
Dror Bar-Natan: Papers: WKO:

Some Dimensions of Arrow Diagram 

Spaces
By Dror Bar-Natan; with some code borrowed from a joint project with Louis Leung, Arrow_Diagram-

s_and_gl (N).

Pensieve Header: We compute some ${\mathcal A}^v$ and ${\mathcal A}^w$ dimensions in low 

degrees.

Note - the "mat" part should be merged in all dimension programs, and updated using "Dispatch".

Program

Diagrams

SetAttributes@Diag, OrderlessD;

Place@8ar<, 8i_, j_<D := 8Diag@ar@i, jDD, Diag@ar@j, iDD<;

Place@8ar, objs__<, 8i_, rest__<D := Flatten@Table@
Outer@Join,

Place@8ar<, 8i, 8rest<@@kDD<D,

Place@8objs<, Delete@8rest<, kDD
D,

8k, Length@8rest<D<
DD;

Diagrams@k_. * arD := Place@Table@ar, 8k<D, Range@2 kDD;

The Circle

DiagramRotateLeft@d_DiagD := Module@
8labels = Union �� HList �� Apply@List, d, 81<DL<,

d �. Thread@Rule@labels, RotateLeft@labelsDDD
D;

DiagramRotateToMinimal@expr_D := expr �. d_Diag ¦ Module@
8bd = d, rd = DiagramRotateLeft@dD<,

While@rd =!= d,

bd = First@Sort@8bd, rd<DD;

rd = DiagramRotateLeft@rdDD;

bd

D;

ClosedDiagrams@dir_D :=

ClosedDiagrams@dirD = Union@DiagramRotateToMinimal@Diagrams@dirDDD
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Relators

Place@8r : HTC R6TL, objs__<, 8i_, rest__<D := Flatten@Table@
Outer@Join,

Place@8r<, 8i, 8rest<@@jDD, 8rest<@@kDD<D,

Place@8objs<, Delete@8rest<, 88j<, 8k<<DD
D,

8k, 2, Length@8rest<D<, 8j, 1, k - 1<
DD;

Place@8r : RI, objs__<, 8i_, rest__<D := Outer@Join,

Place@8r<, 8i<D,

Place@8objs<, 8rest<D
D;

Place@8R6T<, 8i_, j_, k_<D :=

Permutations@8i, j, k<D �. 8i1_, j1_, k1_< ¦ Diag@R6T@i1, j1, k1DD;

Diagrams@R6TD := Place@8R6T<, 81, 2, 3<D;

Diagrams@R6T + k_. * arD �; k > 0 := Flatten@
Place@ð, Range@2 k + 3DD & �� Permutations@Table@ar, 8k<D~Append~R6TD

D;

Diagrams@R6T + k_. * arD �; k < 0 := 8<;

Place@8TC<, 8i_, j_, k_<D := Diag �� 8TC@i, j, kD, TC@j, k, iD, TC@k, i, jD<;

Diagrams@TCD := Place@8TC<, 81, 2, 3<D;

Diagrams@TC + k_. * arD �; k > 0 := Flatten@
Place@ð, Range@2 k + 3DD & �� Permutations@Table@ar, 8k<D~Append~TCD

D;

Diagrams@TC + k_. * arD �; k < 0 := 8<;

Place@8RI<, 8i_<D := 8Diag@RI@iDD<;

Diagrams@RID = Place@8RI<, 81<D;

Diagrams@RI + k_. * arD �; k > 0 := Flatten@
Place@ð, Range@2 k + 1DD & �� Permutations@Table@ar, 8k<D~Append~RID

D;

Diagrams@RI + k_. * arD �; k < 0 := 8<;

Framing Independence

DiagramsSansFI@specs_D := Select@Diagrams@specsD,

FreeQ@ð, ar@i_, j_D �; Abs@i - jD � 1D &

D;

ClosedDiagramsSansFI@specs_D := Select@ClosedDiagrams@specsD,

FreeQ@ð, ar@i_, j_D �; Abs@i - jD � 1D &

D
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Relations

NormalizeDiag@diag_DiagD := Module@
8indices = Union �� HList �� diag �. ar ® ListL<,

diag �. Thread@indices ® Range@Length@indicesDDD
D;

R@Diag@lft___, R6T@i_, j_, k_D, rgt___DD := H
+NormalizeDiag@Diag@lft, ar@i, jD, ar@i + 0.5, kD, rgtDD

+ NormalizeDiag@Diag@lft, ar@i, jD, ar@j + 0.5, kD, rgtDD
+ NormalizeDiag@Diag@lft, ar@i, kD, ar@j, k + 0.5D, rgtDD
- NormalizeDiag@Diag@lft, ar@i, kD, ar@i + 0.5, jD, rgtDD
- NormalizeDiag@Diag@lft, ar@i, j + 0.5D, ar@j, kD, rgtDD
- NormalizeDiag@Diag@lft, ar@i, k + 0.5D, ar@j, kD, rgtDD

L;

H* ooops, TC is HC; needs fixing *L
R@Diag@lft___, TC@i_, j_, k_D, rgt___DD := H

+NormalizeDiag@Diag@lft, ar@i, kD, ar@j, k + 0.5D, rgtDD
- NormalizeDiag@Diag@lft, ar@i, k + 0.5D, ar@j, kD, rgtDD

L;

R@Diag@lft___, RI@i_D, rgt___DD := H
+NormalizeDiag@Diag@lft, ar@i, i + 0.5D, rgtDD

- NormalizeDiag@Diag@lft, ar@i + 0.5, iD, rgtDD
L;

RSansFI@d_DiagD := HR@dD �. Diag@lft___, ar@i_, j_D, rgt___D �; Abs@i - jD � 1 ¦ 0L

Dimensions

DimAvLong@m_D �; m < 2 := Length@Diagrams@m arDD;

DimAvLong@m_D �; m ³ 2 := Module@
8diags, rels, mat, rel, i<,

diags = Diagrams@m arD;

rels = R �� Diagrams@R6T + Hm - 2L arD;

mat = SparseArray@
Join �� Table@

rel = rels@@iDD;

8i, Position@diags, ð D@@1, 1DD< ® Coefficient@rel, ð D & ��

Cases@8rel<, diag_Diag, InfinityD,

8i, Length@relsD<
D,

8Length@relsD, Length@diagsD<
D;

Length@diagsD - MatrixRank@matD
D;
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DimAsvLong@m_D �; m < 1 := Length@Diagrams@m arDD;

DimAsvLong@m_D �; m ³ 1 := Module@
8diags, rels, mat, rel, i<,

diags = Diagrams@m arD;

rels = Join@
R �� Diagrams@R6T + Hm - 2L arD,

R �� Diagrams@RI + Hm - 1L arD
D;

mat = SparseArray@
Join �� Table@

rel = rels@@iDD;

8i, Position@diags, ð D@@1, 1DD< ® Coefficient@rel, ð D & ��

Cases@8rel<, diag_Diag, InfinityD,

8i, Length@relsD<
D,

8Length@relsD, Length@diagsD<
D;

Length@diagsD - MatrixRank@matD
D;

DimArvLong@m_D �; m < 2 := Length@DiagramsSansFI@m arDD;

DimArvLong@m_D �; m ³ 2 := Module@
8diags, rels, mat, rel, i<,

diags = DiagramsSansFI@m arD;

rels = RSansFI �� DiagramsSansFI@R6T + Hm - 2L arD;

mat = SparseArray@
Join �� Table@

rel = rels@@iDD;

8i, Position@diags, ð D@@1, 1DD< ® Coefficient@rel, ð D & ��

Cases@8rel<, diag_Diag, InfinityD,

8i, Length@relsD<
D,

8Length@relsD, Length@diagsD<
D;

Length@diagsD - MatrixRank@matD
D;
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DimAvClosed@m_D �; m < 2 := Length@ClosedDiagrams@m arDD;

DimAvClosed@m_D �; m ³ 2 := Module@
8diags, rels, mat, rel, i<,

diags = ClosedDiagrams@m arD;

rels = DiagramRotateToMinimal@R �� ClosedDiagrams@R6T + Hm - 2L arDD;

mat = SparseArray@
Join �� Table@

rel = rels@@iDD;

8i, Position@diags, ð D@@1, 1DD< ® Coefficient@rel, ð D & ��

Cases@8rel<, diag_Diag, InfinityD,

8i, Length@relsD<
D,

8Length@relsD, Length@diagsD<
D;

Length@diagsD - MatrixRank@matD
D

DimAsvClosed@m_D �; m < 1 := Length@ClosedDiagrams@m arDD;

DimAsvClosed@m_D �; m ³ 1 := Module@
8diags, rels, mat, rel, i<,

diags = ClosedDiagrams@m arD;

rels = DiagramRotateToMinimal@R �� Join@
ClosedDiagrams@R6T + Hm - 2L arD, ClosedDiagrams@RI + Hm - 1L arD

DD;

mat = SparseArray@
Join �� Table@

rel = rels@@iDD;

8i, Position@diags, ð D@@1, 1DD< ® Coefficient@rel, ð D & ��

Cases@8rel<, diag_Diag, InfinityD,

8i, Length@relsD<
D,

8Length@relsD, Length@diagsD<
D;

Length@diagsD - MatrixRank@matD
D

Dror Bar-Natan: Academic Pensieve: Projects: WKO: Dimensions.nb 2013-08-27 11:46:06

http://drorbn.net/AcademicPensieve/Projects/WKO/#MathematicaNotebooks



DimArvClosed@m_D �; m < 2 := Length@ClosedDiagramsSansFI@m arDD;

DimArvClosed@m_D �; m ³ 2 := Module@
8diags, rels, mat, rel, i<,

diags = ClosedDiagramsSansFI@m arD;

rels = Union@
DiagramRotateToMinimal@RSansFI �� ClosedDiagramsSansFI@R6T + Hm - 2L arDD �.

Diag@lft___, ar@i_, j_D, rgt___D �; Abs@i - jD � 1 ¦ 0

D;

mat = SparseArray@
Join �� Table@

rel = rels@@iDD;

8i, Position@diags, ð D@@1, 1DD< ® Coefficient@rel, ð D & ��

Cases@8rel<, diag_Diag, InfinityD,

8i, Length@relsD<
D,

8Length@relsD, Length@diagsD<
D;

Length@diagsD - MatrixRank@matD
D;

DimAwLong@m_D �; m < 2 := Length@Diagrams@m arDD;

DimAwLong@m_D �; m ³ 2 := Module@
8diags, rels, mat, rel, i<,

diags = Diagrams@m arD;

rels = R �� Join@Diagrams@R6T + Hm - 2L arD, Diagrams@TC + Hm - 2L arDD;

mat = SparseArray@
Join �� Table@

rel = rels@@iDD;

8i, Position@diags, ð D@@1, 1DD< ® Coefficient@rel, ð D & ��

Cases@8rel<, diag_Diag, InfinityD,

8i, Length@relsD<
D,

8Length@relsD, Length@diagsD<
D;

Length@diagsD - MatrixRank@matD
D;
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DimAwClosed@m_D �; m < 2 := Length@ClosedDiagrams@m arDD;

DimAwClosed@m_D �; m ³ 2 := Module@
8diags, rels, mat, rel, i<,

diags = ClosedDiagrams@m arD;

rels = DiagramRotateToMinimal@
R �� Join@Diagrams@R6T + Hm - 2L arD, Diagrams@TC + Hm - 2L arDD

D;

mat = SparseArray@
Join �� Table@

rel = rels@@iDD;

8i, Position@diags, ð D@@1, 1DD< ® Coefficient@rel, ð D & ��

Cases@8rel<, diag_Diag, InfinityD,

8i, Length@relsD<
D,

8Length@relsD, Length@diagsD<
D;

Length@diagsD - MatrixRank@matD
D;

From the Dimensions of the Primitives to the Total Dimensions

PrimitivesToAll@p_ListD := Module@8x<,

CoefficientList@Series@
Product@H1 - x^iL^H- p@@iDDL, 8i, Length@pD<D,

8x, 0, Length@pD<D, xD
D

Results

PrimitivesToAll@81, 1, 1, 2, 3, 5, 8<D
81, 1, 2, 3, 6, 10, 19, 33<

Timing@DimAvLong �� 81, 2, 3, 4<D
835.771029, 82, 7, 27, 139<<

Comment: DimAvLong[5] = 813 was computed in “Some Dimensions of Spaces of Finite Type Invari-

ants of Virtual Knots”, http://www.math.toronto.edu/~drorbn/papers/v-Dims/.

PrimitivesToAll@82, 4, 15, 82, 502<D
81, 2, 7, 27, 139, 813<

Timing@DimAvLong@5DD

No more memory available.
Mathematica kernel has shut down.
Try quitting other applications and then retry.

Timing@DimAwLong �� 81, 2, 3, 4<D
829.484189, 82, 4, 7, 12<<
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PrimitivesToAll@82, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1<D
81, 2, 4, 7, 12, 19, 30, 45, 67, 97, 139, 195, 272<

PrimitivesToAll@81, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1<D
81, 1, 2, 3, 5, 7, 11, 15, 22, 30, 42, 56, 77, 101<

PrimitivesToAll@80, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1<D
81, 0, 1, 1, 2, 2, 4, 4, 7, 8, 12, 14, 21<

Timing@DimAsvLong �� 81, 2, 3, 4<D
840.887862, 81, 3, 10, 52<<

Comment: DimAsvLong[5] can be deduced to be 365-67=298 from the “standard R23 no R1”×”long v-

knots” entry in the main table of “Some Dimensions of Spaces of Finite Type Invariants of Virtual Knots”, 

http://www.math.toronto.edu/~drorbn/papers/v-Dims/.

Timing@DimArvLong �� 81, 2, 3, 4<D
83.260421, 80, 2, 7, 42<<

Timing@DimArvLong@5DD

No more memory available.
Mathematica kernel has shut down.
Try quitting other applications and then retry.

DimArvLong[5] is 246, as computed on sphere.math.toronto.edu. See DimensionsOnSphere.nb. 

Timing@DimAvClosed �� 81, 2, 3, 4<D
81.762811, 81, 2, 5, 19<<

Timing@DimAvClosed@5DD
8577.641, 77<

Timing@DimAwClosed �� 81, 2, 3, 4<D
86.427241, 81, 1, 1, 1<<

Timing@DimAwClosed@5DD

No more memory available.
Mathematica kernel has shut down.
Try quitting other applications and then retry.

Timing@DimAsvClosed �� 81, 2, 3, 4, 5<D
8247.760788, 81, 1, 2, 6, 23<<

Timing@DimArvClosed �� 81, 2, 3, 4, 5<D
844.834687, 80, 0, 1, 4, 17<<
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