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Pensieve header: Calculations appearing in the WKO4 paper.

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\WKO4"] ;

Section | - Introduction

Initialization
<< Freelie.m;
<< AwCalculus.m;
$SeriesShowDegree = 4;
Initialization
Freelie ' implements / extends
{*, +, *x, $SeriesShowDegree, (), J, =, ad, Ad, adSeries, AllCyclicWords,
AllLyndonWords, AllWords, ASeries, AW, b, BCH, BooleanSequence, BracketForm, BS,
CC, Crop, CW, CWS, CWSeries, D, Deg, DegreeScale, DerivationSeries, div, EulerE,
Exp, InvertLieMorphism, j, J, JA, LieDerivation, LieMorphism, LieSeries, LS, LW,
LyndonFactorization, New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve,
Support, tb, TopBracketForm, tr, UndeterminedCoefficients, I', ¢, A, A, —, A}.
Initialization

AwCalculus® implements / extends {*, *x, E, =, dA, dc, deg,

dm, dS, dA, dn, do, E1, Es, hA, hm, hS, hn, ho, tA, tha, tm, tS, to, T', A}.

Section 2.2 - Some Preliminaries on Lie Algebras and Cyclic
Words

alphabetagamma

x1 = LW[1l]; %2 =1LW[2];
{a, B, ¥} = LS /@ {x1+b[x1, %x2], %2-b[x1, b[x1, %2]], X1 +%2-2Db[x1, %x2]}

alphabetagamma

— —
4

{Ls[T, 12, 0,0, ...],L8[2,0,-11T2,0, ...],Ls[T+2, -272, 0, 0, ...]}

BracketExample

{b[a, B], bl[a, b[B, ¥]]1 +b[B, b[¥, al] +b[¥, b[a, B]]1}

BracketExample

—

{Ls[o, T2, T22, -1112, ...], LS[0, 0, 0,0, ...1}

bch
bch = BCH[LWex, LWey]
bch

http://drorbn.net/AcademicPensieve/Projects/WKO4/Archive/ #MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: WKO4: Archive: WKO4-150211.nb 2015-02-11 20:13:46

bch16

Timing@{Length@ (bch@16) , (bch@16) [1090 ;; 1092] // TopBracketForm}
bch16

53 XX XXY XY XXY XXV XY
{45.474291, {2181, yxY Y YEYY
1089728640
172X XXY XY XXY XXRXYY Y 389xx xRy XY XXV XXV xTy}}
+
179625600 1320883200

omegas

{wi, w2} = CWS /@ {CW["1"] -3CW["211"], CW["2"] +CW["22"]}
omegas

fcws|[T, 0, -37T12, 0, ...|, cws[2, 22, 0, 0, ...]|}

DegreeScale
DegreeScale[h] /@ {w1, w2}
DegreeScale

fcws[nT, 0, -30%7112, 0, ...|, CWS[h2, 222, 0, 0, ...]|}

TangentialDerivative
A=@>a, 2 > B), ¥ // Dx}

TangentialDerivative

{<leLS{T, 12,0,0, ...],2->1s8[2,0,-112, 0, }> Ls[0, 0, 112, -1122, ...]}

Al=X; A2=(1-8, 2 » ¥); tb[Al, A2]

<1»LS[O, 0, 172, -1122, ...], 2->1s8[0, 0, 112, -1122, ]>

th2
lhs = Dib[a1,22] [w1]; rhs =b[Dx1, Da2] [w1]:
{lhs@{8}, (lhs =rhs)@{8}}

tb2

{cws[o, 0, 0, 0,0, 0,0, 18T1112122-18 11112212 -3611121122+ 3611122112, ...],
BS[9 True, ]}

TestingGammaODE

lhs = 0¢:T+[A]; rhs

d
A // et // adSeries| , TelAl]:
1

ead_
{To[A], lhs, (lhs =rhs)@{6}}
TestingGammaODE
{¢1>1s[0,0,0,0, ...],25LS[0, 0, 0,0, ...]),

S — — 1 — —
<leLS{l, 12, -t 112, —t?21172-t17122, ...],
4

2-1s[2,0,-112, -t1122, ...}>,BS[7True, o1}
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TestingGamma
{x 77 e*™, ¥ /7 cc[re[A11}

TestingGamma

{Ls[T+72, -2T2, -t 112, t1122, ...|, Ls[T+2, -2T2, -t 112, t1122, ...|}

TestingLambdaODE

lhs = Ot At [A] ; rhs

D, - d
A // e // adSeries[——, Ac[A], tb];
1

ead_
{Ao[A], lhs, (lhs =rhs)@{6}}
TestingLambdaODE
{<(1>1s[o,0,0,0,...], 25180, 0,0, 0, ...1),
— — 1 — — — — —
<1%LS[1, 12, t112, —t21172+t17122, ...],2->1s8[2,0,-112,t17122, ]>
2

BS[7 True, ]}

TestingLambda
{v 77 ccreal, ¥ 7/ e}

TestingLambda

{Ls[T+72, -272, -t 1712, —;t2l 112 +t17122, ...,

[y

— = . — 1 — —
Ls[T+2, -272, -t 112,—5t21112 +t17122, }}

CCAndRC

CCAndRC

— . 5 —— 3= 7 — 23 P —
{Ls[T, 272, -~ 172 +>T122, —1112-"—1122+—- 1222, ...],
2 2 6 6 3

divu

divu

Ju

Ju

12 7 122 31112 111122 31212 31222

1
2 6 6 8 4 4 8

{div[A]e {5}, j[r]e{5}}
{cws[T+?, -12, -112, 0, 0, ...],

—

cws[T+72, -12, -112, -1122 + 1212, -11122+11212, ...]}

cocycledj
lhs = j[BCHw [ALl, A2]]; rhs = j[A1l] + eP=[§[A2]];
{lhs, (lhs =rhs)@{8}}

cocycledj

fcws|[T+272, -312, 0, -9 1122 +971212, ...|, BS[9 True, ...]}
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lhs = j[BCHp[A1l, A2]]; rhs = j[Al] + ePn[j[A2]];
{1lhs, (lhs =rhs)}

- 57122 101 1122 531212 1222
{cws[T+272, -412, -———, 1112 - + - PR
12 6 3 24
5CW[122]
BS[2 True, -4 CW[12] = -3 CW[12], -4 CW[12] = -3CW[12] &6 - ———— =0,
12
5CW[122]
~4CW[12] = -3 CW[12] §& - —————— == 0 &&
12
101 CW[1122] 53 CW[1212] CW[1222]
cW[1l112] - + - =-9CW[1122] +9CW[1212], ...]}
6 3 24
g
e /: €2=0;
{jleA]l, jleA] =ediv[A]}
d
[cws[eT+e?2, -e12, -e 112, 0, ...], BS[5True, ...]}

Section 2.3 - The [AT]-inspired presentation E;of A,

ElSetup
x1 =LW[1]; x2 = LW[2] ;
{§a=
E1[(1 > LS[x1 +b[x1, %x2]], 2 > LS[x2-b[x1, b[x1, %x2]]]), CWS[CW["1"] -3CW["121"]]],
Co =E1[(1 > LS[x2-b[x1, %x2]], 2> LS[x1+X2+Db[x2, b[x1, %2]]1),
CWS[CW["2"] -2CW["12"]1]],
Ec=E1[(1 > LS[x1-b[b[x1, x2], b[x1, %2]1]], 2> LS[x2+3b[x1, b[x1, x2]1]),
CWS[CW["1"] -2 CW["12"] +CW["121"]]1]}

ElSetup

{El[<leLS[T, 12,0,0, ...],2-18[2,0,-1T2, 0, }> cws|T, 0, -37112, 0, ...]],

El[<leLS[?, -72,0,0, ...], 2>18[T+2,0, -122, 0, ]>

cws[2, -212, 0, 0, ...]],

El[<leLS[T, 0,0,0,...],2>18[2,0,3112, 0, ]> cws[T, -212, 112, 0, ...]]}

ElAssociativity

lhs = Ba % (8p ** c) ; rhs = (La ** lp) ** Lc/
{lhs@{3}, (lhs =rhs)@{8}}

ElAssociativity

{E1[{1-18[2T+72, 0, 1117, ..., 2-18[T+372, 0, 2117 -T22, )
2 2
cws[2T+72,-412, -2112, ...]], BS[9True, ...]}
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detaExample
{€a 77 an*, &a 7/ an?}

detaExample

{E:[(2>1s][2,0,0,0,...]), cWws(o, 0, 0, 0, ...1],
E;[(1-1s[T,0,0,0,...]), cws[T,0,0,0, ...]]}

dA1
{8a =E1[A, CWS[O0]], &a // dA}
dA1
{El[<leLS[T, 12,0,0, ...],2-18[2,0,-172, 0, }> cws [0, 0, 0, 0, ...1],
El{<leLS{—T, -12,0,0, ...], 2>1s8[-2,0, 112, 0, }>
cws([-T-72, 12, 112, 1122 -1212, ...|]}
dA2
(Ba = (Ea//dA// dn))@{8}
dA2
BS[9 True, ...]
dA3
lhs = (§a**Lp) // dA; rhs = (8p // dA) ** (La // dB) ;
{lhs@{3}, (lhs =rhs)@{8}}
dA3
- 1 —— B l—— —
{El[<leLS[7172, 0,-—112, ...], 2->1s[-T-272,0, =112+ 122, ]>
2 2
cws([-2, -212, -2112-122, ...||, BS[9True, ...]}
ds
s // ds
ds
El[<1+Ls[T, -72,0,0, ...],2>1s[2,0,-112, 0, }>
cws[T+72, 12, -112, 1122 - 1212, ...|]
dD1
{gar §a //dA[zr 2! 3]}
dD1

{El{<leLS{l, 12,0,0, ...],2->1s8[2,0,-112, 0, }> cws[T, 0, -3712, 0, ...]],

EJ<1»LS[T,W+W, 0,0, ...],2518[2+73,0,-172-113, 0, ...
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dD2

lhs = (Za** &) // dA[2, 2, 3]; rhs = (8a//dA[2, 2, 3]) »* (& // dA[2, 2, 3]);
{lhs@{3}, (lhs =rhs)@{8}}
dD2

S Il 11—
{El[<1—>Ls[1+2+3,o,—112+—113,...],
2 2
— e = l—= 1= —= — — =
2-1s[T+22+23,0,--17T2--11T3-123-122-2132-133, ...],
2 2
— e e 1l 1l ——= ==
3-1s[T+22+23,0,--17T2--1T3-123-T22-2132-133, ]>,
2 2

cws[T+2+3, -212-213, -3112-3113

w

Section 2.4 - The factored presentation Ef of A", and its
stronger precursor E;

EsSetup1
u = LWeu; v =LWev;
€a =Es[(1 »LS[u+b[u, vl], 25 LS[v-b[u, b[u, v]]], 3->LS[u-b[b[u, v], b[u, v]]]),
CWS[CW["u"] - 3CW["uvu"]]]
EsSetup1
Es[(1->Ls[wW, uv, 0,0, ...], 2>1s[V, 0, -uuv, 0, ...|, 3>Ls[™W, 0, 0,0, ...]),
cws (@, 0, -3Wuv, 0, ...]]
EsSetup2
SeedRandom[0] ; &p =
Es[(Table[i » RandomLieSeries[{1, 2, 3, 4}], {i, 4}]), RandomCWSeries[{1l, 2, 3, 4}]11]~;
@
{2}
EsSetup2
- . 13 _ 23 24 __
ES[<1—>LS[—1-22+23-24,212+—+14-———+234, P
2 2 2
— e e — .~ 3173 __. 34
2-L8[2T-2-23+7, 272+ -214-23-24-"—, ],
2 2
e -~ . 3273 —_—
3-Ls[-T+2+2%4, -2T2+2T13-14- +224-234, ...],
2
— - - 12 313 .
4515[-2T+22+23+4, -—+ ~224+34, }>,
2 2
. . 311 312 . . 2
cws|[3 -7, - -213+14+22+223-—-233-34+44, ...]]
2 2 2
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haction
lhs =&, // hm[1l, 2, 4] // tha[u, 4];
rhs = §. // tha[u, 1] // tha[u, 2] // hm[1, 2, 4];
{lhs, (lhs =rhs)e@{8}}
haction
1 3 1
{ES[<3eLS[T, -UV, -uTV + ~ UVV, “uUulvV +u "WV -~ TYV VY, ...,
2 2 [
uv 23 5 13 1
451L8[T+¥, —, -~ WUV - — WYV, UUUV + —UTUVV + — TUVV v, ]>,
2 12 12 24 12
3uuv quuv
CWS[2/u\, -av, - , - +Wuvv - avav, H, BS[9 True, ]}
2 [

metaassoc

lhs =&, // dm[1, 2,1] // dm[1, 3, 1]; rhs=¢&, // dm[2, 3,2] // dm[1, 2, 1];
{lhs@{3}, (lhs =rhs)@{5}}

metaassoc

— — 314 19 —

{Es[<leLS[—21+4,——,20 174 -— 144, ...],
2 3
e . 31 —— 13 —
4-51s[2T+4, T4, -— 114 -—T44, ]>,
2 6
. 14 __ 717111 197114 7144 27444
CWS[31—4,—311+—+44, + - - ,...H,BS[6True,...}}
2 4 4 6 3

Section 3.1 - Tangle Invariants

Section 3.1.1 - The General Framework

RDefs

E:[{(a > LS[0], b- LS[LWea]), CWS[O0]];
E.[(a>LS[0], b- -LS[LWea]), CWS[0]];

RE:(].'S) [a_l b_]
Ri. sy [a_, b_]

R3
lhs =Rj[1, 2] *»*Ri[1, 3] **Ri[2, 3]; rhs =Rj[2, 3] *»Ri[1, 3] »*Ri[1, 2];
{lhs@{3}, (lhs =rhs)@{5}}

R3
{E;[(1>1s[0, 0,0, ...],25L8[T, 0,0, ...],3>Ls[T+2,0,0,...]),

cws[0, 0, 0, ...]], BS[6 True, ...]}
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Section 3.1.2 - The Knot 8,7 and the Borromean Tangle

817
tl =R3[12, 1] R5[2, 7] R;[8, 3] R;[4, 11] Ri[16, 5] R5[6, 13] R{[14, 9] R5[10, 15];
Do[tl = t1 // dm[1, k, 1], {k, 2, 16}];
tle {6}
817
— 31 1111 1351 111111
Es[(1->1s[0, 0,0,0,0,0,...1), cus[0, -1T, 0, - , 0, - o]
12 360

Borromean

t2 = Rg[r, 6] Ri[2, 4] R;[g, 9] Re[5, 7] Rs[b, 3] RS[8, 1];

(Do[t2 = t2 // dm[z, k, r], {k, 1, 3}]; Do[t2 = t2 // dm[g, k, g], {k, 4, 6}];
Do[t2 = t2 // dm[b, k, b], {k, 7, 9}1; t2)
Borromean
ol — = 1 —
ES[<beLS[O,gr,—ggr+brg+—grr,
2 2
IR—— 1 — 1 T == l=— 11— 1 — 1 —
-—bbrg+—g9gggr + —ggrr - —bgbr- —brgg- —brrg+ —grrr, ],ge
2 6 4 2 2 2 6
— 1 — == 1 — 1 — 1 — 1 — 1= —
LS[O, -br, — bbr -bgr - brg+ —brr, -—bbbr -—bbgr -—bggr - —bbrg -
2 2 6 2 2 2
1" lTr/— 1l — == — 1 — 17— 1 —
*bbrr+*bgrr+*bgbr+brgr—bgrg—*brgg+*brrg—*brrr,...}
4 2 2 2 2 6
— 1= — 1 = 1 — 1 —
r-15[0, bg, — bbg + bgr + — bgg, ~bbbg + —bbgr +
2 2 6 2

lT7/— 17T = 1 —— 1 —
—bggr+—bbgg+—bgrr+—bggg,...]>,
2 4 2 6

CWS[O, 0, 2 bgr, bbgr - bgbr + bggr - bgrg + bgrr - brgr, H

Section 3.2 - Solutions of the Kashiwara-Vergne Equations

Continues pensieve://2013-10/SolvingWKO.nb.

VSetu
| a=ISI("1", 72"}, asl; B=TIS[("1", "2"), sl y = CHS[("1", "2}, ys]:
V=Es[(1->a, 2>8), ¥]/
CapSetup
Kk =CWS[{"1"}, ks]; Cap = Es[(1 »LS[0]), x];
VCapEqgns

R4Eqn = (R{[2, 3] #*RI[1, 3] »*V = V= (RI[1, 3] // dA[l, 1, 2]));
UnitarityEqn = (V#* (V// dA[1] // dA[2]) = Es[(1 - LS[0], 2-LS[0]), CWS[0]]);
CapEqn = ((V#*x (Cap //dA[1, 1, 2]) //dec[1] // dc[2]) =

(cap (Cap // do[1, 2]) //de[1] // dec[2]));
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VCapSolution
as["1"] = 0; as["2"] = —1/2;
SeriesSolve[{a, B, ¥, x}, A" R4Eqn && UnitarityEqn && Caqun];
{v, x}
VCapSolution
Arbitrator called on {xs[1l]}...
VCapSolution

Arbitrator called on {as[1l22]}...

VCapSolution
2 12 1 — — 1222
{ES[<1»LS[7—, , 0, -— 11712+ 1122 -——, ...],
2 12 720 720 5760
12 1112 71122 771222
2-1s[0, =—, 0, - + - ]>
24 1440 5760 5760
12 1112 1122 1212 1222 1T 111T
cws[0, -—, 0, + + + ; -..]], cws[o, -—, 0, ]}
48 2880 2880 5760 2880 96 11520

Conjecture. For any Lie algebra g of finite dimension, we can find F and G such
that they satisfy

a) x+y—loge’e*=(1—e “*)F+(e*¥—1)G.
b) F and G give g-valued convergent power series on (x, y)eg x g.
¢) tr((adx)(0,F); g)+tr((ad y)(6,G); 9)
_1 adx ady  adz )
bir (e g oy ey

Here z=loge*e” and 0. F (resp. 0,G) is the End(g)-valued real analytic function
defined by

gaav—-»%F(x+ta, M=o (resp. gaab—»;—tG(x, y+ta)},=o) ,

and tr denotes the trace of an endomorphism of g.
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{F=LS[{xI Y}r fS], G= LS[{xI y}l gS]},‘
SeriesSolve[{F, G},
n™! (LS[LWex + LWey] - BCH[LWey, LWex] = F - G - Ad[-LWex] [F] + Ad[LWey] [G])

1 d
&& divy[F] +divy[G] = — triweu[adSeries| , LWex| [LWeu] +
2 1

eaci. _
ad

adseries | , LWey| [LWeu] - adSeries| , BCH[LWex, LWey] | [LWeu] |
1

ead -1 ea::l _

kv=((1->F, 2-5G)

Arbitrator called on {fs[y]}...

3% 1 e ——— T
<1»Ls[o,7—,7—xTy,f—xxTyf—xryy+ RYY Vi ooen s
12 24 180 120 360
% XY 1 1 1 1 —
2-5LS[-—, -, -— %Xy, - —— X XRY - — X KTy + Tyyy,...]>
2 6 24 360 0

at =V[1] // do[{1, 2} -» {2, 1}];

ed -1
atkv = at // EulerE // adSeries[ , at] // RC[-at] //
ad
LieMorphism[ILW@1l -» LW@x, LW@2 » LWey]

XY 1 1] Y— 1 Y= 1 =
<1+LS[O,——,——x'ﬂ,——xxTy——xTyy+ Tyyy,...},
12 24 180 120 360

% XY 1 1 1 1 =
ZeLS[——,——,——xTy,——xxTy——xﬂy+ Tyyy,...]>
2 6 24 360 80 0
atl = at // A ;
ead_
atkvl = atl // EulerE // adSeries[ , atl, tb] //
ad
LieMorphism[LW@1l -» LW@x, LWe2 -» LWey]

%Y 1 1 1 1 —
<1%LS|:OI7_17_XW17—XX'X—Y‘7—XVX—y‘y+ 'X—Y‘YYI"'}I
12 24 180 120 0
% Xy 1 1 1 1 ——
2-5LS[-—, -, -— %Xy, - —— X XRY - — XKJY + Tyyy,...]>

2 6 24 360 80 0

A2 = (1 » RandomLieSeries[{1l, 2}], 2 -» RandomLieSeries[{1, 2}])

— — — 3 — — 3 — 7 — 4 ——
<1»LS[21+22,—12,7—112—122,—1112——1122+—1222,...],
2 4 24 3
— = 312 5= 4—=r 3T ———= 5T —= 3=
2-18[T-22, —, --112+—-122, —1112--1T722+- 1222, ]>
2 6 3 2 3 8
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ad

-1
{1hs =22 // EulerE // adSeries[e , A2] // RC[-22],

ad
ed-1
rhs = A[A2] // EulerE // adSeries| , A[A2], tb]; (lhs =rhs)e@{8}}
ad
- 9 —— —— 1T 10 T—= 597
{<19LS[21+22,O,—*112—11122,*1112—*1122—*1222,...},
2 6 3 3
P T — = 89 =
2%LS[1—22,712,—*112+*122,f1112—541122+f1222,...]>,BS[
A 2 6 2

9 True, ]}

(atkv = atkvl) @ {9}

Arbitrator called on {as[11122]}...
Arbitrator called on {as[1111122]}...
Arbitrator called on {as[11112122]}...
Arbitrator called on {as[111111122]}...

BS[10 True, ...]

(atkv = kv) @ {8}

Arbitrator called on {fs[xxxxyxyy]}...

LW [ XXXXXXXY | LW [ XXXXXXYY | LW [ XXXXXYXY |
BS [8 True, - + - -
151200 37800 151200
LW [ XXXXXYYY ] LW [ XXXXYXXY | 61 LW [ XXXXYXVY ] 61 LW [ XXXXYVYXYV ]
37800 50400 1360800 680400
LW [ XXXXYYYY ] 829 LW [XxXXYXXVV] 7 LW [xxXYXYXY] 653 LW [ XXXYVXVVY]
- + - +
30240 10886400 259200 7257600
251 LW [xXXYYXXY] 67 LW [ XXXYYXVY] 467 LW [XXXYYYXY] LW [XXXYYYVY]
+ + + +
5443200 2419200 2419200 18900
19 LW [xXXYXXYXY ] 653 LW [ XXYXXVYY ] 307 LW [xXYXYXYY] 173 LW [XXYXYYXY ]
+ - + +
2721600 7257600 2419200 2419200
1313 LW [xXYXYYVY] 67 LW [ XXYYXYXY] 667 LW [ XXYYXYVY]
_ + _
7257600 1209600 7257600
25 LW[xxyyyxyy] 773 LW[xxyyyyxy] LW[xxyyyyyy] . 59 LW[xyxyxyyy]
290304 7257600 43200 259200
173 LW[xyxyyxyy] 59 LW[xyxyyyyy] 197 LW[xyyxyyyy] LW[xyyyyyyy]
2419200 777600 2177280 302400
LW [ XXXXXXXY | LW [ XXXXXXYY | LW [XXXXXYXY | LW [xXXXXYYY ]
_ + - - -
151200 37800 151200 37800
LW [ XXXXYXXY | LW [ xXXXYYYY ] 13 LW [XXXYXXVY] 13 LW [XXXYXYXY]
50400 30240 241920 120960
299 LW [XXXYXYYY ] 11 LW [XXXYVYXXY] 59 LW [xXXYYXVVY] 223 LW [XXXYYYXY ]
+ - + +
2419200 120960 806400 2419200
LW [XXXYYYYY] LW [XXYXXYXY ] 299 LW [XXYXXYYY ] LW [XXYXYXYY ]
- + - +
18900 12096 2419200 38400
139 LW [XXYXYYXY] 173 LW [XXYXYYVY] 59 LW [xXYyYyXYXY] 47 LW [xXYYXYYY]
+ + + -
806400 806400 403200 806400
41 LW[xxyyyxyy] 113 IW(xxyyyyxy] LW[xxyyyyyy] 73 LW[xyxyxyyy]
161280 806400 43200 201 600
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139 LW[xyxyyxyy] 73 LW[xyxyyyyy] 7LW[xyyxyyyy] LW[xyyyyyyy]

806400 604800 34560 302400
LW [ XXXXXXXY ] LW [ XXXXXXYY ] 89 LW [ XXXXXYXY] LW [ XXXXXYYY]
_ + + _ _
302400 67200 5443200 302400
181 LW [XXXXYXXYV | 73 LW [XXXXYXVY ] 461 LW [XXXXYYXY ]
10886400 1451520 2419200
LW [XXXXYYYY ] 643 LW [ XXXYXXYY ] LW [ XXXYXYXY ] 907 LW [ XXXYXVVY ]
- + - +
16128 7257600 12 600 7257600
LW [ XXXYYXXY] 31 LW [XXXYYXYY] 1987 LW [ XXXYYYXY] 23 LW [xxXYYYVY]
+ + + +
25200 518400 7257600 302400
211 LW [XXYXXYXY ] LW [XXYXXYYY ] 667 LW [XXYXYXVY] 59 LW [xXYXYYXY]
+ - + +
7257600 10080 3628800 1036800
1207 LW [XXYXYYVY] 1133 LW [XXYYXYXY] 61 LW [XXYYXYVVY]
_ + _
5443200 7257600 518400
LW[xxyyyxyy] LW[xxyyyyxy] LW[xXyyyyyy] . 1493 LW[xyxyxyyy]
15120 7560 28800 5443200
667 LW [xyxyyxyy] LW[xyxyyyyy] LW[xyyXyyyy] . LW[XYYYYYYY]
10886400 10080 10080 151200
LW [ XXXXXXXY | LW [ XXXXXXYY | 37 LW [ xXXXXYXY ] LW [XXXXXYYY ] LW [ XXXXYXXY |
- + + - + -
302400 67200 604800 302400 172800
29 LW [XXXXYXYY ] 47 LW [ xxXXYYXY] LW [ XXXXYYYY] 19 LW [ XXXYXXYY]
- - - +
345600 161280 16128 345600
LW [ XXXYXYXY ] 221 LW [XXXYXYYY] LW [ XXXYYXXY] LW [ XXXYYXYY] 83 LW [XXXYYYXY]
- + - + +
12 600 2419200 25200 134400 345600
23 LW [XXXYYYYY ] 11 LW [xXYXXYXY ] LW [XXYXXYYY ] 47 LW [xXYXYXVY]
- + - +
302400 2419200 10080 403200
73 LW [xXYXYYXY] 107 LW [XXYXYYYY] 17 LW [XXYYXYXY] 61 LW [XXYYXYYY]
+ - + -
806400 604 800 89600 1209600
LW[xxyyyxyy] LW[xxyyyyxy] LW[xXyyyyyy] . 193 LW[xyxyxyyy]
15120 7560 28800 604800
47 LW [xyxyyxyy] LW[xyxyyyyy] LW[XyyXyyyy] N LW [xyyyyyyy] }
1209600 10080 10080 151200

{A, B} = {atkvy, atkvz}

XY 1 1 1 1 ——
{LS{O,——,——XW,——xxTy——xTyy+ Tyyy,...],
12 24 180 120 0
X XY 1 1 1 1
LS[——,——,——xTy,——xxTy——ny+ Tyyy,...}}
2 6 24 360 0

A" (LS[LWex + LWey] - BCH[LW@y, LWex] =A-B-Ad[-LWex] [A] + Ad[LWey] [B]) &&

, LWex|[LWeu] + adSeries|

1
divy[A] +divy[B] = — triweu|[adSeries|
2 ead -1 ead -1

ad
d

LW@u] - adSeries[
-1

, BCH[LWex, LWey] | [LWeu] ] |@{9}
ea

Arbitrator called on {as[1111112122]}...

BS[10 True, ...]
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£=(V// )]

—
—

12 1 —— 1112 1 T —— 1222

<1»Ls[o,f—, 112,77—1ﬁz+—,...},
24 96 2880 480 1440
T 12 1 — I I 1 =
29LS[*,—7,*112,71112—71 122 + 1222,...]>
2 12 96 960 320 720
£ // RC[-£]
12 1 —— 291112 111122 1222
<1aLs[o,f—,—112,f - + P
24 32 2880 2880 1440
T 12 1 —— 1 T — 191122 1 =
2»LS[—,——,—112,—1112——+ 1222,...}>
2 12 32 960 2880 720

V[I1] // RC[-V[1]]

—

12 1 ——— 231112 171122 1222
<1+LS[O,——,—112,— - + b
24 48 5760 5760 1440
T 172 1 —— 1112 71122 1 =
2-5Ls[—, -—, — 112, - +—1222,...}>
12 48 5760 1440 720
f- (£ // EulerE)

12 1 — 1 — [— 1 =
<1+LS[O, —, -— 172, -— 1112+ 1122 -—1222, ]
24 48 960 160 480
12 1 —— —— 3 — 1 =
2-1s[0, —, -— 112, -— 1112 + 17122 - — 122 2, ]>
12 48 320 320 240

f // EulerE // e™P¢
12 1 —— 191112 717122 1 =
<19LS[O,——,——112, - +——T222, ...],
12 96 2880 1440 360
T 12 1 ——— 1 — 1 — 1 ——_
2-18[—, -—, -— 172, -— 1112 - — 1122 + 122 2, ]>
2 6 32 960 180 180

{A=1Ls[{x, v}, as], B=LS[{x, v}, bs], é=CWS[{x}, ¢s]}

{Ls[as[x] X +as|[y] VYV, as[xy] XY, as[xxy] xXV +as[xyy] XVY,

as[xxxy] x xXY +as[xxyy] x XYy +as[xyyy] XYV V, .. } p
LS[bs[x] X +bs[y] ¥V, bs[xy] Xy, bs[xxy] xXy +bs[xyy] XYV,

bs[xxxy] x XXy +bs[xxyy] x Xyy +bs[xyyy] Xy v, ---],
CWS[X ¢s[x], XX ¢ps[xx], XXX Pps[xxx], XXXX Ps[xxxx], ... ]}

SeriesSolve[{A, B, ¢},
Al (LS[LWex + LWey] - BCH[LW@y, LWex] =A-B - Ad[-LWex] [A] + Ad[LWey] [B])
&& (divy[A] +divy[B] =
¢ + LieMorphism[LW@x -» LW@y] [¢] - LieMorphism[LW@x -» BCH[LWe@x, LWey]] [¢])
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A[l]
Arbitrator called on {as[y], ¢s[x]}...
0

B[1]
LW [x]

¢[1]

{a, B, ¢}

Arbitrator called on {as[xyy]}...
XY 1

1 — 1 1 ——
{LS[O,——,——xﬂ',——xxTy——xTyy+ XYYV VY,
12 24 180 120 360

% XY 1 1 1 1
Ls[-—, -=—, - — X%y, - —— X XXy - — X Xyy + XYY ¥,
2 6 24 360 0
XX XXX
cws[0, —, 0, - .
24 1440
¢e {11}

Arbitrator called on {as[XXXXXXXXXVY], @S [XXXXXXYXYYV]}...

—

XX
cws[0, —, 0
24

XXXX XXXXX XXXXXX XXXXXXX

" 1440 1200 " 60480 14112
XXXXXXXXX XXXXXXXXXX

KXXXKXKXKKR 17 KXRXXXXXXKXRX

2419200 172800 ~ 95800320 35126784 -]
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