
Pensieve header: Aw calculations for the WKO4 paper.

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\WKO4"];

Section 1 - Introduction
Initialization

<< FreeLie.m;
<< AwCalculus.m;
$SeriesShowDegree = 4;

Section 2.2 - Some Preliminaries on Lie Algebras and Cyclic 
Words

alphabetagamma

x1 = LW[1]; x2 = LW[2];
{α, β, γ} = LS /@ {x1 + b[x1, x2], x2 - b[x1, b[x1, x2]], x1 + x2 - 2 b[x1, x2]}

alphabetagamma

LS1
⎴
, 1 2


, 0, ___, LS2
⎴
, 0, - 1 1 2



, ___, LS1
⎴

+ 2
⎴
, -2 1 2


, 0, ___

BracketExample

{b[α, β], b[α, b[β, γ]] + b[β, b[γ, α]] + b[γ, b[α, β]]}

BracketExample

LS0, 1 2


, 1 2


2


, -1 1 1 2


, ___, LS[0, 0, 0, 0, ___]

bch

bch = BCH[LW@x, LW@y]

bch

LSx⎴ + y⎴,
x y

2
,

1

12
x x y

+
1

12
x yy


,
1

24
x x yy


, ___

bch16

Timing@{Length@(bch@16), (bch@16)〚1090 ;; 1092〛 // TopBracketForm}

bch16

39.140651, 2181,
53 x x x x y

x y x x y
x x y x yy



1 089728 640
-

17 x x x x y
x y x x y

x x x yy


y

179 625600
+
389 x x x x y

x y x x y
x x y

x x y

1 320883 200
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omegas

{ω1, ω2} = CWS /@ {CW["1"] - 3 CW["121"], CW["2"] + CW["22"]}

omegas

CWS1
︵
, 0, -3 121


, 0, ___, CWS2

︵
, 22


, 0, 0, ___

DegreeScale

DegreeScale[h] /@ {ω1, ω2}

DegreeScale

CWSh 1
︵
, 0, -3 h3 121


, 0, ___, CWSh 2

︵
, h2 22


, 0, 0, ___

TangentialDerivative

{λ = 〈1 → α, 2 → β〉, γ // Dλ}

TangentialDerivative

1 → LS1
⎴
, 1 2


, 0, 0, ___, 2 → LS2
⎴
, 0, - 1 1 2



, 0, ___, LS0, 0, 1 1 2


, -1 1 2


2


, ___

tb

λ1 = λ; λ2 = 〈1 → β, 2 → γ〉; tb[λ1, λ2]

tb

1 → LS0, 0, 1 1 2


, -1 1 2


2


, ___, 2 → LS0, 0, 1 1 2


, -1 1 2


2


, ___

{Db[λ1,λ2][ω1]@{8}, b[Dλ1, Dλ2][ω1]@{8}}

CWS0, 0, 0, 0, -12 11122 + 12 11212, -9 112122 + 9 112212,

12 1111122 - 36 1111212 - 6 1111222 + 24 1112112 + 6 1112122 + 6 1112212 + 6 1121122 -

12 1121212, 6 11112122 - 6 11112212 - 12 11121122 + 12 11122112, ___,

CWS0, 0, 0, 0, 0, 0, 0, 18 11112122 - 18 11112212 - 36 11121122 + 36 11122112, ___

tb2

{Dtb[λ1,λ2][ω1]@{8}, b[Dλ1, Dλ2][ω1]@{8}}

tb2

CWS0, 0, 0, 0, 0, 0, 0, 18 11112122 - 18 11112212 - 36 11121122 + 36 11122112, ___,

CWS0, 0, 0, 0, 0, 0, 0, 18 11112122 - 18 11112212 - 36 11121122 + 36 11122112, ___

TestingGammaODE

Γ0[λ], ∂tΓt[λ], λ // ⅇ-t Dλ // adSeries
ad

ⅇad - 1
, Γt[λ]

TestingGammaODE

〈1 → LS[0, 0, 0, 0, ___], 2 → LS[0, 0, 0, 0, ___]〉,

1 → LS1
⎴
, 1 2


, -t 1 1 2


,
1

4
t2 1 1 1 2



- t 1 1 2


2


, ___,

2 → LS2
⎴
, 0, - 1 1 2



, -t 1 1 2


2


, ___,

1 → LS1
⎴
, 1 2


, -t 1 1 2


,
1

4
t2 1 1 1 2



- t 1 1 2


2


, ___,

2 → LS2
⎴
, 0, - 1 1 2



, -t 1 1 2


2


, ___

Dror Bar-Natan: Academic Pensieve: Projects: WKO4: Archive: WKO4-141003.nb 2014-10-03 18:01:15

http://drorbn.net/AcademicPensieve/Projects/WKO4/Archive/#MathematicaNotebooks



TestingGamma

{γ // ⅇ-t Dλ, γ // CC[Γt[λ]]}

TestingGamma

LS1
⎴

+ 2
⎴
, -2 1 2


, -t 1 1 2



, t 1 1 2


2


, ___, LS1
⎴

+ 2
⎴
, -2 1 2


, -t 1 1 2



, t 1 1 2


2


, ___

TestingLambdaODE

Λ0[λ], ∂tΛt[λ], λ // ⅇDΛt[λ] // adSeries
ad

ⅇad - 1
, Λt[λ], tb

TestingLambdaODE

〈1 → LS[0, 0, 0, 0, ___], 2 → LS[0, 0, 0, 0, ___]〉,

1 → LS1
⎴
, 1 2


, t 1 1 2


,
1

2
t2 1 1 1 2



+ t 1 1 2


2


, ___, 2 → LS2
⎴
, 0, - 1 1 2



, t 1 1 2


2


, ___,

1 → LS1
⎴
, 1 2


, t 1 1 2


,
1

2
t2 1 1 1 2



+ t 1 1 2


2


, ___, 2 → LS2
⎴
, 0, - 1 1 2



, t 1 1 2


2


, ___

TestingLambda

{γ // CC[t λ], γ // ⅇ-DΛt[λ]}

TestingLambda

LS1
⎴

+ 2
⎴
, -2 1 2


, -t 1 1 2



, -
1

2
t2 1 1 1 2



+ t 1 1 2


2


, ___,

LS1
⎴

+ 2
⎴
, -2 1 2


, -t 1 1 2



, -
1

2
t2 1 1 1 2



+ t 1 1 2


2


, ___

CCAndRC

{α // CC1[-γ], α // CC1[-γ] // RC1[γ], α // CC1[-γ] // CC1[γ]}

CCAndRC

LS1
⎴
, 2 1 2


, -

5

2
1 1 2


+
3

2
1 2


2


,
7

6
1 1 1 2



-
23

6
1 1 2


2


+
2

3
1 2


2


2, ___,

LS1
⎴
, 1 2


, 0, 0, ___, LS1
⎴
, 1 2


, - 1 1 2


, 2 1 1 1 2


+ 1 1 2


2


, ___

divu

With[{γ = b[b[LW@v, LW@u], LW@u]}, divu[γ]] // TopBracketForm

divu

- uuv

Ju

With{u = 1}, Ju[γ], 
0

1

(γ // RCu[s γ] // divu // CCu[-s γ]) ⅆs

Ju

CWS1
︵
,
5 12


2
, -

7 112


6
+
7 122


6
,
3 1112


8
-
11 1122



4
-
3 1212


4
+
3 1222


8
, ___,

CWS1
︵
,
5 12


2
, -

7 112


6
+
7 122


6
,
3 1112


8
-
11 1122



4
-
3 1212


4
+
3 1222


8
, ___
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j

{div[λ]@{5}, j[λ]@{5}}

j

CWS1
︵

+ 2
︵
, - 12


, - 112


, 0, 0, ___,

CWS1
︵

+ 2
︵
, - 12


, - 112


, - 1122


+ 1212


, -11122 + 11212, ___

Section 2.3 - The [AT]-inspired presentation El of Awexp
ElSetup

x1 = LW[1]; x2 = LW[2];
{ζa = El[〈1 → LS[x1 + b[x1, x2]], 2 → LS[x2 - b[x1, b[x1, x2]]]〉,

CWS[CW["1"] - 3 CW["121"]]],
ζb = El[〈1 → LS[x2 - b[x1, x2]], 2 → LS[x1 + x2 + b[x2, b[x1, x2]]]〉,

CWS[CW["2"] - 2 CW["12"]]],
ζc = El[〈1 → LS[x1 - b[b[x1, x2], b[x1, x2]]], 2 → LS[x2 + 3 b[x1, b[x1, x2]]]〉,

CWS[CW["1"] - 2 CW["12"] + CW["121"]]]}

ElSetup

El1 → LS1
⎴
, 1 2


, 0, ___, 2 → LS2
⎴
, 0, - 1 1 2



, ___, CWS1
︵
, 0, -3 121


, ___,

El1 → LS2
⎴
, -1 2


, 0, ___, 2 → LS1

⎴
+ 2
⎴
, 0, - 1 2


2



, ___, CWS2
︵
, -2 12


, 0, ___,

El1 → LS1
⎴
, 0, 0, ___, 2 → LS2

⎴
, 0, 3 1 1 2



, ___, CWS1
︵
, -2 12


, 121


, ___

ζa = El[
〈1 → RandomLieSeries[{1, 2}], 2 → RandomLieSeries[{1, 2}]〉,
RandomCWSeries[{1, 2}]

]

El1 → LS-2 1
⎴
, -2 1 2


,
11

6
1 1 2


- 2 1 2


2


,
43

24
1 1 1 2



- 1 1 2


2


+
11

8
1 2


2


2, ___,

2 → LS2 1
⎴
, -

1 2


2
,
4

3
1 1 2


-
5

3
1 2


2


, 1 1 1 2


-
25

24
1 1 2


2


-
13

24
1 2


2


2, ___,

CWS-2 2
︵
, 11


-
12


2
, -

11 111


6
+
7 112


6
- 122


-
5 222


3
,

-
5 1111


12
+
2 1112


3
+
41 1122



24
-
43 1212



24
+
37 1222



24
-
7 2222


4
, ___
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ζb = El[
〈3 → RandomLieSeries[{3, 4}], 4 → RandomLieSeries[{3, 4}]〉,
RandomCWSeries[{3, 4}]

]

El3 → LS3
⎴

+ 4
⎴
, -2 3 4


, 3 3 4



- 3 4


4


,
23

24
3 3 3 4



-
11

6
3 3 4


4


+
19

24
3 4


4


4, ___,

4 → LS- 3
⎴
, 3 4


, -
1

2
3 3 4


- 3 4


4


,
11

8
3 3 3 4



+
4

3
3 3 4


4


-
9

8
3 4


4


4, ___,

CWS4
︵
,
3 33


2
-
3 34


2
- 2 44


, -

11 333


6
+
334


6
+ 344


+ 444


,

-
13 3333



12
-
5 3334


3
+
3344


8
+
5 3434


24
-
5 3444


6
-
15 4444



8
, ___

ζc = El[
〈1 → RandomLieSeries[{1, 2}], 2 → RandomLieSeries[{1, 2}]〉,
RandomCWSeries[{1, 2}]

]

El1 → LS1
⎴

+ 2
⎴
, -

3 1 2


2
,
2

3
1 1 2


-
3

2
1 2


2


,
37

24
1 1 1 2



-
13

8
1 1 2


2


-
13

24
1 2


2


2, ___,

2 → LS2 1
⎴

+ 2 2
⎴
, -

3 1 2


2
, -

1

3
1 1 2


+
5

3
1 2


2


, -
13

8
1 1 1 2



-
5

12
1 1 2


2


-
5

6
1 2


2


2, ___,

CWS2 1
︵
, 2 11


+ 12


-
3 22


2
,

111


6
+
5 112


3
+
122


3
-
5 222


6
,

-
47 1111



24
+ 2 1112


+
1122


3
-
3 1212


8
-
25 1222



24
-
7 2222


4
, ___
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Testing the Union Operation

ζa ⋃ ζb

El1 → LS-2 1
⎴
, -2 1 2


,
11

6
1 1 2


- 2 1 2


2


,
43

24
1 1 1 2



- 1 1 2


2


+
11

8
1 2


2


2, ___,

2 → LS2 1
⎴
, -

1 2


2
,
4

3
1 1 2


-
5

3
1 2


2


, 1 1 1 2


-
25

24
1 1 2


2


-
13

24
1 2


2


2, ___,

3 → LS3
⎴

+ 4
⎴
, -2 3 4


, 3 3 4



- 3 4


4


,
23

24
3 3 3 4



-
11

6
3 3 4


4


+
19

24
3 4


4


4, ___,

4 → LS- 3
⎴
, 3 4


, -
1

2
3 3 4


- 3 4


4


,
11

8
3 3 3 4



+
4

3
3 3 4


4


-
9

8
3 4


4


4, ___,

CWS-2 2
︵

+ 4
︵
, 11


-
12


2
+
3 33


2
-
3 34


2
- 2 44


, -

11 111


6
+
7 112


6
- 122


-
5 222


3
-

11 333


6
+
334


6
+ 344


+ 444


, -
5 1111


12
+
2 1112


3
+
41 1122



24
-
43 1212



24
+
37 1222



24
-

7 2222


4
-
13 3333



12
-
5 3334


3
+
3344


8
+
5 3434


24
-
5 3444


6
-
15 4444



8
, ___

Es[ζa]⋃ Es[ζb]

Es1 → LS-2 1
⎴
, -2 1 2


, -

13

6
1 1 2


- 2 1 2


2


,
35

24
1 1 1 2



-
13

2
1 1 2


2


+
11

8
1 2


2


2, ___,

2 → LS2 1
⎴
, -

1 2


2
,
17

6
1 1 2


-
5

3
1 2


2


, 1 1 1 2


-
13

12
1 1 2


2


-
13

24
1 2


2


2, ___,

3 → LS3
⎴

+ 4
⎴
, -3 3 4


,
7

2
3 3 4


+
2

3
3 4


4


, -
29

24
3 3 3 4



-
41

6
3 3 4


4


+
13

24
3 4


4


4, ___,

4 → LS- 3
⎴
,
3 3 4


2
, -

25

12
3 3 4


-
5

3
3 4


4


,
19

8
3 3 3 4



+
101

24
3 3 4


4


-
5

12
3 4


4


4, ___,

CWS-2 2
︵

+ 4
︵
, 11


-
12


2
+
3 33


2
-
3 34


2
- 2 44


,

-
11 111



6
+
7 112


6
- 122


-
5 222


3
-
11 333



6
+
334


6
+ 344


+ 444


,

-
5 1111


12
+
2 1112


3
+
41 1122



24
-
43 1212



24
+
37 1222



24
-
7 2222


4
-

13 3333


12
-
5 3334


3
+
3344


8
+
5 3434


24
-
5 3444


6
-
15 4444



8
, ___
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Es[ζa ⋃ ζb]

Es1 → LS-2 1
⎴
, -2 1 2


, -

13

6
1 1 2


- 2 1 2


2


,
35

24
1 1 1 2



-
13

2
1 1 2


2


+
11

8
1 2


2


2, ___,

2 → LS2 1
⎴
, -

1 2


2
,
17

6
1 1 2


-
5

3
1 2


2


, 1 1 1 2


-
13

12
1 1 2


2


-
13

24
1 2


2


2, ___,

3 → LS3
⎴

+ 4
⎴
, -3 3 4


,
7

2
3 3 4


+
2

3
3 4


4


, -
29

24
3 3 3 4



-
41

6
3 3 4


4


+
13

24
3 4


4


4, ___,

4 → LS- 3
⎴
,
3 3 4


2
, -

25

12
3 3 4


-
5

3
3 4


4


,
19

8
3 3 3 4



+
101

24
3 3 4


4


-
5

12
3 4


4


4, ___,

CWS-2 2
︵

+ 4
︵
, 11


-
12


2
+
3 33


2
-
3 34


2
- 2 44


,

-
11 111



6
+
7 112


6
- 122


-
5 222


3
-
11 333



6
+
334


6
+ 344


+ 444


,

-
5 1111


12
+
2 1112


3
+
41 1122



24
-
43 1212



24
+
37 1222



24
-
7 2222


4
-

13 3333


12
-
5 3334


3
+
3344


8
+
5 3434


24
-
5 3444


6
-
15 4444



8
, ___

Testing the Product

ζa ** ζc

El1 → LS- 1
⎴

+ 2
⎴
, -

9 1 2


2
, 2 1 1 2



-
37

12
1 2


2


,
29

6
1 1 1 2



-
5

2
1 1 2


2


+
13

8
1 2


2


2, ___,

2 → LS4 1
⎴

+ 2 2
⎴
, -3 1 2


,
1

2
1 1 2


+
5

12
1 2


2


,
7

8
1 1 1 2



-
4

3
1 1 2


2


-
7

12
1 2


2


2, ___,

CWS2 1
︵

- 2 2
︵
, 3 11


+
12


2
-
3 22


2
, -

5 111


3
+
17 112



6
-
2 122


3
-
5 222


2
,

-
19 1111



8
+
8 1112


3
-
23 1122



24
+
5 1212


6
+
1222


2
-
7 2222


2
, ___

$SeriesShowDegree = 5;
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Es[ζa ** ζc]

Es1 → LS- 1
⎴

+ 2
⎴
, -2 1 2


, -

11

2
1 1 2


-
11

4
1 2


2


,

-
23

8
1 1 1 2



-
89

8
1 1 2


2


+
13

4
1 2


2


2,
913

240
1 1 1 1 2



-
2935

144
1 1 1 2


2



+

2203

720
1 1 2


2


2 +
1451

720
1 2


1 2


2


-
1001

180
1 1 2


1 2


-
1081

720
1 2


2


2 2, ___,

2 → LS4 1
⎴

+ 2 2
⎴
, -1 2


,
29

6
1 1 2


-
13

12
1 2


2


, -
1

8
1 1 1 2



+
13

3
1 1 2


2


-
13

24
1 2


2


2,

-
604

45
1 1 1 1 2



+
1023

80
1 1 1 2


2



-
1549

180
1 1 2


2


2 -

277

180
1 2


1 2


2


+
4391

720
1 1 2


1 2


+
159

80
1 2


2


2 2, ___,

CWS2 1
︵

- 2 2
︵
, 3 11


+
12


2
-
3 22


2
, -

5 111


3
+
17 112



6
-
2 122


3
-
5 222


2
,

-
19 1111



8
+
8 1112


3
-
23 1122



24
+
5 1212


6
+
1222


2
-
7 2222


2
,

13 11111

40
-
83 11112

120
-
427 11122

60
+
509 11212

120
-

23 11222

15
+
341 12122

120
+
41 12222

120
-
143 22222

120
, ___
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Es[ζa] ** Es[ζc]

Es1 → LS- 1
⎴

+ 2
⎴
, -2 1 2


, -

11

2
1 1 2


-
11

4
1 2


2


,

-
23

8
1 1 1 2



-
89

8
1 1 2


2


+
13

4
1 2


2


2,
913

240
1 1 1 1 2



-
2935

144
1 1 1 2


2



+

2203

720
1 1 2


2


2 +
1451

720
1 2


1 2


2


-
1001

180
1 1 2


1 2


-
1081

720
1 2


2


2 2, ___,

2 → LS4 1
⎴

+ 2 2
⎴
, -1 2


,
29

6
1 1 2


-
13

12
1 2


2


, -
1

8
1 1 1 2



+
13

3
1 1 2


2


-
13

24
1 2


2


2,

-
604

45
1 1 1 1 2



+
1023

80
1 1 1 2


2



-
1549

180
1 1 2


2


2 -

277

180
1 2


1 2


2


+
4391

720
1 1 2


1 2


+
159

80
1 2


2


2 2, ___,

CWS2 1
︵

- 2 2
︵
, 3 11


+
12


2
-
3 22


2
, -

5 111


3
+
17 112



6
-
2 122


3
-
5 222


2
,

-
19 1111



8
+
8 1112


3
+
49 1122



24
-
13 1212



6
+
1222


2
-
7 2222


2
,

13 11111

40
-
83 11112

120
-
127 11122

60
-
91 11212

120
-

8 11222

15
+
221 12122

120
+
41 12222

120
-
143 22222

120
, ___

$SeriesShowDegree = 3;

ζa

El

1 → LS-2 1
⎴
, -2 1 2


,
11

6
1 1 2


- 2 1 2


2


, ___, 2 → LS2 1
⎴
, -

1 2


2
,
4

3
1 1 2


-
5

3
1 2


2


, ___,

CWS-2 2
︵
, 11
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