
Experimental Analysis (ωεβ/Exp). Log-log plots of computation
time (sec) vs. crossing number, for all knots with up to 12 cros-
sings (mean times) and for all torus knots with up to 48 crossings:

Power. On the 250 knots with at most 10 crossings, the pair
(ω, ρ1) attains 250 distinct values, while (Khovanov, HOMFLY-
PT) attains only 249 distinct values. To 11 crossings the numbers
are (802, 788, 772) and to 12 they are (2978, 2883, 2786).
Genus. Up to 12 xings, always ρ1 is symmetric under t ↔ t−1.
With ρ+

1 denoting the positive-degree part of ρ1, always deg ρ+
1 ≤

2g − 1, where g is the 3-genus of K (equality for 2530 knots).
This gives a lower bound on g in terms of ρ1 (conjectural, but
undoubtedly true). This bound is often weaker than the Alexander
bound, yet for 10 of the 12-xing Alexander failures it does give
the right answer.

{U⊗S }{FS }

The (fake) moduli of Lie alge-
bras on V , a quadratic variety in
(V∗)⊗2⊗V is on the right. We ca-
re about slk17 B slε17/(ε

k+1 = 0).

Abstract. It has long been known that there are knot invariants
associated to semi-simple Lie algebras, and there has long been
a dogma as for how to extract them: “quantize and use repre-
sentation theory”. We present an alternative and better procedu-
re: “centrally extend, approximate by solvable, and learn how to
re-order exponentials in a universal enveloping algebra”. While
equivalent to the old invariants via a complicated process, our i-
nvariants are in practice stronger, faster to compute (poly-time vs.
exp-time), and clearly carry topological information.
KiW 43 Abstract (ωεβ/kiw). Whether or not you like the formu-
las on this page, they describe the strongest truly computable knot
invariant we know.

Ribbon Knots.

Gompf, Schar-
lemann, Tho-
mpson [GST]

A2n

1 ∈ An

T2n

U ∈ Tn

z(K) ∈ R ⊆ A1ribbon K ∈ T1

with R B κ(τ−1(1))
A+ = −t8 + 2t7 − t6 − 2t4 + 5t3 − 2t2 − 7t + 13

ρ+
1 = 5t15 − 18t14 + 33t13 − 32t12 + 2t11 + 42t10 − 62t9 − 8t8 + 166t7 − 242t6+

108t5 + 132t4 − 226t3 + 148t2 − 11t − 36

[Vo]: Works
for Alexander!

Theorem ([BNG], conjectured [MM], e-
lucidated [Ro1]). Let Jd(K) be the co-
loured Jones polynomial of K, in the d-dimensional representa-
tion of sl2. Writing

(q1/2 − q−1/2)Jd(K)
qd/2 − q−d/2

∣∣∣∣∣∣
q=e~

=
∑
j,m≥0

a jm(K)d j~m,

“below diagonal” coefficients vanish, a jm(K) =

0 if j > m, and “on diagonal” coefficients
give the inverse of the Alexander polynomial:(∑∞

m=0 amm(K)~m
)
· ω(K)(e~) = 1.

“Above diagonal” we have Rozansky’s Theorem [Ro3, (1.2)]:

Jd(K)(q) =
qd − q−d

(q − q−1)ω(K)(qd)

1 +

∞∑
k=1

(q − 1)kρk(K)(qd)
ω2k(K)(qd)

 .

Melvin,
Morton,
Garoufalidis

The Yang-Baxter Technique. Given an alge-
bra U (typically Û(g) or Ûq(g)) and elements

R =
∑

ai ⊗ bi ∈ U ⊗ U and C ∈ U,
form

Z =
∑
i, j,k

Caib jakC2bia jbkC.

Problem. Extract information from Z.
The Dogma. Use representation theory. In
principle finite, but slow. (also, ruins strand doubling)

The Loyal Opposition. For certain algebras, work in a homomor-
phic poly-dimensional
“space of formulas”.

Recomposing gln. Half is enough! gln ⊕ an = D(^, b, δ):

Now define glεn B D(^, b, εδ). Schematically, this is [^,^] = ^,
[_,_] = ε_, and [^,_] = _ + ε^. In detail, it is

[xi j, xkl]=δ jk xil − δlixk j [yi j, ykl]=εδ jkyil − εδliyk j

[xi j, ykl]=δ jk(εδ j<k xil + δil(bi + εai)/2 + δi>lyil)
−δli(εδk< jxk j + δk j(b j + εa j)/2 + δk> jyk j)

[ai, x jk]= (δi j − δik)x jk [bi, x jk]=ε(δi j − δik)x jk

[ai, y jk]= (δi j − δik)y jk [bi, y jk]=ε(δi j − δik)y jk

The Main sl2 Theorem. Let gε = 〈t, y, a, x〉/([t, ·] = 0, [a, x] =

x, [a, y] = −y, [x, y] = t−2εa) and let gk = gε/(εk+1 = 0). The gk-
invariant of any S -component tangle K can be written in the form
Z(K) = O

(
ωeL+Q+P :

⊗
i∈S yiaixi

)
, where ω is a scalar (a ratio-

nal function in the variables ti and their exponentials Ti B e
ti),

where L =
∑

li jtia j is a quadratic in ti and a j with integer coef-
ficients li j, where Q =

∑
qi jyix j is a quadratic in the variables yi

and x j with scalar coefficients qi j, and where P is a polynomial in
{ε, yi, ai, xi} (with scalar coefficients) whose εd-term is of degree
at most 2d + 2 in {yi,

√
ai, xi}. Furthermore, after setting ti = t and

Ti = T for all i, the invariant Z(K) is poly-time computable.

Ordering Symbols. O (poly | specs) plants the variables of poly in
S(⊕ig) on several tensor copies ofU(g) according to specs. E.g.,

O
(
a3

1y1a2ey3 x9
3 | x3a1 ⊗ y1y3a2

)
= x9a3 ⊗ yeya ∈ U(g) ⊗U(g)

This enables the description of elements of Û(g)⊗S using com-
mutative polynomials / power series.
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Follows Rozansky [Ro1, Ro2, Ro3] and Overbay [Ov],
joint with van der Veen. Preliminary writeup [BV1],
fuller writeup [BV2]. More at ωεβ/talks.
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The PBW Problem. In U(gε), bring Z = y3a2x2 · y2a2x to
yax-order. In other words, find g ∈ Z[ε, t, y, a, x] such that
Z = O( f = y3

1y2
2a2

1a2
2x2

1x2 : y1a1x1y2a2x2) = O(g : yax).
Solution, Part 1. In Û(gε) we have

Xτ1,η1,α1,ξ1,τ2,η2,α2,ξ2 B e
τ1t
e
η1y
e
α1a

e
ξ1 x
e
τ2t
e
η2y
e
α2a

e
ξ2 x

= e
τt
e
ηy
e
αa
e
ξx C Yτ,η,α,ξ,

where τ, η, α, ξ are ugly functions of τ1, ηi, αi, ξi:

τ =τ1 + τ2 −
log(1 − εη2ξ1)

ε
= τ1 + τ2 + η2ξ1 +

ε

2
η2

2ξ
2
1 + . . . ,

η =η1 +
e
−α1η2

(1 − εη2ξ1)
= η1 + e

−α1η2 + εe−α1η2
2ξ1 + . . . ,

α =α1 + α2 + 2 log(1 − εη2ξ1) = α1 + α2 − 2εη2ξ1 + . . . ,

ξ =
e
−α2ξ1

(1 − εη2ξ1)
+ ξ2 = e

−α2ξ1 + ξ2 + εe−α2η2ξ
2
1 + . . . .

Note 1. This defines a mapping Φ : R8
τ1,η1,α1,ξ1,τ2,η2,α2,ξ2

→ R4
τ,η,α,ξ.

Proof. gε has a 2D representation ρ:
ρt = 

1 0
0 1

; ρy = 
0 0
-ϵ 0

;

ρa = 
(1 + 1/ϵ)/2 0

0 -(1 - 1/ϵ)/2
; ρx = 

0 1
0 0

;

Simplify@{ρa.ρx - ρx.ρa ⩵ ρx, ρa.ρy - ρy.ρa ⩵ -ρy,

ρx.ρy - ρy.ρx ⩵ ρt - 2 ϵ ρa}

{True, True, True}

It is enough to verify the desired identity in ρ:
ME = MatrixExp;

Simplify

ME[τ1 ρt].ME[η1 ρy].ME[α1 ρa].ME[ξ1 ρx].ME[τ2 ρt].

ME[η2 ρy].ME[α2 ρa].ME[ξ2 ρx] ⩵

ME[τ0 ρt].ME[η0 ρy].ME[α0 ρa].ME[ξ0 ρx] /.

τ0 → -
Log[1-ϵ η2 ξ1]

ϵ
+ τ1 + τ2, η0 → η1 +

ⅇ-α1 η2
1-ϵ η2 ξ1

,

α0 → 2 Log[1 - ϵ η2 ξ1] + α1 + α2, ξ0 →
ⅇ-α2 ξ1
1-ϵ η2 ξ1

+ ξ2

True

Solution, Part 2. But now, with D f = f (z 7→ ∂ζ) =

∂3
η1
∂2
α1
∂2
ξ1
∂2
η2
∂2
α2
∂ξ2 ,

Z = D f Xτ1,η1,α1,ξ1,τ2,η2,α2,ξ2

∣∣∣
vs=0 = D f Yτ,η,α,ξ

∣∣∣
vs=0

= O
(
D fe

τt
e
ηy
e
αa
e
ξx
∣∣∣
vs=0 : yax

)
= O(g : yax) :

Expand∂{η1,3}∂{α1,2}∂{ξ1,2}∂{η2,2}∂{α2,2}∂{ξ2,1}Exp

-
Log[1-ϵ η2 ξ1]

ϵ
+ τ1 + τ2 t + η1 +

ⅇ-α1 η2
1-ϵ η2 ξ1

 y +

(2 Log[1 - ϵ η2 ξ1] + α1 + α2) a + 
ⅇ-α2 ξ1
1-ϵ η2 ξ1

+ ξ2 x

 /. (τ η α ξ)1 2 → 0

2 a4 t2 x y3 + 4 t x2 y4 - 16 a t x2 y4 + 24 a2 t x2 y4 - 16 a3 t x2 y4 +

4 a4 t x2 y4 + 16 x3 y5 - 32 a x3 y5 + 24 a2 x3 y5 - 8 a3 x3 y5 + a4 x3 y5 +

2 a4 t x y3 ϵ - 8 a5 t x y3 ϵ + 8 x2 y4 ϵ - 40 a x2 y4 ϵ + 80 a2 x2 y4 ϵ -

80 a3 x2 y4 ϵ + 40 a4 x2 y4 ϵ - 8 a5 x2 y4 ϵ - 4 a5 x y3 ϵ2 + 8 a6 x y3 ϵ2

(τ1, η1, α1, ξ1,
τ2, η2, α2, ξ2)

(τ, η, α, ξ) W

V

Φ

X

Y

D f

Dg

Û(gε)

Z

exponentials

Note 2. Replacing f →
D f (and likewise g →
Dg), we find that Dg =

Φ∗D f .
Note 3. The two great e-
vils of mathematics are
non-commutativity and
non-linearity. We traded one for the other.
Note 4. We could have done similarly with e

τ1t
e
η1y
e
α1a

e
ξ1 x =

e
τt+ηy+αa+ξx, and with S (eτ1t

e
η1y
e
α1a

e
ξ1 x), ∆(eτ1t

e
η1y
e
α1a

e
ξ1 x),∏5

i=1 e
τit
e
ηiy
e
αia
e
ξi x.

Fact. R12 → exp
(
∂τ1∂α2 + ∂y1∂x2

)
(1 +

∑
d≥1 ε

d pd), where the pd

are computable polynomials of a-priori bounded degrees.
Moral. We need to understand the pushforwards via maps like Φ

of (formally ∞-order) “differential operators at 0”, that in them-
selves are perturbed Gaussians. This turns out to be the same
problem as “0-dimensional QFT” (except no integration is ever
needed), and if εk+1 = 0, it is explicitly soluble.
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The Free Dictionary, ωεβ/TFD

diagram
nt

k Alexander’s ω+ genus / ribbon
Today’s / Rozansky’s ρ+

1 unknotting number / amphicheiral diagram
nt

k Alexander’s ω+ genus / ribbon
Today’s / Rozansky’s ρ+

1 unknotting number / amphicheiral
0a

1 1 0 / 4

0 0 / 4

3a
1 t − 1 1 / 8

t 1 / 8

4a
1 3 − t 1 / 8

0 1 / 4

5a
1 t2 − t + 1 2 / 8

2t3 + 3t 2 / 8

. . . the full Rolfsen table is at ωεβ/ld17
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