
Scatter and Glow - Experiments

December 29, 2008 

� Cleaning Exponentiation

� The Two F Equations

F0 = S@Exp@a1 Ar@2, 1D + a2 Ar@1, 2DDD �. Ha2 x@1D + a1 x@2DL2
® Ha2 x@1D + a1 x@2DL



SBAr@0, 1D ® Ar@0, 1D + YB0, 1, 1, -

a1 a2 ã-a2 x@1D-a1 x@2D I-1 + ãa2 x@1D+a1 x@2DM2
x@2D

Ha2 x@1D + a1 x@2DL2
F +

YB0, 1, 2, Ia2 ã-a2 x@1D-a1 x@2D I-1 + ãa2 x@1D+a1 x@2DM I-a22 x@1D2
- a22 ãa2 x@1D+a1 x@2D x@1D2

-

2 a1 a2 x@1D x@2D - 2 a1 a2 ãa2 x@1D+a1 x@2D x@1D x@2D - a12 x@2D2
- a12 ãa2 x@1D+a1 x@2D x@2D2

-

a2 x@1D Ha2 x@1D + a1 x@2DL + a2 ãa2 x@1D+a1 x@2D x@1D Ha2 x@1D + a1 x@2DL +

a1 x@2D Ha2 x@1D + a1 x@2DL - a1 ãa2 x@1D+a1 x@2D x@2D Ha2 x@1D + a1 x@2DLMM �

2 Ha2 x@1D + a1 x@2DL2 Ha2 x@1D + a1 x@2DL2 F + YB0, 2, 1,

Ia1 ã-a2 x@1D-a1 x@2D I-1 + ãa2 x@1D+a1 x@2DM Ia22 x@1D2
+ a22 ãa2 x@1D+a1 x@2D x@1D2

+

2 a1 a2 x@1D x@2D + 2 a1 a2 ãa2 x@1D+a1 x@2D x@1D x@2D + a12 x@2D2
+ a12 ãa2 x@1D+a1 x@2D x@2D2

-

a2 x@1D Ha2 x@1D + a1 x@2DL + a2 ãa2 x@1D+a1 x@2D x@1D Ha2 x@1D + a1 x@2DL +

a1 x@2D Ha2 x@1D + a1 x@2DL - a1 ãa2 x@1D+a1 x@2D x@2D Ha2 x@1D + a1 x@2DLMM �

2 Ha2 x@1D + a1 x@2DL2 Ha2 x@1D + a1 x@2DL2 F + YB0, 2, 2,

a1 a2 ã-a2 x@1D-a1 x@2D I-1 + ãa2 x@1D+a1 x@2DM2
x@1D

Ha2 x@1D + a1 x@2DL2
F,

Ar@0, 2D ® Ar@0, 2D + YB0, 1, 1,
a1 a2 ã-a2 x@1D-a1 x@2D I-1 + ãa2 x@1D+a1 x@2DM2

x@2D
Ha2 x@1D + a1 x@2DL2

F +

YB0, 1, 2,

-Ia2 ã-a2 x@1D-a1 x@2D I-1 + ãa2 x@1D+a1 x@2DM I-a22 x@1D2
- a22 ãa2 x@1D+a1 x@2D x@1D2

-

2 a1 a2 x@1D x@2D - 2 a1 a2 ãa2 x@1D+a1 x@2D x@1D x@2D - a12 x@2D2
- a12 ãa2 x@1D+a1 x@2D x@2D2

-

a2 x@1D Ha2 x@1D + a1 x@2DL + a2 ãa2 x@1D+a1 x@2D x@1D Ha2 x@1D + a1 x@2DL +

a1 x@2D Ha2 x@1D + a1 x@2DL - a1 ãa2 x@1D+a1 x@2D x@2D Ha2 x@1D + a1 x@2DLMM �

2 Ha2 x@1D + a1 x@2DL2 Ha2 x@1D + a1 x@2DL2 F + YB0, 2, 1,

-Ia1 ã-a2 x@1D-a1 x@2D I-1 + ãa2 x@1D+a1 x@2DM Ia22 x@1D2
+ a22 ãa2 x@1D+a1 x@2D x@1D2

+

2 a1 a2 x@1D x@2D + 2 a1 a2 ãa2 x@1D+a1 x@2D x@1D x@2D + a12 x@2D2
+ a12 ãa2 x@1D+a1 x@2D x@2D2

-

a2 x@1D Ha2 x@1D + a1 x@2DL + a2 ãa2 x@1D+a1 x@2D x@1D Ha2 x@1D + a1 x@2DL +

a1 x@2D Ha2 x@1D + a1 x@2DL - a1 ãa2 x@1D+a1 x@2D x@2D Ha2 x@1D + a1 x@2DLMM �

2 Ha2 x@1D + a1 x@2DL2 Ha2 x@1D + a1 x@2DL2 F +

YB0, 2, 2, -

a1 a2 ã-a2 x@1D-a1 x@2D I-1 + ãa2 x@1D+a1 x@2DM2
x@1D

Ha2 x@1D + a1 x@2DL2
F, Ar@

1,

0D ®

Ar@1, 0D + YB1, 2, 0, -

a1 I-1 + ãa2 x@1D+a1 x@2DM
a2 x@1D + a1 x@2D

F,

Ar@
2,

0D ®

Ar@2, 0D + YB1, 2, 0,
a2 I-1 + ãa2 x@1D+a1 x@2DM

a2 x@1D + a1 x@2D
FF
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eq1 = H
Coefficient@Ar@3, 0D �� S@Exp@Ar@1, 3D + Ar@2, 3DDD �� F, Y@1, 2, 0DD

� Coefficient@Ar@3, 0D �� F �� S@sigma@1, 3D, sigma@2, 3DD, Y@1, 2, 0DD
L

F21 = S@Exp@a1 Ar@1, 2D + a2 Ar@2, 1D + Y@2, 1, 2, f1D + Y@2, 1, 1, f2DDD

F = S@Exp@a1 Ar@2, 1D + a2 Ar@1, 2D + Y@1, 2, 1, f1D + Y@1, 2, 2, f2DDD

$Aborted

December 28, 2008 

Ar@2, 1D �� S@Exp@Ar@2, 1DDD

Ar@2, 1D

Ar@2, 1D �� S@Exp@Ar@2, 1D + Ar@3, 1DDD

Ar@2, 1D + YB2, 3, 1,
ã-x@2D-x@3D I-1 + ãx@2D+x@3DM

x@2D + x@3D
F

S@Exp@Ar@2, 1DDD

SBAr@0, 1D ® Ar@0, 1D + YB0, 2, 1,
ã-x@2D I-1 + ãx@2DM

x@2D
F,

Ar@0, 2D ® Ar@0, 2D + YB0, 2, 1, -

ã-x@2D I-1 + ãx@2DM
x@2D

F, Ar@1, 0D ® Ar@1, 0D + YB1, 2, 0, -
-1 + ãx@2D

x@2D
FF

S@Exp@Ar@2, 1D + Ar@3, 1DDD

SBAr@0, 1D ® Ar@0, 1D + YB0, 2, 1,
ã-x@2D-x@3D I-1 + ãx@2D+x@3DM

x@2D + x@3D
F + YB0, 3, 1,

ã-x@2D-x@3D I-1 + ãx@2D+x@3DM
x@2D + x@3D

F,

Ar@0, 2D ® Ar@0, 2D + YB0, 2, 1, -

ã-x@2D-x@3D I-1 + ãx@2D+x@3DM
x@2D + x@3D

F,

Ar@0, 3D ® Ar@0, 3D + YB0, 3, 1, -

ã-x@2D-x@3D I-1 + ãx@2D+x@3DM
x@2D + x@3D

F,

Ar@1, 0D ® Ar@1, 0D + YB1, 2, 0, -
-1 + ãx@2D+x@3D

x@2D + x@3D
F + YB1, 3, 0, -

-1 + ãx@2D+x@3D

x@2D + x@3D
FF

December 27, 2008 

� R4 Work

F = S@Exp@H-1 � 2L Ar@2, 1D + H0L Ar@1, 2D + Y@1, 2, 1, f1D + Y@1, 2, 2, 0DDD;
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Ar@3, 0D �� S@Exp@Ar@1, 3D + Ar@2, 3DDD �� F

Ar@3, 0D + YB1, 2, 0,
1

x@1D x@2D Hx@1D + x@2DL
ãx@2D x@1D - ã

J-
1

2
+f1 x@1DN x@2D

x@1D -

ãx@1D+x@2D x@1D + ã
x@1D+x@2D+J-

1

2
+f1 x@1DN x@2D

x@1D + ãx@2D x@2D - ãx@1D+x@2D x@2D x@3DF +

YB1, 3, 0,
ãx@2D I-1 + ãx@1DM

x@1D
F + YB2, 3, 0,

-1 + ãx@2D

x@2D
F

Ar@3, 0D �� F �� S@sigma@1, 3D, sigma@2, 3DD

Ar@3, 0D + YB1, 2, 0, -

I-1 + ãx@1DM I-1 + ãx@2DM x@3D
x@1D x@2D

F +

YB1, 3, 0,
ãx@2D I-1 + ãx@1DM

x@1D
F + YB2, 3, 0,

-1 + ãx@2D

x@2D
F

Solve@
Coefficient@Ar@3, 0D �� S@Exp@Ar@1, 3D + Ar@2, 3DDD �� F, Y@1, 2, 0DD

� Coefficient@Ar@3, 0D �� F �� S@sigma@1, 3D, sigma@2, 3DD, Y@1, 2, 0DD,
f1

D

Solve::ifun :

Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information. �

::f1 ®

LogB ã

x@2D
2 I-1+ãx@1DM Hx@1D+x@2DL

I-1+ãx@1D+x@2DM x@1D F

x@1D x@2D
>>

SeriesB
ã

x@2D
2 I-1 + ãx@1DM Hx@1D + x@2DL

I-1 + ãx@1D+x@2DM x@1D
�. x@i_D ¦ h x@iD, 8h, 0, 2<F

1 +
1

24
I-2 x@1D x@2D - x@2D2M h2 + O@hD3

Der@Y@1, 1, 1, 1DD

Der@D

Der@Y@1, 1, 2, 1DD

Der@D

Der@Y@1, 2, 1, 1DD

Der@Ar@1, 0D ® Y@2, 1, 0, -x@1DD, Ar@0, 2D ® Y@2, 0, 1, -x@1DD, Ar@0, 1D ® Y@2, 0, 1, x@1DDD

Der@Y@2, 1, 1, 1DD

Der@Ar@1, 0D ® Y@2, 1, 0, x@1DD, Ar@0, 2D ® Y@2, 0, 1, x@1DD, Ar@0, 1D ® Y@2, 0, 1, -x@1DDD

Der@Y@1, 2, 3, 2DD

Der@Ar@0, 1D ® Y@0, 1, 3, -2 x@2DD, Ar@0, 2D ® Y@0, 2, 3, 2 x@1DD,
Ar@0, 3D ® Y@0, 1, 3, 2 x@2DD + Y@0, 2, 3, -2 x@1DD, Ar@3, 0D ® Y@1, 2, 0, 2 x@3DDD
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8Der@Ar@1, 3DD@Y@1, 2, 2, 1DD, Der@Ar@2, 3DD@Y@1, 2, 2, 1DD,
Der@Ar@3, 1DD@Y@1, 2, 2, 1DD, Der@Ar@3, 2DD@Y@1, 2, 2, 1DD<

80, Y@1, 2, 3, -x@2DD, Y@1, 3, 2, -x@2DD, Y@1, 3, 2, x@2DD<

Table@
ReducePrimitives@
Der@Y@1, 2, 2, 1DD�Ar@i, jD + Der@Ar@i, jDD�Y@1, 2, 2, 1D

D, 8i, 3<, 8j, 3<
D �� MatrixForm

0 0 0

0 0 0

0 0 0

Der@Y@1, 2, 1, f1D + Y@1, 2, 2, f2DD

Der@Ar@0, 1D ® Y@1, 0, 2, f2 x@2DD + Y@2, 0, 1, f1 x@1DD,
Ar@0, 2D ® Y@1, 0, 2, -f2 x@2DD + Y@2, 0, 1, -f1 x@1DD,
Ar@1, 0D ® Y@2, 1, 0, -f1 x@1DD, Ar@2, 0D ® Y@1, 2, 0, f2 x@2DDD

S@Exp@Y@1, 2, 1, f1D + Y@1, 2, 2, f2DDD

SBAr@0, 1D ® Ar@0, 1D + YB0, 1, 1,

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2
2

f1 f2

Hf1 - f2L2 x@1D
F +

YB0, 1, 2, ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f2

f12 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f12 x@1D x@2D - 2 f1 f2 x@1D x@2D -

2 ã Hf1-f2L2 x@1D2 x@2D2 f1 f2 x@1D x@2D + f22 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f22 x@1D x@2D -

f1 Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 f1 Hf1 - f2L2 x@1D2 x@2D2

-

f2 Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 f2 Hf1 - f2L2 x@1D2 x@2D2 �

2 Hf1 - f2L2 x@1D Hf1 - f2L2 x@1D2 x@2D2 F + YB0, 2, 1,

- ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f1

-f12 x@1D x@2D - ã Hf1-f2L2 x@1D2 x@2D2 f12 x@1D x@2D + 2 f1 f2 x@1D x@2D +

2 ã Hf1-f2L2 x@1D2 x@2D2 f1 f2 x@1D x@2D - f22 x@1D x@2D - ã Hf1-f2L2 x@1D2 x@2D2 f22 x@1D x@2D -

f1 Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 f1 Hf1 - f2L2 x@1D2 x@2D2

-

+ �

+
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f1 Hf1 - f2L2 x@1D2 x@2D2
+ ã f1 Hf1 - f2L2 x@1D2 x@2D2

-

f2 Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 f2 Hf1 - f2L2 x@1D2 x@2D2 �

2 Hf1 - f2L2 x@2D Hf1 - f2L2 x@1D2 x@2D2 F + YB0, 2, 2,

-

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2
2

f1 f2

Hf1 - f2L2 x@2D
F,

Ar@0, 2D ® Ar@0, 2D + YB0, 1, 1, -

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2
2

f1 f2

Hf1 - f2L2 x@1D
F +

YB0, 1, 2,

- ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f2

f12 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f12 x@1D x@2D - 2 f1 f2 x@1D x@2D -

2 ã Hf1-f2L2 x@1D2 x@2D2 f1 f2 x@1D x@2D + f22 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f22 x@1D x@2D -

f1 Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 f1 Hf1 - f2L2 x@1D2 x@2D2

-

f2 Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 f2 Hf1 - f2L2 x@1D2 x@2D2 �

2 Hf1 - f2L2 x@1D Hf1 - f2L2 x@1D2 x@2D2 F + YB0, 2, 1,

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f1

-f12 x@1D x@2D - ã Hf1-f2L2 x@1D2 x@2D2 f12 x@1D x@2D + 2 f1 f2 x@1D x@2D +

2 ã Hf1-f2L2 x@1D2 x@2D2 f1 f2 x@1D x@2D - f22 x@1D x@2D - ã Hf1-f2L2 x@1D2 x@2D2 f22 x@1D x@2D -

f1 Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 f1 Hf1 - f2L2 x@1D2 x@2D2

-

f2 Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 f2 Hf1 - f2L2 x@1D2 x@2D2 �

2 Hf1 - f2L2 x@2D Hf1 - f2L2 x@1D2 x@2D2 F + YB0, 2, 2,

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2
2

f1 f2

Hf1 - f2L2 x@2D
F,

Ar@1, 0D ® Ar@1, 0D + YB1, 2, 0,
ã-f2 x@1D x@2D I-ãf1 x@1D x@2D + ãf2 x@1D x@2DM f1

Hf1 - f2L x@2D
F,

6   Experiments.nb



Ar@1, 0D ® Ar@1, 0D + YB1, 2, 0,
Hf1 - f2L x@2D

F,

Ar@
2,

0D ®

Ar@2, 0D + YB1, 2, 0,
ã-f2 x@1D x@2D I-ãf1 x@1D x@2D + ãf2 x@1D x@2DM f2

Hf1 - f2L x@1D
FF

drules = Sequence �� Der@Y@1, 2, 1, f1D + Y@1, 2, 2, f2DD

Sequence@Ar@0, 1D ® Y@1, 0, 2, f2 x@2DD + Y@2, 0, 1, f1 x@1DD,
Ar@0, 2D ® Y@1, 0, 2, -f2 x@2DD + Y@2, 0, 1, -f1 x@1DD,
Ar@1, 0D ® Y@2, 1, 0, -f1 x@1DD, Ar@2, 0D ® Y@1, 2, 0, f2 x@2DDD

k0 = Length@ins = First �� 8drules<D

4

ins

8Ar@0, 1D, Ar@0, 2D, Ar@1, 0D, Ar@2, 0D<

k0 = Length@ins = Take@ins, -2DD

2

outs = 8<;
For@k = 1, k £ Length@insD, ++k,

AppendTo@outs, newout = Der@drulesD@ins@@kDDDD;
ins = ins ~Join~ Complement@

Union@Cases@8newout<, Y@ijk___, _D ¦ Y@ijk, 1D, InfinityDD,
ins

D
D;

--k;

ins

8Ar@1, 0D, Ar@2, 0D, Y@1, 2, 0, 1D<

outs

8Y@1, 2, 0, f1 x@1DD, Y@1, 2, 0, f2 x@2DD, Y@1, 2, 0, -f1 x@1D x@2D + f2 x@1D x@2DD<

zero = Table@0, 8k<D;
e@88i_<<D := ReplacePart@zero, 1, iD;
mat = Replace@

outs �. Y@ijk__, h_D ¦ -h e@Position@ins, Y@ijk, 1DDD,
0 ® zero,

81<
D;

mat �� MatrixForm

0 0 -f1 x@1D
0 0 -f2 x@2D
0 0 f1 x@1D x@2D - f2 x@1D x@2D
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ReducePrimitives@Take@SH@MatrixExp@matDD.ins, k0DD

:Ar@1, 0D + YB1, 2, 0,
ã-f2 x@1D x@2D I-ãf1 x@1D x@2D + ãf2 x@1D x@2DM f1

Hf1 - f2L x@2D
F,

Ar@2, 0D + YB1, 2, 0,
ã-f2 x@1D x@2D I-ãf1 x@1D x@2D + ãf2 x@1D x@2DM f2

Hf1 - f2L x@1D
F>

expmat = SH@PowerExpand@MatrixExp@matDDD

::1,
1

2 Hf1 - f2L2 x@1D2 x@2D
ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f2

-f1 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f1 x@1D x@2D - f2 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f2 x@1D x@2D +

Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 Hf1 - f2L2 x@1D2 x@2D2 ,

-
1

2 Hf1 - f2L2 x@1D x@2D2
ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f1

-f1 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f1 x@1D x@2D - f2 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f2 x@1D x@2D -

Hf1 - f2L2 x@1D2 x@2D2
- ã Hf1-f2L2 x@1D2 x@2D2 Hf1 - f2L2 x@1D2 x@2D2 ,

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2
2

f1 f2

Hf1 - f2L2 x@1D
,

-

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2
2

f1 f2

Hf1 - f2L2 x@2D
>,

:0,
1

2 Hf1 - f2L2 x@1D x@2D
ã- Hf1-f2L2 x@1D2 x@2D2 f12 x@1D x@2D + ã2 Hf1-f2L2 x@1D2 x@2D2 f12 x@1D x@2D -

4 ã Hf1-f2L2 x@1D2 x@2D2 f1 f2 x@1D x@2D + f22 x@1D x@2D + ã2 Hf1-f2L2 x@1D2 x@2D2 f22 x@1D x@2D -

f1 Hf1 - f2L2 x@1D2 x@2D2
+ ã2 Hf1-f2L2 x@1D2 x@2D2 f1 Hf1 - f2L2 x@1D2 x@2D2

-

f2 Hf1 - f2L2 x@1D2 x@2D2
+ ã2 Hf1-f2L2 x@1D2 x@2D2 f2 Hf1 - f2L2 x@1D2 x@2D2 ,

-

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2
2

f12 x@1D

Hf1 - f2L2 x@2D
,
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1

2 Hf1 - f2L2 x@1D x@2D
ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f1

-f1 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f1 x@1D x@2D - f2 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f2 x@1D x@2D +

Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 Hf1 - f2L2 x@1D2 x@2D2 ,

-
1

2 Hf1 - f2L2 x@2D2
ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f1

-f1 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f1 x@1D x@2D - f2 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f2 x@1D x@2D +

Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 Hf1 - f2L2 x@1D2 x@2D2 >,

:0, -

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2
2

f22 x@2D

Hf1 - f2L2 x@1D
,

1

2 Hf1 - f2L2 x@1D x@2D
ã- Hf1-f2L2 x@1D2 x@2D2 f12 x@1D x@2D + ã2 Hf1-f2L2 x@1D2 x@2D2 f12 x@1D x@2D -

4 ã Hf1-f2L2 x@1D2 x@2D2 f1 f2 x@1D x@2D + f22 x@1D x@2D + ã2 Hf1-f2L2 x@1D2 x@2D2 f22 x@1D x@2D +

f1 Hf1 - f2L2 x@1D2 x@2D2
- ã2 Hf1-f2L2 x@1D2 x@2D2 f1 Hf1 - f2L2 x@1D2 x@2D2

+

f2 Hf1 - f2L2 x@1D2 x@2D2
- ã2 Hf1-f2L2 x@1D2 x@2D2 f2 Hf1 - f2L2 x@1D2 x@2D2 ,

-
1

2 Hf1 - f2L2 x@1D2
ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f2

-f1 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f1 x@1D x@2D - f2 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f2 x@1D x@2D -

Hf1 - f2L2 x@1D2 x@2D2
- ã Hf1-f2L2 x@1D2 x@2D2 Hf1 - f2L2 x@1D2 x@2D2 ,

1

2 Hf1 - f2L2 x@1D x@2D
ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f2

-f1 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f1 x@1D x@2D - f2 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f2 x@1D x@2D -

Hf1 - f2L2 x@1D2 x@2D2
- ã Hf1-f2L2 x@1D2 x@2D2 Hf1 - f2L2 x@1D2 x@2D2 >,

:0, -
1

2 Hf1 - f2L2 x@1D x@2D
ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f2

-f1 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f1 x@1D x@2D - f2 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f2 x@1D x@2D +

+ ,
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-f1 x@1D x@2D + ã f1 x@1D x@2D - f2 x@1D x@2D + ã f2 x@1D x@2D +

Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 Hf1 - f2L2 x@1D2 x@2D2 ,

-
1

2 Hf1 - f2L2 x@2D2
ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f1

f1 x@1D x@2D - ã Hf1-f2L2 x@1D2 x@2D2 f1 x@1D x@2D + f2 x@1D x@2D - ã Hf1-f2L2 x@1D2 x@2D2 f2 x@1D x@2D +

Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 Hf1 - f2L2 x@1D2 x@2D2 ,

ã- Hf1-f2L2 x@1D2 x@2D2 ã Hf1-f2L2 x@1D2 x@2D2 f1 - f2 f1 - ã Hf1-f2L2 x@1D2 x@2D2 f2

Hf1 - f2L2
,

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2
2

f1 f2 x@1D

Hf1 - f2L2 x@2D
>,

:0,
1

2 Hf1 - f2L2 x@1D2
ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f2

-f1 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f1 x@1D x@2D - f2 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f2 x@1D x@2D +

Hf1 - f2L2 x@1D2 x@2D2
+ ã Hf1-f2L2 x@1D2 x@2D2 Hf1 - f2L2 x@1D2 x@2D2 ,

-
1

2 Hf1 - f2L2 x@1D x@2D
ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2 f1

-f1 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f1 x@1D x@2D - f2 x@1D x@2D + ã Hf1-f2L2 x@1D2 x@2D2 f2 x@1D x@2D -

Hf1 - f2L2 x@1D2 x@2D2
- ã Hf1-f2L2 x@1D2 x@2D2 Hf1 - f2L2 x@1D2 x@2D2 ,

ã- Hf1-f2L2 x@1D2 x@2D2 -1 + ã Hf1-f2L2 x@1D2 x@2D2
2

f1 f2 x@2D

Hf1 - f2L2 x@1D
,

ã- Hf1-f2L2 x@1D2 x@2D2 ã Hf1-f2L2 x@1D2 x@2D2 f1 - f2 f1 - ã Hf1-f2L2 x@1D2 x@2D2 f2

Hf1 - f2L2
>>

ReducePrimitives@Take@SH@MatrixExp@matDD.ins, k0DD �.

Hf1 - f2L2 x@1D2 x@2D2
® Hf1 - f2L x@1D x@2D
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:Ar@0, 1D + YB0, 1, 1,
ã-Hf1-f2L x@1D x@2D I-1 + ãHf1-f2L x@1D x@2DM2

f1 f2

Hf1 - f2L2 x@1D
F +

YB0, 1, 2,
1

2 Hf1 - f2L2 x@1D2 x@2D
ã-Hf1-f2L x@1D x@2D I-1 + ãHf1-f2L x@1D x@2DM

f2 I-f1 x@1D x@2D + ãHf1-f2L x@1D x@2D f1 x@1D x@2D + Hf1 - f2L x@1D x@2D +

ãHf1-f2L x@1D x@2D Hf1 - f2L x@1D x@2D - f2 x@1D x@2D + ãHf1-f2L x@1D x@2D f2 x@1D x@2DMF +

YB0, 2, 1, -
1

2 Hf1 - f2L2 x@1D x@2D2
ã-Hf1-f2L x@1D x@2D I-1 + ãHf1-f2L x@1D x@2DM f1

I-f1 x@1D x@2D + ãHf1-f2L x@1D x@2D f1 x@1D x@2D - Hf1 - f2L x@1D x@2D -

ãHf1-f2L x@1D x@2D Hf1 - f2L x@1D x@2D - f2 x@1D x@2D + ãHf1-f2L x@1D x@2D f2 x@1D x@2DMF +

YB0, 2, 2, -

ã-Hf1-f2L x@1D x@2D I-1 + ãHf1-f2L x@1D x@2DM2
f1 f2

Hf1 - f2L2 x@2D
F>

Union@Cases@expmat, Sqrt@y_D ¦ y, InfinityDD

9Hf1 - f2L2 x@1D2 x@2D2=

� BCH Work

S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bcDDD

SBAr@0, 1D ® Ar@0, 1D + YB0, 1, 3,
ã-x@1D-x@2D I-1 + ãx@1D+x@2DM H-1 + bc x@2DL

x@1D + x@2D
F,

Ar@0, 2D ® Ar@0, 2D + YB0, 2, 3, -

ã-x@1D-x@2D I-1 + ãx@1D+x@2DM H1 + bc x@1DL
x@1D + x@2D

F,

Ar@0, 3D ® Ar@0, 3D + YB0, 1, 3, -

ã-x@1D-x@2D I-1 + ãx@1D+x@2DM H-1 + bc x@2DL
x@1D + x@2D

F +

YB0, 2, 3,
ã-x@1D-x@2D I-1 + ãx@1D+x@2DM H1 + bc x@1DL

x@1D + x@2D
F, Ar@3, 0D ® Ar@3, 0D + YB1, 2, 0,

-

Ix@1D - ãx@2D x@1D - ãx@2D x@2D + ãx@1D+x@2D x@2D - bc x@1D x@2D + bc ãx@1D+x@2D x@1D x@2DM x@3D
x@1D x@2D Hx@1D + x@2DL

F +

YB1, 3, 0,
ãx@2D I-1 + ãx@1DM

x@1D
F + YB2, 3, 0,

-1 + ãx@2D

x@2D
FF

Coefficient@
Ar@0, 1D �� S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bcDDD,
Y@0, 1, 3D

D

ã-x@1D-x@2D I-1 + ãx@1D+x@2DM H-1 + bc x@2DL
x@1D + x@2D
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bch = bc �. First@Solve@
Coefficient@

Ar@0, 1D �� S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bcDDD,
Y@0, 1, 3D

D � Coefficient@
Ar@0, 1D �� S@sigma@1, 3D, sigma@2, 3DD,
Y@0, 1, 3D

D,
bc

DD

-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2D
I-1 + ãx@1D+x@2DM x@1D x@2D

S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bchDDD

SBAr@0, 1D ® Ar@0, 1D + YB0, 1, 3, -

ã-x@1D-x@2D I-1 + ãx@1DM
x@1D

F,

Ar@0, 2D ® Ar@0, 2D + YB0, 2, 3, -

ã-x@2D I-1 + ãx@2DM
x@2D

F,

Ar@0, 3D ® Ar@0, 3D + YB0, 1, 3,
ã-x@1D-x@2D I-1 + ãx@1DM

x@1D
F + YB0, 2, 3,

ã-x@2D I-1 + ãx@2DM
x@2D

F,

Ar@3, 0D ® Ar@3, 0D + YB1, 2, 0, -

I-1 + ãx@1DM I-1 + ãx@2DM x@3D
x@1D x@2D

F +

YB1, 3, 0,
ãx@2D I-1 + ãx@1DM

x@1D
F + YB2, 3, 0,

-1 + ãx@2D

x@2D
FF

S@sigma@1, 3D, sigma@2, 3DD

SBAr@0, 1D ® Ar@0, 1D + YB0, 1, 3, -

ã-x@1D-x@2D I-1 + ãx@1DM
x@1D

F,

Ar@0, 2D ® Ar@0, 2D + YB0, 2, 3, -

ã-x@2D I-1 + ãx@2DM
x@2D

F,

Ar@0, 3D ® Ar@0, 3D + YB0, 1, 3,
ã-x@1D-x@2D I-1 + ãx@1DM

x@1D
F + YB0, 2, 3,

ã-x@2D I-1 + ãx@2DM
x@2D

F,

Ar@3, 0D ® Ar@3, 0D + YB1, 2, 0, -

I-1 + ãx@1DM I-1 + ãx@2DM x@3D
x@1D x@2D

F +

YB1, 3, 0,
ãx@2D I-1 + ãx@1DM

x@1D
F + YB2, 3, 0,

-1 + ãx@2D

x@2D
FF

S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bchDDD == S@sigma@1, 3D, sigma@2, 3DD

True

1
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drules = Sequence �� Der@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bchDD

SequenceBAr@0, 1D ® Y@0, 1, 3, 1D + YB0, 1, 3, -
-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2D

I-1 + ãx@1D+x@2DM x@1D
F,

Ar@0, 2D ® Y@0, 2, 3, 1D + YB0, 2, 3,
-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2D

I-1 + ãx@1D+x@2DM x@2D
F,

Ar@0, 3D ® YB0, 1, 3,
-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2D

I-1 + ãx@1D+x@2DM x@1D
F + YB0, 2, 3,

-
-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2D

I-1 + ãx@1D+x@2DM x@2D
F + Y@1, 0, 3, 1D + Y@2, 0, 3, 1D, Ar@3, 0D ®

YB1, 2, 0,
I-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2DM x@3D

I-1 + ãx@1D+x@2DM x@1D x@2D
F + Y@1, 3, 0, -1D + Y@2, 3, 0, -1DF

ins

8Ar@0, 1D, Ar@0, 2D, Ar@0, 3D, Ar@3, 0D<

k0 = Length@ins = First �� 8drules<D

4

outs = 8<;
For@k = 1, k £ Length@insD, ++k,

AppendTo@outs, newout = Der@drulesD@ins@@kDDDD;
ins = ins ~Join~ Complement@

Union@Cases@8newout<, Y@ijk___, _D ¦ Y@ijk, 1D, InfinityDD,
ins

D
D;

--k;

ins

8Ar@0, 1D, Ar@0, 2D, Ar@0, 3D, Ar@3, 0D, Y@0, 1, 3, 1D,
Y@0, 2, 3, 1D, Y@1, 2, 0, 1D, Y@1, 3, 0, 1D, Y@2, 3, 0, 1D<

Print �� outs;
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YB0, 1, 3,
I-1 + ãx@1DM Hx@1D + x@2DL

I-1 + ãx@1D+x@2DM x@1D
F

YB0, 2, 3,
ãx@1D I-1 + ãx@2DM Hx@1D + x@2DL

I-1 + ãx@1D+x@2DM x@2D
F

YB0, 1, 3, -

I-1 + ãx@1DM Hx@1D + x@2DL
I-1 + ãx@1D+x@2DM x@1D

F + YB0, 2, 3, -

ãx@1D I-1 + ãx@2DM Hx@1D + x@2DL
I-1 + ãx@1D+x@2DM x@2D

F

YB1, 2, 0,
I-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2DM x@3D

I-1 + ãx@1D+x@2DM x@1D x@2D
F + Y@1, 3, 0, -1D + Y@2, 3, 0, -1D

Y@0, 1, 3, x@1D + x@2DD

Y@0, 2, 3, x@1D + x@2DD

0

YB1, 2, 0,
ãx@1D I-1 + ãx@2DM Hx@1D + x@2DL x@3D

I-1 + ãx@1D+x@2DM x@2D
F + Y@1, 3, 0, -x@1D - x@2DD

YB1, 2, 0,
I-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2DM x@3D

I-1 + ãx@1D+x@2DM x@1D
F + Y@1, 3, 0, -x@2DD + Y@2, 3, 0, -x@2DD

zero = Table@0, 8k<D;
e@88i_<<D := ReplacePart@zero, 1, iD;
mat = Replace@

outs �. Y@ijk__, h_D ¦ -h e@Position@ins, Y@ijk, 1DDD,
0 ® zero,

81<
D

::0, 0, 0, 0, -

I-1 + ãx@1DM Hx@1D + x@2DL
I-1 + ãx@1D+x@2DM x@1D

, 0, 0, 0, 0>,

:0, 0, 0, 0, 0, -

ãx@1D I-1 + ãx@2DM Hx@1D + x@2DL
I-1 + ãx@1D+x@2DM x@2D

, 0, 0, 0>,

:0, 0, 0, 0,
I-1 + ãx@1DM Hx@1D + x@2DL

I-1 + ãx@1D+x@2DM x@1D
,

ãx@1D I-1 + ãx@2DM Hx@1D + x@2DL
I-1 + ãx@1D+x@2DM x@2D

, 0, 0, 0>,

:0, 0, 0, 0, 0, 0, -

I-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2DM x@3D
I-1 + ãx@1D+x@2DM x@1D x@2D

, 1, 1>,

80, 0, 0, 0, -x@1D - x@2D, 0, 0, 0, 0<,
80, 0, 0, 0, 0, -x@1D - x@2D, 0, 0, 0<, 80, 0, 0, 0, 0, 0, 0, 0, 0<,

:0, 0, 0, 0, 0, 0, -

ãx@1D I-1 + ãx@2DM Hx@1D + x@2DL x@3D
I-1 + ãx@1D+x@2DM x@2D

, x@1D + x@2D, 0>,

:0, 0, 0, 0, 0, 0, -

I-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2DM x@3D
I-1 + ãx@1D+x@2DM x@1D

, x@2D, x@2D>>
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MatrixExp@matD �� MatrixForm

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0
x@1D

I-1+ãx@1D+x@2DM2 Hx@1D+x@2DL
-

2 ãx@1D+x@2D x@1D
I-1+ãx@1D+x@2DM2 Hx@1D+x@2DL

+
ã2 x@1D+2 x@2D x@1D

I-1+ãx@1D+x@2DM2 Hx@1D+x@2DL
+

x@2D
I-1+ãx@1D+x@2DM2 Hx@1D+x@2DL

-
I-1+ãx

2

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

SH@MatrixExp@matDD �� MatrixForm

1 0 0 0 -
ã-x@1D-x@2D I-1+ãx@1DM

x@1D 0 0 0 0

0 1 0 0 0 -
ã-x@2D I-1+ãx@2DM

x@2D 0 0 0

0 0 1 0
ã-x@1D-x@2D I-1+ãx@1DM

x@1D
ã-x@2D I-1+ãx@2DM

x@2D 0 0 0

0 0 0 1 0 0 -
I-1+ãx@1DM I-1+ãx@2DM x@3D

x@1D x@2D
ãx@2D I-1+ãx@1DM

x@1D
-1+ãx@2D

x@2D
0 0 0 0 ã-x@1D-x@2D 0 0 0 0

0 0 0 0 0 ã-x@1D-x@2D 0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 -
ãx@1D I-1+ãx@2DM x@3D

x@2D ãx@1D+x@2D 0

0 0 0 0 0 0 -
I-1+ãx@1DM I-1+ãx@2DM x@3D

x@1D
ãx@2D I-1+ãx@1DM x@2D

x@1D ãx@2D

H1 - HE^x - 1L Hx + yL � x � HE^Hx + yL - 1LL � y

1 -
H-1+ãxL Hx+yL

H-1+ãx+yL x

y

SimplifyB
1

y
1 -

ãx - 1

x

x + y

ãx+y - 1
F

1 -
H-1+ãxL Hx+yL

H-1+ãx+yL x

y

bch

-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2D
I-1 + ãx@1D+x@2DM x@1D x@2D

Simplify@Hbch �. 8x@1D ® x, x@2D ® y<LD

ãx+y x + y - ãx Hx + yL
H-1 + ãx+yL x y
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TestBSimplifyBHbch �. 8x@1D ® x, x@2D ® y<L �
1

y
1 -

ãx - 1

x

x + y

ãx+y - 1
FF

True

December 26, 2008

drules = Sequence �� Der@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, f@x@1D, x@2DDDD

Sequence@Ar@0, 1D ® Y@0, 1, 3, 1D + Y@0, 1, 3, -f@x@1D, x@2DD x@2DD,
Ar@0, 2D ® Y@0, 2, 3, 1D + Y@0, 2, 3, f@x@1D, x@2DD x@1DD, Ar@0, 3D ®

Y@0, 1, 3, f@x@1D, x@2DD x@2DD + Y@0, 2, 3, -f@x@1D, x@2DD x@1DD + Y@1, 0, 3, 1D + Y@2, 0, 3, 1D,
Ar@3, 0D ® Y@1, 2, 0, f@x@1D, x@2DD x@3DD + Y@1, 3, 0, -1D + Y@2, 3, 0, -1DD

drules = Sequence �� Der@Ar@1, 2DD

Sequence@Ar@2, 0D ® Y@1, 2, 0, -1D, Ar@0, 1D ® Y@0, 1, 2, 1D, Ar@0, 2D ® Y@1, 0, 2, 1DD

k0 = Length@ins = First �� 8drules<D;
outs = 8<;
For@k = 1, k £ Length@insD, ++k,

AppendTo@outs, newout = Der@drulesD@ins@@kDDDD;
ins = ins ~Join~ Complement@

Union@Cases@8newout<, Y@ijk___, _D ¦ Y@ijk, 1D, InfinityDD,
ins

D
D;

--k;

zero = Table@0, 8k<D;
e@88i_<<D := ReplacePart@zero, 1, iD;
mat = Replace@

outs �. Y@ijk__, h_D ¦ -h e@Position@ins, Y@ijk, 1DDD,
0 ® zero,

81<
D;

S �� Sort@Thread@
Take@ins, k0D ®

ReducePrimitives@Take@MatrixExp@matD.ins, k0DD
DD

SBAr@0, 1D ® Ar@0, 1D + YB0, 1, 2, -
1

x@1D
+

ã-x@1D

x@1D
F,

Ar@0, 2D ® Ar@0, 2D + YB0, 1, 2,
1

x@1D
-

ã-x@1D

x@1D
F, Ar@2, 0D ® Ar@2, 0D + YB1, 2, 0, -

1

x@1D
+

ãx@1D

x@1D
FF

S@sigma@1, 2DD

SBAr@0, 1D ® Ar@0, 1D + YB0, 1, 2, -
1

x@1D
+

ã-x@1D

x@1D
F,

Ar@0, 2D ® Ar@0, 2D + YB0, 1, 2,
1

x@1D
-

ã-x@1D

x@1D
F, Ar@2, 0D ® Ar@2, 0D + YB1, 2, 0, -

1

x@1D
+

ãx@1D

x@1D
FF
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MatrixExp@matD �� Simplify �� MatrixForm

1 0 0 -
1-ã-x@1D

x@1D 0

0 1 0 0
-1+ãx@1D

x@1D

0 0 1 0
1-ãx@1D

x@1D
0 0 0 ã-x@1D 0

0 0 0 0 ãx@1D

ins

8Ar@2, 0D, Ar@0, 1D, Ar@0, 2D, Y@1, 2, 0, 1D, Y@0, 1, 2, 1D<

outs

8Y@1, 2, 0, -1D, Y@0, 1, 2, 1D, Y@0, 1, 2, -1D, Y@1, 2, 0, -x@1DD, Y@0, 1, 2, x@1DD<

k0

3

Cases@outs, _f, InfinityD

8f@x@1D, x@2DD, f@x@1D, x@2DD, f@x@1D, x@2DD,
f@x@1D, x@2DD, f@x@1D, x@2DD, f@x@1D, x@2DD, f@x@1D, x@2DD<

Length@insD

9

Length@outsD

9

� BCH Work

S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bchDDD �. Y@ijk__, h_D ¦ Y@ijk, Factor@hDD

SBAr@0, 1D ® Ar@0, 1D + YB0, 1, 3,
ã-x@1D-x@2D I-1 + ãx@1D+x@2DM H-1 + bch x@2DL

x@1D + x@2D
F,

Ar@0, 2D ® Ar@0, 2D + YB0, 2, 3, -

ã-x@1D-x@2D I-1 + ãx@1D+x@2DM H1 + bch x@1DL
x@1D + x@2D

F,

Ar@0, 3D ® Ar@0, 3D + YB0, 1, 3, -

ã-x@1D-x@2D I-1 + ãx@1D+x@2DM H-1 + bch x@2DL
x@1D + x@2D

F +

YB0, 2, 3,
ã-x@1D-x@2D I-1 + ãx@1D+x@2DM H1 + bch x@1DL

x@1D + x@2D
F, Ar@3, 0D ® Ar@3, 0D + YA1, 2, 0,

-IIx@1D - ãx@2D x@1D - ãx@2D x@2D + ãx@1D+x@2D x@2D - bch x@1D x@2D + bch ãx@1D+x@2D x@1D x@2DM x@3DM �

Hx@1D x@2D Hx@1D + x@2DLLE + YB1, 3, 0,
ãx@2D I-1 + ãx@1DM

x@1D
F + YB2, 3, 0,

-1 + ãx@2D

x@2D
FF

Ar@0, 1D �� S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bchDDD

Ar@0, 1D + YB0, 1, 3, -
1

x@1D + x@2D
+

ã-x@1D-x@2D

x@1D + x@2D
+

bch x@2D
x@1D + x@2D

-
bch ã-x@1D-x@2D x@2D

x@1D + x@2D
F
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Coefficient@
Ar@0, 1D �� S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bchDDD,
Y@0, 1, 3D

D

-
1

x@1D + x@2D
+

ã-x@1D-x@2D

x@1D + x@2D
+

bch x@2D
x@1D + x@2D

-
bch ã-x@1D-x@2D x@2D

x@1D + x@2D

Ar@0, 1D �� S@sigma@2, 3D, sigma@1, 3DD

Ar@0, 1D + YB0, 1, 3, -
1

x@1D
+

ã-x@1D

x@1D
F

Coefficient@
Ar@0, 1D �� S@sigma@1, 3D, sigma@2, 3DD,
Y@0, 1, 3D

D

ã-x@1D-x@2D

x@1D
-

ã-x@2D

x@1D

bch = bch �. First@Solve@
Coefficient@

Ar@0, 1D �� S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bchDDD,
Y@0, 1, 3D

D � Coefficient@
Ar@0, 1D �� S@sigma@1, 3D, sigma@2, 3DD,
Y@0, 1, 3D

D,
bch

DD

-ãx@1D x@1D + ãx@1D+x@2D x@1D + x@2D - ãx@1D x@2D
I-1 + ãx@1D+x@2DM x@1D x@2D
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S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, bchDDD �. Y@ijk__, h_D ¦ Y@ijk, Simplify@hDD

SBAr@0, 1D ® Ar@0, 1D + YB0, 1, 3, -

ã-x@1D-x@2D I-1 + ãx@1DM
x@1D

F,

Ar@0, 2D ® Ar@0, 2D + YB0, 2, 3,
-1 + ã-x@2D

x@2D
F,

Ar@0, 3D ® Ar@0, 3D + YB0, 1, 3,
ã-x@1D-x@2D I-1 + ãx@1DM

x@1D
F + YB0, 2, 3,

1 - ã-x@2D

x@2D
F,

Ar@3, 0D ® Ar@3, 0D
x@1D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
-

2 ãx@1D+x@2D x@1D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
+

ã2 x@1D+2 x@2D x@1D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
+

x@2D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
-

2 ãx@1D+x@2D x@2D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
+

ã2 x@1D+2 x@2D x@2D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
+

YB1, 2, 0, -

I-1 + ãx@1DM I-1 + ãx@2DM x@3D
x@1D x@2D

F + YB1, 3, 0,
ãx@2D I-1 + ãx@1DM

x@1D
F + YB2, 3, 0,

-1 + ãx@2D

x@2D
FF

S@sigma@1, 3D, sigma@2, 3DD �. Y@ijk__, h_D ¦ Y@ijk, Simplify@hDD

SBAr@0, 1D ® Ar@0, 1D + YB0, 1, 3, -

ã-x@1D-x@2D I-1 + ãx@1DM
x@1D

F,

Ar@0, 2D ® Ar@0, 2D + YB0, 2, 3,
-1 + ã-x@2D

x@2D
F,

Ar@0, 3D ® Ar@0, 3D + YB0, 1, 3,
ã-x@1D-x@2D I-1 + ãx@1DM

x@1D
F + YB0, 2, 3,

1 - ã-x@2D

x@2D
F,

Ar@3, 0D ® Ar@3, 0D + YB1, 2, 0, -

I-1 + ãx@1DM I-1 + ãx@2DM x@3D
x@1D x@2D

F +

YB1, 3, 0,
ãx@2D I-1 + ãx@1DM

x@1D
F + YB2, 3, 0,

-1 + ãx@2D

x@2D
FF

FactorB

x@1D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
-

2 ãx@1D+x@2D x@1D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
+

ã2 x@1D+2 x@2D x@1D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
+

x@2D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
-

2 ãx@1D+x@2D x@2D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
+

ã2 x@1D+2 x@2D x@2D

I-1 + ãx@1D+x@2DM2 Hx@1D + x@2DL
F

1

� Compare with Kurlin

Simplify@Hbch �. 8x@1D ® x, x@2D ® y<L � H1 - HE^x - 1L Hx + yL � x � HE^Hx + yL - 1LL � yD

True
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