
Pensieve Header: The U(I2D) program, extending U(I2D)-PolyTime.nb

I2DRules = :
u@lft___, 1, rgt___D ¦ u@lft, rgtD,

u@lft___, s_n_., s_m_., rgt___D ¦ u@lft, sn+m, rgtD,

u@lft___, yn_., xm_., rgt___D ¦ â
k=0

m

H-nLk Binomial@m, kD uAlft, x-k+m, yn, rgtE,

u@lft___, pyn_., pxm_., rgt___D ¦ u@lft, pxm, pyn, rgtD,

u@lft___, xn_., pxm_., rgt___D ¦ u@lft, pxm, xn, rgtD,

u@lft___, xn_., pym_., rgt___D ¦ â
k=0

n

H-mLk Binomial@n, kD uAlft, pym, x-k+n, rgtE,

u@lft___, yn_., pxm_., rgt___D ¦ u@lft, pxm, yn, rgtD,

u@lft___, yn_., pym_., rgt___D ¦

â
k=0

Min@m,nD
Binomial@n, kD Binomial@m, kD k! uAlft, pxk, pym-k, yn-k, rgtE

>;

If@Head@$DegreeStackD =!= List, $DegreeStack = 8Infinity<D;

$ModDegree = First@$DegreeStackD;

SetAttributes@ModDegree, HoldRestD;

ModDegree@m_, expr_D := Module@8res<,

PrependTo@$DegreeStack, $ModDegree = mD;

res = expr;

$DegreeStack = Rest@$DegreeStackD;

$ModDegree = First@$DegreeStackD;

res

D;

Deg@t_TD := Plus �� Take@Plus �� t, 2D;

Outer@u@ð1, ð2D - u@ð2, ð1D &, 8px, py, x, y<, 8px, py, x, y<D ��. I2DRules �� Expand ��
MatrixForm

0 0 0 0

0 0 u@pyD -u@pxD
0 -u@pyD 0 u@yD
0 u@pxD -u@yD 0

u@y^3, x, x, py^2, px^4D ��. I2DRules �� Expand

54 uApx6, yE + 25 uApx4, py2, y3E + 96 uApx5, py, y2E - 36 uApx6, x, yE + 6 uApx6, x2, yE -

10 uApx4, py2, x, y3E + uApx4, py2, x2, y3E - 48 uApx5, py, x, y2E + 6 uApx5, py, x2, y2E



Format@t_T, StandardFormD := Module@
8k, out<,

out = 8<;

Do@
If@t@@kDD === 80, 0, 0, 0<,

AppendTo@out, 1D,

H* Else *L
If@t@@k, 1DD == 1, AppendTo@out, "Ξ"DD;

If@t@@k, 1DD > 1, AppendTo@out, SuperscriptBox@"Ξ", t@@k, 1DDDDD;

If@t@@k, 2DD == 1, AppendTo@out, "Η"DD;

If@t@@k, 2DD > 1, AppendTo@out, SuperscriptBox@"Η", t@@k, 2DDDDD;

If@t@@k, 3DD == 1, AppendTo@out, "x"DD;

If@t@@k, 3DD > 1, AppendTo@out, SuperscriptBox@"x", t@@k, 3DDDDD;

If@t@@k, 4DD == 1, AppendTo@out, "y"DD;

If@t@@k, 4DD > 1, AppendTo@out, SuperscriptBox@"y", t@@k, 4DDDDD
D;

If@k < Length@tD, AppendTo@out, "Ä"DD,

8k, Length@tD<
D;

DisplayForm@RowBox@outDD
D

Unprotect@NonCommutativeMultiplyD;

0 ** _ = 0;

_ ** 0 = 0;

Hc_ ?NumberQ * a_L ** b_ := Expand@c * Ha ** bLD;

a_ ** Hc_ ?NumberQ * b_L := Expand@c * Ha ** bLD;

a_Plus ** b_ := Hð ** bL & �� a;

a_ ** b_Plus := Ha ** ðL & �� b;

T@8m1_, m2_, m3_, m4_<D ** T@8n1_, n2_, n3_, n4_<D �;

m1 + m2 + n1 + n2 ³ $ModDegree := 0;

T@8m1_, m2_, m3_, m4_<D ** T@8n1_, n2_, n3_, n4_<D := Expand@
u@px^m1, py^m2, x^m3, y^m4, px^n1, py^n2, x^n3, y^n4D ��. I2DRules

D �. ut_u ¦ T@Exponent@Times �� ut, ðD & �� 8px, py, x, y<D;

T@t1__D ** T@t2__D �; Deg@T@t1DD + Deg@T@t2DD ³ $ModDegree := 0;

T@t1__D ** T@t2__D := Module@
8cc, tt<,

Distribute@
OT �� MapThread@T@ð1D ** T@ð2D &, 88t1<, 8t2<<D

D �. ot_OT ¦ H
cc = 1; tt = T@D;

Replace@ot, c_. * t_T ¦ Hcc *= c; AppendTo@tt, tD;L, 81<D;

cc * Flatten@ttD
L

D
T@82, 1, 3, 4<D ** T@81, 1, 0, 1<D
-IΞ

3
Η

2 y5M + 3 IΞ
3

Η
2 x y5M - 3 IΞ

3
Η

2 x2 y5M + Ξ
3

Η
2 x3 y5

+ 4 IΞ
4

Η x3 y4M
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T@82, 1, 3, 4<, 80, 0, 0, 1<D ** T@81, 1, 0, 1<, 80, 0, 1, 0<D
Ξ

3
Η

2 y5
Ä y - Ξ

3
Η

2 y5
Ä x y - 3 IΞ

3
Η

2 x y5
Ä yM + 3 IΞ

3
Η

2 x y5
Ä x yM + 3 IΞ

3
Η

2 x2 y5
Ä yM -

3 IΞ
3

Η
2 x2 y5

Ä x yM - Ξ
3

Η
2 x3 y5

Ä y + Ξ
3

Η
2 x3 y5

Ä x y - 4 IΞ
4

Η x3 y4
Ä yM + 4 IΞ

4
Η x3 y4

Ä x yM

TPower@expr_, p_IntegerD �; p > 0 := NonCommutativeMultiply �� Table@expr, 8p<D;

TExp@n_Integer, expr_D := Module@
8total, term, k<,

k = 0;

total = term = T �� Table@80, 0, 0, 0<, 8n<D;

While@term =!= 0,

++k;

total += Hterm = Expand@term ** expr � kDL
D;

total

D;

TExp@expr_D := Module@
8n<,

8n< = Cases@expr, t_T ¦ Length@tD, Infinity, 1D;

TExp@n, exprD
D;

ModDegree@7, TExp@1, T@80, 1, 1, 0<DDD

1 + Η x -

Η
2 x

2
+

1

2
IΗ

2 x2M +

Η
3 x

3
-

1

2
IΗ

3 x2M +

1

6
IΗ

3 x3M -

Η
4 x

4
+

11

24
IΗ

4 x2M -

1

4
IΗ

4 x3M +

1

24
IΗ

4 x4M +

Η
5 x

5
-

5

12
IΗ

5 x2M +

7

24
IΗ

5 x3M -

1

12
IΗ

5 x4M +

1

120
IΗ

5 x5M -

Η
6 x

6
+

137

360
IΗ

6 x2M -

5

16
IΗ

6 x3M +

17

144
IΗ

6 x4M -

1

48
IΗ

6 x5M +

1

720
IΗ

6 x6M

PutOn@s_Integer, ind_List, T@80, 0, 0, 0< ...DD := T �� Table@80, 0, 0, 0<, 8s<D;

PutOn@s_Integer, ind_List, t_TD := Module@
8k, indk, j, base, rest<,

base = T �� Table@80, 0, 0, 0<, 8s<D;

88k, j<< = Position@t, p_Integer �; p > 0, 82<, 1D;

indk = Replace@ind@@kDD, i_Integer ¦ 8i<D;

rest = t;

--rest@@k, jDD;

rest = PutOn@s, ind, restD;

Sum@
ReplacePart@base, 8indk@@iDD, j< ® 1D ** rest,

8i, Length@indkD<
D

D;

PutOn@s_Integer, ind_List, expr_D := Expand@expr �. t_T ¦ PutOn@s, ind, tDD;

PutOn@3, 881, 3<<, T@80, 1, 1, 0<DD
1 Ä 1 Ä Η x + x Ä 1 Ä Η + Η Ä 1 Ä x + Η x Ä 1 Ä 1
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OrderedPartitions@n_, 1D := 88n<<;

OrderedPartitions@n_Integer, p_IntegerD �; p > 1 :=

OrderedPartitions@n, pD = Join �� Table@
Append@ð, kD & �� OrderedPartitions@n - k, p - 1D,

8k, 0, n<
D;

Basis@n_, d_D := Flatten@Outer@
Function@8p1, p2<,

T �� MapThread@
Join,

8Partition@p1, 2D, Partition@p2, 2D<
D

D,

OrderedPartitions@d, 2 nD,

OrderedPartitions@d, 2 n + 1D,

1

DD
OrderedPartitions@5, 3D
885, 0, 0<, 84, 1, 0<, 83, 2, 0<, 82, 3, 0<, 81, 4, 0<, 80, 5, 0<, 84, 0, 1<,

83, 1, 1<, 82, 2, 1<, 81, 3, 1<, 80, 4, 1<, 83, 0, 2<, 82, 1, 2<, 81, 2, 2<,

80, 3, 2<, 82, 0, 3<, 81, 1, 3<, 80, 2, 3<, 81, 0, 4<, 80, 1, 4<, 80, 0, 5<<
Partition@Range@9D, 2D
881, 2<, 83, 4<, 85, 6<, 87, 8<<

Basis@2, 2D
9Ξ

2 x2
Ä 1, Ξ

2 x y Ä 1, Ξ
2 y2

Ä 1, Ξ
2 x Ä x, Ξ

2 y Ä x, Ξ
2

Ä x2, Ξ
2 x Ä y, Ξ

2 y Ä y, Ξ
2

Ä x y, Ξ
2

Ä y2,

Ξ
2 x Ä 1, Ξ

2 y Ä 1, Ξ
2

Ä x, Ξ
2

Ä y, Ξ
2

Ä 1, Ξ Η x2
Ä 1, Ξ Η x y Ä 1, Ξ Η y2

Ä 1, Ξ Η x Ä x, Ξ Η y Ä x,

Ξ Η Ä x2, Ξ Η x Ä y, Ξ Η y Ä y, Ξ Η Ä x y, Ξ Η Ä y2, Ξ Η x Ä 1, Ξ Η y Ä 1, Ξ Η Ä x, Ξ Η Ä y, Ξ Η Ä 1,

Η
2 x2

Ä 1, Η
2 x y Ä 1, Η

2 y2
Ä 1, Η

2 x Ä x, Η
2 y Ä x, Η

2
Ä x2, Η

2 x Ä y, Η
2 y Ä y, Η

2
Ä x y, Η

2
Ä y2,

Η
2 x Ä 1, Η

2 y Ä 1, Η
2

Ä x, Η
2

Ä y, Η
2

Ä 1, Ξ x2
Ä Ξ, Ξ x y Ä Ξ, Ξ y2

Ä Ξ, Ξ x Ä Ξ x, Ξ y Ä Ξ x,

Ξ Ä Ξ x2, Ξ x Ä Ξ y, Ξ y Ä Ξ y, Ξ Ä Ξ x y, Ξ Ä Ξ y2, Ξ x Ä Ξ, Ξ y Ä Ξ, Ξ Ä Ξ x, Ξ Ä Ξ y, Ξ Ä Ξ,

Η x2
Ä Ξ, Η x y Ä Ξ, Η y2

Ä Ξ, Η x Ä Ξ x, Η y Ä Ξ x, Η Ä Ξ x2, Η x Ä Ξ y, Η y Ä Ξ y, Η Ä Ξ x y, Η Ä Ξ y2,

Η x Ä Ξ, Η y Ä Ξ, Η Ä Ξ x, Η Ä Ξ y, Η Ä Ξ, x2
Ä Ξ

2, x y Ä Ξ
2, y2

Ä Ξ
2, x Ä Ξ

2 x, y Ä Ξ
2 x, 1 Ä Ξ

2 x2,

x Ä Ξ
2 y, y Ä Ξ

2 y, 1 Ä Ξ
2 x y, 1 Ä Ξ

2 y2, x Ä Ξ
2, y Ä Ξ

2, 1 Ä Ξ
2 x, 1 Ä Ξ

2 y, 1 Ä Ξ
2, Ξ x2

Ä Η,

Ξ x y Ä Η, Ξ y2
Ä Η, Ξ x Ä Η x, Ξ y Ä Η x, Ξ Ä Η x2, Ξ x Ä Η y, Ξ y Ä Η y, Ξ Ä Η x y, Ξ Ä Η y2, Ξ x Ä Η,

Ξ y Ä Η, Ξ Ä Η x, Ξ Ä Η y, Ξ Ä Η, Η x2
Ä Η, Η x y Ä Η, Η y2

Ä Η, Η x Ä Η x, Η y Ä Η x, Η Ä Η x2,

Η x Ä Η y, Η y Ä Η y, Η Ä Η x y, Η Ä Η y2, Η x Ä Η, Η y Ä Η, Η Ä Η x, Η Ä Η y, Η Ä Η, x2
Ä Ξ Η,

x y Ä Ξ Η, y2
Ä Ξ Η, x Ä Ξ Η x, y Ä Ξ Η x, 1 Ä Ξ Η x2, x Ä Ξ Η y, y Ä Ξ Η y, 1 Ä Ξ Η x y, 1 Ä Ξ Η y2,

x Ä Ξ Η, y Ä Ξ Η, 1 Ä Ξ Η x, 1 Ä Ξ Η y, 1 Ä Ξ Η, x2
Ä Η

2, x y Ä Η
2, y2

Ä Η
2, x Ä Η

2 x, y Ä Η
2 x,

1 Ä Η
2 x2, x Ä Η

2 y, y Ä Η
2 y, 1 Ä Η

2 x y, 1 Ä Η
2 y2, x Ä Η

2, y Ä Η
2, 1 Ä Η

2 x, 1 Ä Η
2 y, 1 Ä Η

2=

Basis@2, 5D �� Length

7056
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