Dror Bar-Natan: Talks: Beijing-2407:
Knot Invariants from Finite Dimensional Integration

Thanks for inviting me to Beijing! [®1#;[]
wef:=http://drorbn.net/icbs24 =

IAbstract. For the purpose of today, an “I-Type Knot
I[nvariant” is a knot invariant computed from a knot
diagram by integrating the exponential of a pertur-
bed Gaussian Lagrangian which is a sum over the |
features of that diagram (crossings, edges, faces) of
locally defined quantities, over a product of finite di-
imensional spaces associated to those same features.
Q. Are there any such things? A. Yes.

Q. Are they any good?  A. They are the strongest we know per
CPU cycle, and are excellent in other ways too.

Q. Didn’t Witten do that back in 1988 with path integrals?

A. No. His constructions are infinite dimensional and far from
rigorous.

Q. But integrals belong in analysis!

A. Ours only use squeaky-clean algebra.

joint with
R. van der Veen

Theorem. Z is a knot invariant. Proof. Use Fubini (details later).

- o= [0
//@

(Alternative) Gaussian Integration. Gauss
Goal. Compute

1 ..
f dxexp (——a”x,-xj + V(x)) .
(if convergent) n 2

| 2
Solution. Set Z (x) := /1"/2‘[ dy exp (—2—a yiyj + V(x+ y)).

Then Z;(0) is what we want, Zy(x) = (detA)~"/? exp V(x), and
with g;; the inverse matrix of a’ and noting that under the dy

/.} Knots.
HvaSan Something simple:
—= numbers, polynomials,
w1l Q\ / matrices, etc.

/

The Good. 1. At the centre of low dimensional topology.

2. “Invariants” connect to pretty much all of algebra.

The Agony. 1&2 don’t talk to each other.

e Not enough topological applications for all these invariants.

e The fancy algebra doesn’t arise naturally within topology.

—> We’re still missing something about the relationship between
knots and algebra.

1
integral 0, = 0, Egijax,-asz/l(x)

1 1 ..
=5 f dy 8ij(0,—0y,)(0x,—0y,;) exp (_ﬁalj)’i)’j + V(x+ )’))

2;2 fdy(gua a'ly; yj +Agija’ )exp(—i/la yiyj+ Vix +y))
= L dy (a”yiyj + /ln) exp (—iaijyiyj +V(x+ y))
2% Jgo 22
! = 01 Za(%).
Hence (*) 0, Zax) = —gijax,ﬁijA(X),

and therefore Z(x) = (detA)” 172 exp ( g ,ax,ax,) exp V(x).

The sléé2 Example. With T an indeterminate and with €> = 0:

7= 55 LX) LX) LX) £(C3 )

1/2

R -standard

PiXi

where L(X}) = 752X and £(C¥) =
1%/ zeL(Cf), and

L(X}) = xi(pi+1

measure on R is (27)~

= pi) +xj(pj+1 — pj)
+(T* = Dxi(pis1 = pj+1)
+§ (Xi(pi - Pj)((TS ~ Dip; ) - 1)

+2(1 - x]'pj)
L(CY) = xi(pix1 — pi) + €p(1/2 — x;p;)
So Z T f@L(@)dpl

where L(Q)
Z::fci(piﬂ_])i) + (T=D(x1(p2 = pe)+x6(p7 = p3)+x3(ps = ps))

dp7d.X1 .. .d)C7,

x1(p1 = ps) (T = Dx1ps + 2(1 = x5ps)) — 1
€l +x6(ps — p2) (T — Dxgpa + 2(1 = x2p2)) — 1
2| +x3(ps—p) (T = Dxsp7 +2(1 —x7p7)) =1 |
+2)C4p4 -1
_ —1 -1
and so Z = (T — 1 + T"H lexp (e- @T=2HT NTHT ) (2;_T1+¥2J;2T ))
A~!exp (e- (T_ZZ# . Here A is Alexander’s polynomial and

lo1 is Rozansky-Overbay’s polynomial
[R1,R2, R3, Ov, BV1, BV2].

i Asuezoy]
KeqraaQ

= [polynomial time (and hence, even for very large knots).

'We’ve just witnessed the birth of “Feynman Diagrams”.
IEven better. With Z, := log( VdetAZ,), by a simple
substitution into (*) we get the “Synthesis Equation”:

Zo=V, 0.Zy= > Z | 8ij 3x, Za+ (3x,Z/1)(3x,Zﬁ))

an ODE (in 1) whose solutlon is pure algebra.

Feynman

= F(Z))

§~9

a

IPicard Iteration (used to prove the existence and u-
niqueness of solutions of ODEs). To solve 0,1, =
F(f,) with a given fy, start with fy, iterate f —
fo + fol F(f))dA, and seek a fixed point. In our cases,
it is always reached after finitely many iterations!
Definition. f : The result of this process, ignoring the converge-
ince of the actual integral.

Strong. The pair (A, ;) attains 53,684 distinct values on the
59,937 prime knots with up to 14 crossings (a deficit of 6,253),
whereas the pair (H = HOMFLYPT polynomial, K& = Khovanov
IHomology) attains only 49,149 distinct values on the same knots
(a deficit of 10,788). The pair (A, 6), discussed later, has a deficit
of only 1,118.

'Yet better than (H, Kh) and other Reshetikhin-Turaev-Witten i-
nvariants and knot homologies, A, p;, and 6 can be computed in

Picard

So ugly as the formulas may be (and 6’s formulas are uglier),
these invariants are the best we have!
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Implementation (see IType.nb of wef/ap).
®O0nce[<< KnotTheory ; << Rot.m];

O Loading KnotTheory™ version
of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

O Loading Rot.m from
http://drorbn.net/AP/Talks/Beijing-2407
to compute rotation numbers.

OCF[w . & E] :=CF[w]
CF[& List] :=CF /e &;
CF[&.] := Module[{vs, ps, c},

vs = Cases[&, (x|p|E|n|g) ,»]|U{e};
Total [Coe-F-FicientRules [Expand[&£], vs] /.

CF /e &;

(ps_ —»c_) = Factor[c] (Timeseevs™)] ];

©JFofGE[—i Ex] d{&}

jm}
E

[—% (a-x)?u]

So we’ve tested and nearly proven the Fourier inversion formula!

©

1 ab
= -— {X, Xz}-( )-{Xn X2} + {€15 &2} {X1, X2}
2 bc

212 = le[L] d{x1, X2}

o
E

2
LIS R I ash ]

B
2 (—b2+a <) b2-ac 2 (—b2+a c)

©{z1 = j]E[L] d{x1}, 712 = le dl{xz}}

]

Integration using Picard iteration.
OE /:E[A ]~E[B ] :=E[A+B];
®$n = Identity; (» Hacks in pink «)
®Unprotect[Integrate];

jw_. E[L_]d(vs_List) :=

(x Core in yellow =)

Module[{n, Le, Q, A, G, Z@, Z, A, DZ, DDZ, FZ,
a, b},
n = Lengthevs; Lo =L /. e » 0;
Q = Table[ (-8yspap,vsgop L@) /. Thread[vs - @] /.
(p|x)__ -0, {a, n}, {b, n}];
If[ (A =Det[Q]) == @, Return@"Degenerate Q!"];
Z =70 = CF@$xr[L +Vvs.Q.vs /2]; G = Inverse[Q];
FixedPoint[(DZ = Table[8,Z, {V, vs}1;
DDZ = Table[8,DZ, {u, vs}];
FZ = Sum[G[a, b] (DDZ[a, b] + DZ[a] ~DZ[b]),
{a, n}, {b, n}]/2;
A
= CF[20+J $7[FZ] dm]) &, z],-
(2]
PowerExpandeFactor [~ A™/2]

E[CF[Z/.A>1/. Thread[vs->0]]]]3
Protect[Integrate];

©jE[—ux2/2+i§x]d{x}

2
QE[_ﬁ_]
2 1

Ju

©Fo-FG=J]E[—u (x-a)?/2+i£x] a{x}

QE[j(Zauﬂif)g]
2u

Vi

\V-b*+ac

2 2
]E[— (-b%+ac) x5 _bxo & N i_% % é—z}
{ 2a a 2a , Tr‘ue}
\/5 Guido Fubini

©¢r = Normal[# + 0[e]%] &; j]E[—¢2/2+ e ¢’ /6] d{¢}

a

828256 196752
+
3072 96

565 €8
128

1105 °
1152

5¢e*

N
24 16

[562

From https://oeis.org/A226260:

013627 THE ON-LINE ENCYCLOPEDIA
zs(?E%% OF INTEGER SEQUENCES ®

10221121

founded in 1964 by N. J. A. Sloane

[ ] [ Search ] Hints
(Greetings from The On-Tine Encyelopedia of Integer Sequences!)

A226260

Numerators of mass formula for connected vacuum graphs on 2n nodes for a phi*3 field theory.
1, 5, 5, 1185, 565, 82825, 19675, 1282031525, 80727925, 1683480621875, 13289845125,
2239646759308375, 19739117098375, 6320791709083309375, 32468078556378125, 38362676768845045751875,
281365778405032973125, 2824650747089425586152484375, 776632157034116712734375 (list: graph: refs: listen:
history: text; internal format)

The Right-Handed Trefoil.

®OK

= Mirror@Knot[3, 1]; Features[K]

OFeatures[7, C4[-1] Xq1,5[1] X3,7[1] X6,2[1]]

OL

L

[Xi ,; [s_11 :=T2E]
Xi (Pis1 = Pi) + X5 (Pj+1 - Pj) +
(T°-1) Xi (Pisa - Pjea) +
(es/2)x
(xi (pi - Pj) ((Ts-l) Xi pj+2 (1-X;jp;5)) -1)]

1
[Ci [~ 1] 5=T¢/21E[X1' (Pi+1 - Pi) +eg@ [E - Xi Pi)]

L[K ] :=CF[L£ /@Features[K] [2]]
VS[K ] :=
Joinee Table[{pi, Xi}, {i, Features[K][1]}]

Joseph Fourier
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© {vs[K], LK1}

]

{{pl; X1, P25 X2, P35 X3, Pas Xa, Pss X5, Pes Xes P75 X7}:

T]E{—Ze—plx1+ep1x1+Tp2x1—ep5x1+ (1-T) pe X1 +
= 2 1 2,2
5 (—1+T)€P1P5X1+2 (1-T) e ps Xy - P2 X2+ P3Xa-P3X3+
1 2
EPsXs+TpaXs-€pyX3+ (1-T) p8X3+E (=1+T) epsp7 X5+
5 (17T>6p%Xﬁfp4x4+€p4x4+psx4fsts+st57

€ P1Ps X1 Xs + € Ps X1 Xs — € P2 X + (1~ T) P3 X — Ps X6 +

1
ep5x6+Tp7x6+ep§x2x6—6p2p6x2x6+E (1-T) ep3xt+

N

(71+T>6pzstéfp7X7+ng7f€p3p7X3X7+€p§X3X7H

Ogr = Normal[# +0[e]?] &; JL[K] d vs [K]
(-1+T)2 (1472) ¢ ]
(1-T+12)2
1-T+T?
A faster program to compute p;, and more stories about it, are
at [BV2].

JiT]E[—

Invariance Under Reidemeister 3.

i*"  top variables
middle variables
Reidemeister
k  bottom variables

©1hs - j(ﬁ /@ (Xi,5[1] Xipa1,k[1] Xyj41,k+2[1]))
dl{Pi+1: Pj+1: Pi+1s Xis1s xj+1) xk+1};
rhs = j(ﬁ /@ (X4,k[1] Xi,ke2[2] Xiya1,4+2[2]))

dl{xi+11 Pi+1s Pj+1: Pr+1s xj+1) xk+1};
lhs === rhs

O False

]

Invariance Under Reidemeister 3, Take 3.

© lhs = j(lE [L7tips+275p5+ L pr] < L/@ (Xi,5[2] Xiva,k[21] Xj41,ke2[211))

d{Pis Pjs> Pks Xis Xj5 Xks Pis1s Pjeis Pkels Xisis Xju1s Xka1l}s
rhs = j(IE [17t; ps + Aty pj + Lo Pe] © L /7@ (Xj,k [1] Xi, ko2 [1] Xiua,542[2]))

a{pi, Pjs Pks Xis Xjs Xks Pi+1s Pj+1s Pkels Xivis Xji1s Xk+1}3
lhs == rhs

OTrue
® 1hs
—D—TB/ZIE[
3e |, ) .12 .
—7+1T P2:i i =1 (=1+T) Tpo g+ 1T €Pagrty -1 (-1+T) Paog 7ty +
i TeEPpakrmi-

1
(-1+T) T € paui Pary s + S (1M Tepd -

N

1 2 2 1 2 2

> (=1+T) T € pa.i P2+k7Ti+£ (=1+T)°Te€pajPak i+

1

5(—1+T)Tep;kﬂiﬁ-ijbjﬁj—]IT6p2+j7Tj—]'L(—1+T) Pa.k 7Tj +
1 (71+2T)€p2+k7Tj+T3€p2+ip2,j7Ti7Tj*T3€p§+j7TiJTj—

(-1+T) TPepoi Pok i 7y + (-1 + T)2 T € Pog Pak 713 7Ty +

2 1 2 1 2 2
(-1+T) T6p2+k7TiiTj7£ (-1+T) Tepaj p2+k7rj+£ (-1+T) Tepy 7+

1Pak 7k — 21 € Poyk Tk + T2 € Pavi Paok 7 7k = (=1 + T) T€ Payy Pack /i 7k —
Tepl mm+Te P2.§ P2.k 77§ Tk —~ T € P US ] ﬂk]
Invariance under the other Reidemeister moves is proven in a si-
milar way. See [Type.nb at wef3/ap.

There’s more! To get sl, invariants mod €, add the following
to L(Xl.+j), L(Xl.‘j), and L(Cf), respectively (and see More.nb at o-
ep/ap for the verifications):

2 (-6pixi +6pyxi -3 (-1+3T) pypyX; +
3(-1+3T)p5xi+4 (-1+T)pipsxg-2(-1+T) (5+T) p;p5x;+
2 (-1+T) (3+T) pjxj+18p;p;xs Xy -18p3 x; Xy - 6pf pyx Xy +

6 (2+T) psp;xixy-6 (1+T) pjxix;j-6p;pjxixj+6p;x;X;)

©€? ro[-1, i, jl

1

1272
3 2 2,2 2 3
(—3+T)Tpipjxi—3(—3+T)ijxi—4(—1+T)Tpipjxi+
2(-1+T) (1+5T) pspixg-2 (-1+T) (1+37T) p3x+
18T2pipjxixj—18T2p§xixj—6T2p§pjx§xj+6T(1+2T) pip§x§xj—

6T (1+T) p?x%xj—6T2pip§xix§+6T2p§xix§)

€ (-6T?pix; + 6T pyx; +

©e’ [0, il

Invariance Under Reidemeister 3, Take 2.

©1hs = f(L /@ (Xi,511] Xis1,k [1] X501, 01 [11))

d{xi, Xj: Xks Pi+1s pj+1: Pk+1s Xis1s Xj+1: Xk+1} 5
rhs = j(lﬁ /@ (X4, [1] Xi,ke2[1] Xiy1,5.2[2]))

d{Xis Xj5 Xks Xis1s Pis1s Pje1s Pke1s Xje1s Xke1l}s
lhs === rhs

OTrue
® lhs

D Degenerate Q!

1
3 € 0% ps x;

Even more! o The sl, formulas mod €* are in the last page of the
handout of [BN3].

e Using [GPV] we can show that every finite type invariant is
I-Type.

e Probably, (Reshetikhin-Turaev) c (I-Type) efficiently.

¢ Possibly, (Rozansky Polynomials) c (I-Type) efficiently.

e Knot signatures are I-Type, at least mod 8.

e We already have some work on s/3, and it leads to the strongest
genuinely-computable knot invariant presently known.
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2 .
The sléE Example (continues Schaveling [Sch]). H- The Trefoil.
ere we have two formal variables 71 and T, we set K = Knot[3. 1 1K d Vs K
. . = 5 \"
T5 = TT,, we integrate over 6 variables for each [3, 115 (K] [K]
edge: pii» p2i, P3i» X1i> X2i, and x3;. Sch;wn"_m_, ((i7273 ek
OT3 =TTy 1.7 i=1+1; E[-((e (1-T1+ T2 -T, -+ T2+ T4T3-T, T3 -
$r = 4.3 124 1304 44 2
(CF@Nor‘mal[# (o]} ]2] / TilarTiTa-TaTz+ T T2> ) / < (1 Tt Tl)
+ € .
g1 g1 (1-T2+T3) (-1 T,+T573)) ) ]) /
{ris_ 3> B misy Xis_ 2 BT Xis, ((1-Te+T2) (1-To+T2) (1-TyT,+T2T2)))

pis »Bpi}/.eB>/5b<0-50/.B>1)&;
A faster program, in which the Feynman diagrams
are “pre-computed” (see theta.nb at wef/ap):
©R1[1) i_: J_] =CF[
1/2-T3815i 824i — 83ii + 8255 83ii + T1 (T3 - 1) 81ji 834i +

©vs; :=Sequence([py i, P2,is P3,is X1,is X2,is X3,i]}
Flis__] :=E[Sum[m,,;p,,i, {1, {is}}, {v, 3}]11;
L[K ] :=CF[L /@Features[K][2]1;

A\ [K_] =
Union @@ Table[{vs;}, {i, Features[K][1]}] T2 (T3 - 1) 8251 835i - T2 B2ji B335 +
The Lagrangian. (8155 82ii + (T3 - 1) 8145 824i — T1 81ii 8255 — 815§ 83ii -

T1 (T3 - 1) 8155 835i + T1 8111 8359) / (T1-1)1;
ORy[-1, i, j_]1=CF[
-1/2-T7" gaj1 8ass - (1= T7" = T3%) 8131 231 - Bajj Baji -
8131 8293 + 8311 + T1" Baj1 8315 - (1 - T5%) 8251 8311 - 8255 B3is +
=4l -1 -1 -1
(1-T3") 8155 8353 - (1 - T5") B2ii 8335 + (2-T3") (1-T3") 8251 8351 +

© £[X;,; [1]] := T3 E[Plus|
D 2 06 (Pui = Pui) + Xyj (Pt = Pug) + (T = 1) X (Pyiv = Pog) ) s
P3;j X2i (T1 X1i = X15) »
€ (T3 -1) p1j X3i (P25 - P2i) »
€ (1/2-p3i X3i = T3 P1j P25 X1i X2i + P2j P3i X25 X3i =

T2 P2 P3j X2i X35 + (T3 = 1) p3j X3i (T1 P1j Xai + T2 P2j Xai) + (1 - Tgl) 8233 83ji + 81ji 83jj *+ 82ji 8355 +
(P15 Xaj (P2i X2i = P3i X3i) + T1 Pai Xai (P3j X35 = P25 X25) + (T2 (2-T5) 81is 825 - 8155 B2ii + T1 B1ii 8255 + B1jj B3ii -
(T3 = 1) pajXaj (PajXai = TaP3;jXai)) / (Ta-1)) ]] T3' (T3 - 1) guis 8351 - T1 8141 8355) / (T - 1) |5
©£iX; ,j [-1]1] :=T5' E[Plus| @el[{1, i6_, jo_}, {1, i1_, j1_}] =
2:1 (Xvi (Pvit = Pvi) *+ X5 (Pvj+ = Pvj) + (T;1 = 1) Xyi (Pvi*t = Pvjt+) ) B =T1 (T3 - 1) 81,j1,i0 82,i1,i0 83,j0,i1 + (T3 = 1) 81,51,j0 82,i1,i0 83,5e,i1 +
;' (Pp3j X1 X2i - 1! paj Xai X21) 5 T1 (T3 - 1) 81,51,i0 82,41,10 83,j0,i1 — (T3 = 1) 81,51,5e 82,41,10 83,750,113
€ Ti' ((T3-1) pyjPai Xai - (T3 = 1) P1j Paj Xsi) ©el[{1, 10_, jO_}, {-1, i1, ji_}] =
€ (=172 +p3i X3; - T1" Paj Pai Xai Xo1 = (1= T1* = T3Y) paj Paj Xai Xai - (T3 - 1) 81,51,10 82,i1,10 83,70,i1 - T2~ (T3 = 1) B1,1,j0 82,1110 £3,j0,i1 -
P1j P2j X1j Xa1 - P1j P2j X1i X27 + T1* P1j Pai Xai Xai - (T3 - 1) 81,41,i0 82,51,i0 83,50,i1 + T (T3 -1) 81,741,740 82,71,i0 83,750,115
(1= T3%) P2j Pai Xai Xai - P2j P3i Xaj Xai + P1j P3j Xai Xaj + ©e[{-1, i@ , jo }, {1, i1, j1_}] =CF [

P2j P3j X2i X35 + (1 = TSI) P3;j X3i
(sz X2j + P1j X1i = P2i X2i + (2 = TEI) p2; Xzi) +

(T1 (1 = Til) P1i P2;j X1i X2i = P1j P2i X15 X2i + T1 P1i P2j X1i X25 -

T (M-

(81,51,1i0 82,i1,i0 83,j0,i1 — T1 81,51, 0 82,i1,i0 83,j0,i1 —

T3' (T3 - 1) Pui P3j Xai Xai + P1j P3i X1j Xai = T1 P1i P3j Xai X35) / 81,51,i0 82,j1,i0 83,j0,i1 + T1 81,j1,j0 82,71,i0 83,70,i1) ] H
(Ti-1)) ]] ©e[(-1, i0_, jo_}, {-1, i1_, j1_}] = CF[
©L[Ci_ [0 1] :=TSE [Zszl Xyi (Pyit = Pyi) +€ @ (Pa,iX3,i -1/2) ] (1- 751) (-Til 81,j1,10 82,i1,i0 83,50,i1 * 81,j1,j0 82,i1,i0 83,50,i1 +
Reidemeister 3. T1" 81,51,10 82, 1,10 £3,50,i1 - 81,51,70 82,51,10 B3,50,i1) | 3
Oshort | OT1lv_, k.1 =-0/2+083,kk;
We call the invariant computed 6:
Lhs = jgr-"[j_, j’ kl<L/e (Xi’j [1] Xi+’k[1] Xj+’k+ [11) ©e[K_] t= Module[{Cs, o, n, A, s, i, j, k, A, G, v, a, B, gEval, c, z},

d{VSi, VSj, VS, VSi+, VSj+, vsk+}] {Cs, ¢} = ROt[K]; n = Length[Cs];
A = IdentityMatrix[2n +1];
m] 3e .
_Ti TglE [— + <<138>> Cases[Cs, {ss1,3 1=
2 .. ) . T T -1
o (prct, 31, e, gemne= () T 1))
rhs = J.T[i: Js kKl xL/7@ (X4, [1] Xy, i+ [1] Xi+,5+ [1]) A = T(-Total[o]-Total [CSIALL111) /2 peg [A] 5
G = Inverse[A];
gEval[& ] :=Factor[& /. 8, .o ,5 = (GIla, A1 /. T->T,)1;
1hs == rh X ’ sa,B
S =rhs zZ= gEval[Zkl:lsze[Cs[[kl]], Cs[k211];
oT _ n .
rue Z += gEval[Zk=1 Ry @@ Cs[k] ] ;
2n .
z += gEval[ 2" ra[olkI, k1];

(D), (A/.ToTy) (A/.T>Ty) (A/.T>Ts) 2z} // Factor];

d{VSi, VSj, VSk, VSi+, VSj+, VSi+};
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Some Knots. ©® AbsoluteTiminge

©Expand [ [Knot[3, 1]]] PolyPlot|
o 1 1 , 1 1 1 G[EPD[X14,1J X2,205 X3,405 Xa3,45 X26,55 X6,95> Xos,75> X13,85 Xo,285
{_1 + ? +T, - F -Ti- F - 1272 + T. 72 + Xie,415 Xa2,115 X27,125 X30,155 X16,615 X17,72> X18,835> X19,345
! 2 re2 L2 Xss,205 X21,025 X79,225 Xes,235 X57,245 X25,565 X62,315 X73,325
i E + T— + T1 T2 T% + T1 T% — Ti T%} x84,33: Xse,ss: X3e,s1: X37,7e: X38,59: Yss,sa: X44,55; X58,45:
T% T, T 1 X69,465 Xge,475> Xag,015> Xoo,495 Xs1,82> Xs2,71, Xs3,605 Xe3,74> Xea,s5>
© polyPlot[0] = Graphics[{}]; X76,655 X87,665 X67,945 X75,865 X88,775 778,93] ] |12]]]
PolyPlot([p ] := Module[{crs, ml, m2, maxc, minc, s, hex}, o
crs = CoefficientRules [Tml -Exponent [p,T1,Min] Tmz ~Exponent [p,Ty,Min] p
{T1, T2} |5
maxc = NeLog@Max@Abs [Last /@ crs];
minc = NeLogeMineSelect [Abs [Last /@crs], # >0 &];
If[minc == maxc, s[_] =0, {11'7333’

s[c_] :=s[c] = (maxc - Log@c) / (maxc -minc)];
hex = Table[{Cos[a], Sin[a]} /Cos[2mx/12] /2,
{a,2m/12, 27, 27/ 6}];
Graphics[cr‘s /o ({x1_, x2_}>c_)» {

If[c == @, White, Lighter[If[c > O, Red, Blue], 0.88 s[Absec]]],

= & senex] 1] ]

Next, a random 250 crossing knot (knot provided by N. Dunfield):
Polygon[[[e «/5/2]'{"1”"1’ X2 + M2} + #
® GraphicsRow[PolyPlot[6[Knot[#]][2]] & 8) z)
11n42

/@ {"3 1", "K11n34", "K11n42"}]

g} K11n34

”®

So 0 detects knot mutation and se-
parates the Conway knot K11n34
from the Kinoshita-Terasaka knot

HOTO
NOT
AVAILABLE

K11n42! Conway Kinoshita  Terasaka

The 48-crossing Gompf- Prior Art. 6 is probably equal

Scharlemann-Thompson knot to the “2-loop polynomial” stu-
[GST] is significant because it may died by Ohtsuki at [Oh2] (at

be a counterexample to the slice-  Gompf Scharlemann Thompson ~MUch greater difficulty, and w-
ribbon conjecture: ith harder computations). 6 is

related, but probably not equivalent, to the invariant studied by
Garoufalidis and Kashaev at [GK].

-— 6 Sees Topology! Indeed, for a knot K, half the T, degree (say) of
6(K) bounds the genus of K from below, and this bound is some-

Ohtsukl Garoufidis Kashaev

—
—

¥ ’*‘,ZF ¥ b times better (and sometimes worse) than the bound coming from
H 3 A. Tt is fair to hope that “anything A can do 6 can do too” (see
! O [BN2]), and in particular, that § may say something about ribbon

and/or slice properties.




The Rolfsen Table of Knots.
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Where is it coming from? The most honest answer is “we don’t
know” (and that’s good!). The second most, “undetermined co-
efficients for an ansatz that made sense”. The ansatz comes from
the following principles / earlier work:

Morphisms have generating functions. Indeed, there is an iso-
morphism

G: Hom(Q[x;], Qly;]) — Qly;1l&1,
and by PBW, many relevant spaces are polynomial rings, though
only as vector spaces.
Composition is integration. Indeed, if f € Hom(Q[x;], Q[y;])
and g € Hom(Q[y;], Q[zx]), then

G(go f) = f e fgdydn

Use universal invariants. These take values in a universal enve-
loping algebra (perhaps quantized), and thus they are expressible
as long compositions of generating functions. See [La, Ohl].
“Solvable approximation” ~» perturbed Gaussians. Let g be
a semisimple Lie algebra, let | be its Cartan subalgebra, and let
b* and b’ be its upper and lower Borel subalgebras. Then b* has
a bracket g3, and as the dual of b’ it also has a cobracket 6, and in
fact, g ® h = Double(b,,6). Let g7 := Double(b”, B, €6) (mod
e?*! it is solvable for any d). Then by [BV3, BN1] (in the case
of g = slp) all the interesting tensors of U(g;) (quantized or not)
are perturbed Gaussian with perturbation parameter € with with
understood bounds on the degrees of the perturbations.

The Philosophy Corner. “Univer-
sal invariants”, valued in universal e-
nveloping algebra (possibly quanti-
zed) rather than in representations
thereof, are a priori better than the
representation theoretic ones. They
are compatible with strand doubling
(the Hopf coproduct), and as the
knot genus and the ribbon property
for knots are expressible in terms of strand doubling, universal i-
nvariants stand a chance to say something about these properties.
Indeed, they sometimes do! See e.g. [BN2, Oh2, GK, LV, BG].
Representation theoretic invariants don’t do that!
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