Dror Bar-Natan: Papers: WKO:

Some Dimensions of Arrow Diagram Spaces

By Dror Bar-Natan; with some code borrowed from ajoint project with Louis Leung, Arrow_Diagrams_and_gl (N).
Pensieve Header: We compute some A™v and A”w dimensionsin low degrees.

Note - the "mat" part should be merged in al dimension programs, and updated using " Dispatch”.

Program

Diagrams

SetAttri butes [Diag, Oderless];

Place[{ar}, {i_, j_}] := {Diagfar[i, j11, Diagflar([j, i]1l};
Place[{ar, objs__}, {i_, rest__}] := Flatten[Table[
Qut er [Join,

Place[{ar}, {i, {rest}[[k]l1}],
Pl ace[{objs}, Delete[{rest}, KkI]
1.
{k, Length[{rest}]1}
11;
Diagranms [k_. xar] := Place[Table[ar, {k}], Range[2k]];

The Circle

Di agranRot at eLeft [d_Di ag] : = Modul e[
{l abel s = Uni on ee (Li st ee Appl y [List, d, {1}1)},
d /. Thread[Rul e[l abel s, RotatelLeft [l abel s]]]
1
Di agr anRot at eToM ni nal [expr_1] :=expr /. d_Di ag :» Modul e [
{bd =d, rd = Di agranRot ateLeft [d]},
Wiilef[rd =!=d,
bd = First [Sort [{bd, rd}1];
rd = Di agranRot ateLeft [rd]];
bd
1
Cl osedDi agrans [dir_] := CosedDi agrans [dir] = Union[D agranRotateToM ni nal [Di agrans [dir]]]

Relators

Place[{r : (TC| R6T), objs__}, {i_, rest__}] := Flatten[Table[
CQut er [Join,
Place[{r}, {i, {rest}[[j1], {rest}[[k]1}],
Place[{objs}, Deletef[{rest}, {{j}, {k}}1]
1.
{k, 2, Length[{rest}1}, {j, 1, k-1}
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Place[{R6T}, {i_, j_, k_}] :=
Permutations[{i, j, k}] /. {il1_,j1 , k1 } =» Diag[R6TI[i 1, j1, k1171;
Di agrams [R6T] : = Place[{R6T}, {1, 2, 3}1;
Diagrams [R6T +k_. =ar] /; k>0 := Flatten[
Pl ace[#, Range[2k +3]] & /@ Pernutations [Tabl e[ar, {k}]~Append~R6T]
1;
Diagrams [R6T+k_. #ar] /; k<0 := {};
Place[{TC}, {i_, j_, k_}] := Diag /e {TC[i, j, k1, TCIj, k, i1, TC[k, i, j1};
Di agrams [TC] : = Place[{TC}, {1, 2, 3}1I;
Diagrams [TC+k_. xar] /; k>0 := Flatten]
Pl ace[#, Range[2k +3]] & /@ Pernutations [Tabl e[ar, {k}]~Append~TC]
1
Diagrams [TC+k_. =ar] /; k<0 := {};

Framing Independence

Di agranmsSansFI| [specs_1 : = Sel ect [D agrans [specs],
FreeQ[#, arf[i_, j_1 /; Abs[i -j]=1]&
1
Cl osedDi agransSansFl [specs_] : = Sel ect [Cl osedDi agrans [specs],
FreeQ[#, ar[i_, j_] /; Abs[i -j]=1]1¢&
]
Relations

Nornal i zeDi ag [diag_Diag] : = Mdule[

{indices = Unionee (List ee diag /. ar - List)},
diag /. Thread[indices - Range[Length[indices]]]
K

R[Diagp[lft___ , R6T[i _, j_, k_ 1, rgt___ 11 := (
+Normal i zeDiag [Diag[lft, ar[i, j], ar[i +0.5, k1, rgt]]
+NormalizeDiag [Diag[lft, ar[i, j]1, ar[j +0.5, k], rgtl]
+Normal i zeDi ag [Diag[lft, ar[i, k], ar[j, k+0.5], rgtl]
- NormalizeDiag [Diag[lft, ar[i, k], ar[i +0.5, j1, rgtl]
- Normal i zeDi ag [Diag[lft, ar[i, j +0.5], ar[j, k], rgtl]
- NormalizeDiag [Diag[lft, ar[i, k+0.5], ar[j, k], rgtl]

)

(» ooops, TCis HC needs fixing =)

RiDiag[lft___ , TCLi_, j_, k_1, rot___11 := (
+Normal i zeDiag [Diag[lft, ar[i, k], ar[j, k+0.5], rgt]]
-NormalizeDiag [Diag[lft, ar[i, k+0.5], ar[j, kI, rgti]

);
RSansFl [d_Diag] := (R[d] /. Diag[lft___, ar[i_, j_1, rgt___1 /; Abs[i -j] =1 = 0)
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Dimensions

D mAvLong[m_] /; m< 2 := Length[D agranms [mar]];
D mMvLong[m.] /; m=2 := Mdule[
{diags, rels, mat, rel, i},
di ags = Di agrans [mar ;
rels =R /@ Di agrans [R6T + (m-2) ar ];
mat = SparseArray [
Join ee Tabl e[
rel =rels[[i]];
{i, Position[diags, #][[1, 111} - Coefficient [rel, #] & /@
Cases[{rel }, diag_Diag, Infinity],
{i, Length[rels]}
1,
{Length[rels], Length[diags]}
1
Lengt h[di ags] - Matri xRank [mat ]
1
Di mMAvrLong[m_ ] /; m< 2 := Length[D agransSansFl [mar]];
Di mMAvrLong[m.] /; mz2 := Mdule[
{diags, rels, mat, rel, i},
di ags = Di agransSansFl [mar ;
rel s = RSansFl /e Di agranmsSansFl [R6T + (m-2) ar ];
mat = SparseArray [
Join ee Tabl e[
rel =rels[[i]];
{i, Position[diags, #][[1, 111} - Coefficient [rel, #] & /@
Cases[{rel }, diag Diag, Infinity],
{i, Length[rels]}
1,
{Length[rels], Length[diags]}
1
Lengt h[di ags] - Matri xRank [mat ]
I
DimAvCl osed[m ] /; m< 2 := Length[Cl osedD agrans [mar]];
DimavCl osed[m ] /; m2>22 := Mdule[
{diags, rels, mat, rel, i},
di ags = O osedDi agrans [mar ];
rel s = Di agranRot at eToM ni mal [R /@ O osedDi agrans [R6T + (m-2) ar11];
mat = SparseArray [
Join ee Tabl e[
rel =rels[[i]];
{i, Position[diags, #][[1, 111} - Coefficient [rel, #] & /@
Cases[{rel }, diag D ag, Infinity],
{i, Length[rels]}
1,
{Length[rels], Length[diags]}
IN
Lengt h[di ags] - Matri xRank [nat ]
]



4 | Dimensions.nb

DimAvrC osed[m_ ] /; m< 2 := Length[C osedDi agransSansFl [mar]];
DimAvrClosed[m ] /; m22 := Mdule]

{diags, rels, mat, rel, i},

di ags = Cl osedDi agr ansSansFl [mar ];

rels =Union|
Di agr anRot at eToM ni mal [RSansFl /e C osedDi agranmsSansFl [R6T + (m-2) ar]] /.

Diag[lft___, arf[i_, j_1, rgt___1 /; Abs[i -j]=1 =0
I
mat = SparseArray [

Join ee Tabl e[

rel =rels[[i]];
{i, Position[diags, #][[1, 111} - Coefficient [rel, #] & /@

Cases[{rel }, diag Diag, Infinity],
{i, Length[rels]}
1.
{Length[rels], Length[diags]}
1
Lengt h[di ags] - Matri xRank [mat ]
1
DimAwLong[m_ ] /; m< 2 := Length[D agrans [mar]];
DimMwLong[m_ ] /; m=22 := Mdul e[
{diags, rels, mat, rel, i},
di ags = Di agrans [mar ];
rels =R /@ Join[Di agrans [R6T + (m-2) ar], D agranms [TC+ (m-2) ar]];
mat = SparseArray [
Join ee Tabl e[

rel =rels[[i]];
{i, Position[diags, #][[1, 111} - Coefficient [rel, #] & /@

Cases[{rel }, diag_ D ag, Infinity],
{i, Length[rels]}

1,
{Length[rels], Length[diags]}
1
Lengt h[di ags] - Matri xRank [mat ]
1



DimAwCl osed [m ] /; m< 2 := Length[Cl osedD agranms [mar]];
DimAwCl osed[m ] /; m=22 := Modul e[
{diags, rels, mat, rel, i},
di ags = C osedDi agr ans [mar ];
rel s = Di agranRot at eToM ni mal [
R /@ Join[Di agramnms [R6T + (m-2) ar], D agrams [TC+ (m-2) ar]]
1
mat = SparseArray [
Join ee Tabl e[
rel =rels[[i]];
{i, Position[diags, #][[1, 1]1} - Coefficient [rel, #] & /@
Cases[{rel }, diag_D ag, Infinity],
{i, Length[rels]}
1.
{Length[rels], Length[diags]}
I
Lengt h[di ags] - Matri xRank [mat ]
1

From the Dimensions of the Primitives to the Total Dimensions

PrimtivesToAl |l [p_List] := Mdule[{x},
CoefficientList [Series][

Product [(1-x"i )" (-p[[i11), {i, Length[p]}l,
{x, 0, Length[p]l}], X]
1

Results

PrimtivesToAll [{1, 1, 1, 2, 3, 5, 8}]

(1, 1, 2, 3, 6, 10, 19, 33}

Ti mi ng [D mMvLong /e {1, 2, 3, 4}]

{37.331, {2, 7, 27, 139}}

PrimtivesToAl |l [{2, 4, 15, 82}]
(1, 2, 7, 27, 139}

Ti m ng [Di mAvLong [5]]

No nore nmenory avail abl e.
Mat hemati ca kernel has shut down.
Try quitting other applications and then retry.

Ti m ng [Di mMAwLong /e {1, 2, 3, 4}]
(86.159, {2, 4, 7, 12}}

PrimtivesToA | [{2, 1, 1, 1, 1, 1, 1}]

{1, 2, 4, 7, 12, 19, 30, 45}
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PrimtivesToAll [{O, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1}]

{1, 0, 1, 1, 2, 2, 4, 4, 7, 8, 12, 14, 21}

Ti m ng [D mMAvrLong /e {1, 2, 3, 4}]
(6.271, {0, 2, 7, 423}

Ti m ng [D mAvr Long [5]]

No nore nenory avail abl e.
Mat hemati ca kernel has shut down.
Try quitting other applications and then retry.

DimAvrLong[5] is 246, as computed on sphere.math.toronto.edu. See DimensionsOnSphere.nb.
Ti mi ng [D Mvd osed /e {1, 2, 3, 4}]
{3.853, {1, 2, 5, 19}}

Ti m ng [Di mMAvC osed [5]]
{577.641, 77}

Ti mi ng [Di mMwCl osed /e {1, 2, 3, 4}]
{16.926, {1, 1, 1, 1}}

Ti m ng [Di mMAawCl osed [5]]

No nore nenory avail abl e.
Mat hemati ca kernel has shut down.
Try quitting other applications and then retry.

Timing [Di mAvrCl osed /e {1, 2, 3, 4, 5}]
{104. 895, {0, O, 1, 4, 17}}



