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With alphabet T and with u, v,w ∈ T , α, β, γ ∈ FL(T ), λ ∈
FL(T )T , D ∈ tder(T ), g, h ∈ exp(tder(T )) = TAut(T ).
Checkmarks (X) as in CheatSheetFreeLie-Verification.nb.
Definition. adγu = adu{γ} := der(u 7→ [γ, u]) and ∂λ = ∂{λ} B

−
∑

s∈S adλs
s .

Definition. Cλ B mor
(
u 7→ (Ad λu)(u) = eλuue−λu = ead λuu

)
and

Cγ
u B C(u→γ).

1. X The meaning(s) of RC: Cγ
u�RC−γu = 1, Cγ�RCγ

u
u = RCγ

u

2. X CuCv and RCuRCv: Cα�RC−βv
u �Cβ

v = Cβ�RC−αu
v �Cα

u ,

RCα
u�RCβ�RCα

u
v = RCβ

v�RCα�RCβ
v

u

3. RC equation t: tmuv
w �RCγ�tmuv

w
w = RCγ

u�RCγ�RCγ
u

v �tmuv
w

4. RC equation h: RCbch(α,β)
u = RCα

u�RCβ�RCα
u

u

5. X Γ: With Γ(t) ∈ FL(T )T solving Γ(0) = 0, Γ′(s) =

λ�e−∂sλ� ad Γ(s)
ead Γ(s)−1 , e−∂λ = CΓ(1)

6. X Λ: With Λ(t) ∈ FL(T )T solving Λ(0) = 0, Λ′(s) =

λ�e∂Λ(s)� adtb Λ(s)
eadtb Λ(s)−1

, e−∂Λ(1) = Cλ

7. div property t: divw(γ�tmuv
w ) = (divu(γ) + divv(γ))�tmuv

w

8. X div property uv:
(divu α)�adβv −(divv β)�adαu = divu(α�adβv) − divv(β�adαu )

9. X div property uu: (divu α)�adu{β} − (divu β)�adu{α}

= divu
(
[α, β] + α�adu{β} − β�adu{α}

)
10. C–div–RC eqns: divu(α�RCγ

u)�Cγ
u = ?; divu(α�Cγ

u)�RCγ
u = ?

11. The definition of J: Ju(γ) :=
∫ 1

0
ds divu

(
γ�RCsγ

u

)
�C−sγ

u

12. X Juv eqn: Ju(α)+ Jv(β�RCα
u )�C−αu = Jv(β)+ Ju(α�RCβ

v )�C−βv

13. X t eqn: Jw(γ�tmuv
w ) =

(
Ju(γ) + Jv(γ�RCγ

u)�C−γu

)
�tmuv

w

14. X The h equation: Ju(bch(α, β)) = Ju(α) + Ju(β�RCα
u )�C−αu

15. The definition of JA: JAu(γ) := Ju(γ)�RCγ
u

16. ODE for JA: with γs = γ�RCsγ
u ,

JA(0) = 0,
dJA(s)

ds
= JA(s)�adu{γs}+divu γs, JA(1) = JAu(γ)

17. j following AT: j(eD) =

∫ 1

0
ds esD(div D) =

eD − 1
D

(div D)

18. j’s cocycle property: j(gh) = j(g) + g · j(h)

19. d exp: δeγ = eγ ·
(
δγ�

1 − e− ad γ

ad γ

)
=

(
δγ�

ead γ − 1
ad γ

)
· eγ

20. X The differential of γ = bch(α, β):

δγ�
1 − e− ad γ

ad γ
=

(
δα�

1 − e− adα

adα
�e− ad β

)
+

(
δβ�

1 − e− ad β

ad β

)
21. X dC: δCγ

u = adu

{
δγ�

ead γ − 1
ad γ

�RC−γu

}
�Cγ

u

22. X dCλ: δCλ = −∂

{
δλ�

ead λ − 1
ad λ

�RC−λ
}
�Cλ

23. X dRC: δRCγ
u = RCγ

u�adu

{
δγ�

1 − e− ad γ

ad γ
�RCγ

u

}
24. X dJ: δJu(γ) = δγ�

1 − e− ad γ

ad γ
�RCγ

u�divu�C−γu

The β quotient [u, v] = cuv − cvu. Let R = R(T ) :=
Q~{cu}u∈T�, L = L(T ) := R ⊗ QT . For γ =

∑
u γuu ∈ L set

cγ :=
∑

u γucu ∈ R. With this,
v�C−γu = v�RCγ

u = v for u , v ∈ T ,
ρ�C−γu = ρ�RCγ

u = ρ for ρ ∈ R,

u�C−γu = e−cγ

(
u + cu

ecγ − 1
cγ

γ

)
= e−cγ

(1 + cuγu
ecγ − 1

cγ

)
u + cu

ecγ − 1
cγ

∑
v,u

γvv

 ,

u�RCγ
u =

(
1 + cuγu

ecγ − 1
cγ

)−1 ecγu − cu
ecγ − 1

cγ

∑
v,u

γvv

 ,
bch(α, β) =

cα + cβ
ecα+cβ − 1

(
ecα − 1

cα
α + ecα ecβ − 1

cβ
β

)
divu γ = cuγu

Ju(γ) = log
(
1 +

ecγ − 1
cγ

cuγu

)
.

Further include: j, Cλ, RCλ, Γ, Λ, ∂, [ ]tb.
Implement π : FL/CW→ L/R (under LSeries/RSeries?), com-
mutativity verifications.
Verifications of 1–24 in β.
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