
Ar@0, 1D �� S@Exp@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, PH@bcDDDD

ArB0, H1 + Y@0, 1, 3, AH@-1DDL + YB0, 1, 3, AHBbc@0, 0D x@2D +

1

2
Hx@1D + x@2DLFF z + YB0, 1, 3,

AHB-

1

6
H-x@1D - x@2DL2

+ bc@1, 0D x@1D x@2D +

1

2
bc@0, 0D H-x@1D - x@2DL x@2D + bc@0, 1D x@2D2FF

z2 + YB0, 1, 3, AHB
1

2
bc@2, 0D x@1D2 x@2D +

1

6
bc@0, 0D H-x@1D - x@2DL2 x@2D +

bc@1, 1D x@1D x@2D2
+

1

2
bc@0, 2D x@2D3

+

1

24
H-x@1D - x@2DL2 Hx@1D + x@2DL +

1

2
H-x@1D - x@2DL Ibc@1, 0D x@1D x@2D + bc@0, 1D x@2D2MFF z3 +

YB0, 1, 3, AHB-

1

120
H-x@1D - x@2DL4

+

1

6
bc@3, 0D x@1D3 x@2D +

1

24
bc@0, 0D H-x@1D - x@2DL3 x@2D +

1

2
bc@2, 1D x@1D2 x@2D2

+

1

2
bc@1, 2D x@1D x@2D3

+

1

6
bc@0, 3D x@2D4

+

1

6
H-x@1D - x@2DL2 Ibc@1, 0D x@1D x@2D + bc@0, 1D x@2D2M +

1

2
H-x@1D - x@2DL

1

2
bc@2, 0D x@1D2 x@2D + bc@1, 1D x@1D x@2D2

+

1

2
bc@0, 2D x@2D3 FF z4 + O@zD5F



drules = Sequence �� Der@Ar@1, 3D + Ar@2, 3D + Y@1, 2, 3, PH@bcDDD

SequenceBAr@0, 1D ® YB0, 1, 3, PHB1 - bc@0, 0D x@2D z + I-bc@1, 0D x@1D x@2D - bc@0, 1D x@2D2M z2 +

-

1

2
bc@2, 0D x@1D2 x@2D - bc@1, 1D x@1D x@2D2

-

1

2
bc@0, 2D x@2D3 z3 + -

1

6
bc@3, 0D x@1D3 x@2D -

1

2
bc@2, 1D x@1D2 x@2D2

-

1

2
bc@1, 2D x@1D x@2D3

-

1

6
bc@0, 3D x@2D4 z4 + O@zD5FF,

Ar@0, 2D ® YB0, 2, 3, PHB1 + bc@0, 0D x@1D z + Ibc@1, 0D x@1D2
+ bc@0, 1D x@1D x@2DM z2 +

1

2
bc@2, 0D x@1D3

+ bc@1, 1D x@1D2 x@2D +

1

2
bc@0, 2D x@1D x@2D2 z3 +

1

6
bc@3, 0D x@1D4

+

1

2
bc@2, 1D x@1D3 x@2D +

1

2
bc@1, 2D x@1D2 x@2D2

+

1

6
bc@0, 3D x@1D x@2D3 z4 +

O@zD5FF,
Ar@0, 3D ® YB0, 1, 3, PHB-1 + bc@0, 0D x@2D z + Ibc@1, 0D x@1D x@2D + bc@0, 1D x@2D2M z2 +

1

2
bc@2, 0D x@1D2 x@2D + bc@1, 1D x@1D x@2D2

+

1

2
bc@0, 2D x@2D3 z3 +

1

6
bc@3, 0D x@1D3 x@2D +

1

2
bc@2, 1D x@1D2 x@2D2

+

1

2
bc@1, 2D x@1D x@2D3

+

1

6
bc@0, 3D x@2D4 z4 + O@zD5FF +

YB0, 2, 3, PHB-1 - bc@0, 0D x@1D z + I-bc@1, 0D x@1D2
- bc@0, 1D x@1D x@2DM z2 +

-

1

2
bc@2, 0D x@1D3

- bc@1, 1D x@1D2 x@2D -

1

2
bc@0, 2D x@1D x@2D2 z3 + -

1

6
bc@3, 0D x@1D4

-

1

2
bc@2, 1D x@1D3 x@2D -

1

2
bc@1, 2D x@1D2 x@2D2

-

1

6
bc@0, 3D x@1D x@2D3 z4 + O@zD5FF,

Ar@3, 0D ® YB1, 2, 0, PHBbc@0, 0D x@3D z + Hbc@1, 0D x@1D x@3D + bc@0, 1D x@2D x@3DL z2 +

1

2
bc@2, 0D x@1D2 x@3D + bc@1, 1D x@1D x@2D x@3D +

1

2
bc@0, 2D x@2D2 x@3D z3 +

1

6
bc@3, 0D x@1D3 x@3D +

1

2
bc@2, 1D x@1D2 x@2D x@3D +

1

2
bc@1, 2D x@1D x@2D2 x@3D +

1

6
bc@0, 3D x@2D3 x@3D z4 + O@zD5FF + Y@1, 3, 0, AH@-1DD + Y@2, 3, 0, AH@-1DDF

ins = First �� 8drules<

8Ar@0, 1D, Ar@0, 2D, Ar@0, 3D, Ar@3, 0D<

outs = 8<;
For@k = 1, k £ Length@insD, ++k,

AppendTo@outs, newout = Der@drulesD@ins@@kDDDD;
ins = ins ~Join~ Complement@

Union@Cases@8newout<, Y@ijk__, _D ¦ Y@ijk, AH@1DD, InfinityDD,
ins

D
D;

--k

9
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outs

:YB0, 1, 3, PHB1 - bc@0, 0D x@2D z + I-bc@1, 0D x@1D x@2D - bc@0, 1D x@2D2M z2 +

-

1

2
bc@2, 0D x@1D2 x@2D - bc@1, 1D x@1D x@2D2

-

1

2
bc@0, 2D x@2D3 z3 +

-

1

6
bc@3, 0D x@1D3 x@2D -

1

2
bc@2, 1D x@1D2 x@2D2

-

1

2
bc@1, 2D x@1D x@2D3

-

1

6
bc@0, 3D x@2D4 z4 +

O@zD5FF, YB0, 2, 3, PHB1 + bc@0, 0D x@1D z + Ibc@1, 0D x@1D2
+ bc@0, 1D x@1D x@2DM z2 +

1

2
bc@2, 0D x@1D3

+ bc@1, 1D x@1D2 x@2D +

1

2
bc@0, 2D x@1D x@2D2 z3 +

1

6
bc@3, 0D x@1D4

+

1

2
bc@2, 1D x@1D3 x@2D +

1

2
bc@1, 2D x@1D2 x@2D2

+

1

6
bc@0, 3D x@1D x@2D3 z4 +

O@zD5FF, YB0, 1, 3, PHB-1 + bc@0, 0D x@2D z + Ibc@1, 0D x@1D x@2D + bc@0, 1D x@2D2M z2 +

1

2
bc@2, 0D x@1D2 x@2D + bc@1, 1D x@1D x@2D2

+

1

2
bc@0, 2D x@2D3 z3 +

1

6
bc@3, 0D x@1D3 x@2D +

1

2
bc@2, 1D x@1D2 x@2D2

+

1

2
bc@1, 2D x@1D x@2D3

+

1

6
bc@0, 3D x@2D4 z4 +

O@zD5FF + YB0, 2, 3, PHB-1 - bc@0, 0D x@1D z + I-bc@1, 0D x@1D2
- bc@0, 1D x@1D x@2DM z2 +

-

1

2
bc@2, 0D x@1D3

- bc@1, 1D x@1D2 x@2D -

1

2
bc@0, 2D x@1D x@2D2 z3 + -

1

6
bc@3, 0D x@1D4

-

1

2
bc@2, 1D x@1D3 x@2D -

1

2
bc@1, 2D x@1D2 x@2D2

-

1

6
bc@0, 3D x@1D x@2D3 z4 + O@zD5FF,

YB1, 2, 0, PHBbc@0, 0D x@3D z + Hbc@1, 0D x@1D x@3D + bc@0, 1D x@2D x@3DL z2 +

1

2
bc@2, 0D x@1D2 x@3D + bc@1, 1D x@1D x@2D x@3D +

1

2
bc@0, 2D x@2D2 x@3D z3 +

1

6
bc@3, 0D x@1D3 x@3D +

1

2
bc@2, 1D x@1D2 x@2D x@3D +

1

2
bc@1, 2D x@1D x@2D2 x@3D +

1

6
bc@0, 3D x@2D3 x@3D z4 + O@zD5FF +

Y@1, 3, 0, AH@-1DD + Y@2, 3, 0, AH@-1DD, YA0, 1, 3, PHAHx@1D + x@2DL z + O@zD6EE,
YA0, 2, 3, PHAHx@1D + x@2DL z + O@zD6EE,
0,

YB1, 2, 0, PHBx@3D + bc@0, 0D x@1D x@3D z2 + Ibc@1, 0D x@1D2 x@3D + bc@0, 1D x@1D x@2D x@3DM z3 +

+
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YB1, 2, 0, PHBx@3D + bc@0, 0D x@1D x@3D z2 + Ibc@1, 0D x@1D2 x@3D + bc@0, 1D x@1D x@2D x@3DM z3 +

1

2
bc@2, 0D x@1D3 x@3D + bc@1, 1D x@1D2 x@2D x@3D +

1

2
bc@0, 2D x@1D x@2D2 x@3D z4 +

1

6
bc@3, 0D x@1D4 x@3D +

1

2
bc@2, 1D x@1D3 x@2D x@3D +

1

2
bc@1, 2D x@1D2 x@2D2 x@3D +

1

6
bc@0, 3D x@1D x@2D3 x@3D z5 + O@zD6FF + Y@1, 3, 0, AH@-x@1D - x@2DDD,

YB1, 2, 0, PHBbc@0, 0D x@2D x@3D z2 + Ibc@1, 0D x@1D x@2D x@3D + bc@0, 1D x@2D2 x@3DM z3 +

1

2
bc@2, 0D x@1D2 x@2D x@3D + bc@1, 1D x@1D x@2D2 x@3D +

1

2
bc@0, 2D x@2D3 x@3D z4 +

1

6
bc@3, 0D x@1D3 x@2D x@3D +

1

2
bc@2, 1D x@1D2 x@2D2 x@3D +

1

2
bc@1, 2D x@1D x@2D3 x@3D +

1

6
bc@0, 3D x@2D4 x@3D z5 + O@zD6FF + Y@1, 3, 0, AH@-x@2DDD + Y@2, 3, 0, AH@-x@2DDD>

hs = If@FreeQ@outs, PHD, AH, PHD

PH

zero = Table@0, 8k<D;
e@88i_<<D := ReplacePart@zero, 1, iD;
mat = Replace@

outs �. Y@ijk__, _@h_DD ¦ -h e@Position@ins, Y@ijk, AH@1DDDD,
0 ® zero,

81<
D;

mat �� MatrixForm

0 0 0 0 -1 + bc@0, 0D x@2D z + Ibc@1, 0D x@1D x@2D + bc@0, 1D x@2D2M z2 + I 1

2
bc@2, 0D x@1D2 x@2D + bc

0 0 0 0

0 0 0 0 1 - bc@0, 0D x@2D z + I-bc@1, 0D x@1D x@2D - bc@0, 1D x@2D2M z2 + I-
1

2
bc@2, 0D x@1D2 x@2D - bc

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
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expmat = MatrixExp@hs, matD;
expmat �� MatrixForm

1 + O@zD5 0 0 0 -1 + Ibc@0, 0D x@2D +
1

2
Hx@1D + x@2DLM z + I-

1

6
H-x@1D - x@2DL2

+

0 1 + O@zD5 0 0

0 0 1 + O@zD5 0 1 + I 1

2
H-x@1D - x@2DL - bc@0, 0D x@2DM z + I 1

6
H-x@1D - x@2 2

0 0 0 1 + O@zD5

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0
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