Much

education consists in the instilling of unfounded dogmas in place of a spitit of
inquiry" (Bertrand Russell).

The Free Dictionary, wef/TFD

such as lity and

n, Alexander’s w™ genus / ribbon diagharn n; Alexander’s w* genus / 1ibbon
‘Today's / Rozansky's p! unknotting ber / amphicheiral Today's / R sky's p! g / amphicheiral
{11 0/v KNS | 1/x
0 0/v 1 1/X
4 3-1 1/% 5 P-t+1 2/x
0 1/v 20 + 31 2/%
53 26=3 1/x 6 S5-2 /v
5t-4 1/x 1-4 " o, X
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