Pensieve Header: Solving the two F equations with perturbative hair, where F is written as an exponential. This time with a

corrected F21.
It seemsthat F is not unique.

SetDirectory ["C \\drorbn\\ Academ cPensi eve\\ Proj ect s\\ Scatter Andd ow" ];
<< Scatter Andd ow. m

$Cut of f Degr ee = 6;
HLh_1 := PH[(h /. X[i_1 = z*x[i]) +O[z]"$Cutof f Degree];

flcoeffs = DeclareSeries [f1[x[1], x[2]], $CutoffDegreel;
f2coeffs = DeclareSeries [f2[x[1], x[2]], $CutoffDegreel;
PH[f 1]

PH{fl[o, 0] + (F1[1, O] x[1] +f1[0, 1] x[2])Z+

1 1
Ef1[2, 0] x[112+f1[1, 1] x[1]X[2] +5f1[0’ 2]x[2}2] z% +

Z4+

1 1 1
— 172, 2] x[1]1%2x[21%+ —f1[1, 3] x[1]x[2]%+ —f1[0, 4] x[2]*
4 6 24

1 1 1 1
[7f1[5, 0] x[1]%+ — 1[4, 1] x[1]%x[2] + —f1[3, 2] x[11®x[2]12+ —f1[2, 3] x[1]%x[2]%+
120 24 12 12

1 1
—f1[1, 4] x[1]x[2]%+ f170, 5]X[2]5) z%+0[z]°®
24 120

F=S[Explal Ar[2, 1] +a2 Ar [1, 2] +Y[1, 2, 1, PH[f1]] +Y[1, 2, 2, PH[f2]]]1;
F21 = S[EXp[(
al Ar[1, 2] +a2 Ar[2, 1] +Y[2, 1, 2, PH[f1]] +Y[2, 1, 1, PH[f2]]
) /. {X[1] - x[2], x[2] - X[1]}
115
Ihsl = Ar[3, 0] // S[Exp[Ar[1, 3] +Ar[2, 3]1]1 // F

Ar [3, 0] +
1 1 1

X[3
il —alx[1]x[3]-—a2x[1]x[3]+—ala2x[1l]x[3] -
2 2 2

Z +

+alx[3] -a2x[3]

Y[1, 2, o, PH[(-

1 1 1 1
E:;122x[1}x[3]+f1[0, 0] x[1] x[3] +5alx[2}x[3] +5a12x[2]x[3]75a2x[2}x[3]7
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1 1

EalaZx[Z]x[S} +f2[0, O]x[2]x[3]+g (-X[2] X[3] - (X[1] +x[2]) x[3]) z%
1 1 1
—alx[1]?x[3] - —a2x[1]?x[3] +—ala2x[1]%x[3] - —a2?x[1]%x[3] +

1 1 1 1
—ala2?x[1]1%2x[3] - —a2®x[1]°x[3] + —f1[0, 0] x[1]%2x[3]+—a2f1[0, 0] x[1]%x[3] +
6 6 2 2

1 1 1
f1[1, 0] x[11°x[3] + —alx[1]x[2] X[3] + —al®x[1] X[2] X[3] - —a2x[1] x[2] Xx[3] +
3 4 3

1 1 1

ga12a2x[1]x[2}x[3] -Zazzx[l]xmx[?,] —galazzx[l]x[z}x[s] +

1 1

E1‘1[0, 0] x[1] x[2] x[3] +alf1[0, 0}x[1]x[2}x[3]—5a2f1[0, 0] x[1] x[2] x[3] +
1 1

f1710, 1]x[1]x[2]x[3]+5f2[0, 0] x[1] X[2] x[3] 7Ea1f2[0, 0] X[1] X[2] X[3] +

1
a2f2[0, 0] x[1] x[2] Xx[3] +f2[1, 0] x[1] x[2] X[3] + —alx[2]%2x[3] +
6

1 1 1 1
4—a12x[2}2x[31 +ga13x[2]2x[3] —ga2x[212x[31 -Za1a2x[2]2x[3] -

1 1 1
ga12a2x[2]2x[3] +—f2[0, 0] x[212x[3] +Ea1f2[o, 0] x[2]%2x[3] +

2
1
f2[0 1]x[2]2x[3]+£(7x[2]2x[3]7(x[1}+x[2}) (x[1] +2x[2]) x[3]) | z%+
1 1
— alx[1]1®x[3] - —a2x[1)°x[3]+ —ala2x[1]®x[3] - —a2?x[1]®x[3] +
24 24 12
1
—a1a22x[l}3x[3}7Ea23x[l}3x[3}+—ala23x[1}3x[3]7§a24x[1}3x[3]+

1 1 1
—f170, 01 x[11%x[3]+—a2f1[0, 0] x[1]1%x[3]+—a2?f1[0, 0] x[1]®x[3] +
6 4 6

1 1 1
Ef1[1, 0}x[1}3x[3]+5a2f1[1, 0] x[11%x[3] +Ef1[2, 0] x[11%x[3] +

1 1 1
—alx[1]?x[2] x[3] + — al?x[1]?Xx[2] X[3] - —a2x[1]%x[2] x[3] +
8 12 8
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1 1 1

§a1a23x[1]2x[2]x[3}+§f1[0, 0}x[1]2x[2}x[3]+5a1f1[0, 0] x[11%x[2] x[3] +

2 1

galazfl[o, 0}x[1}2x[2]x[3}—gazzfl[o, 0] x[1]%%x[2] X[3] +

1 1 1

Efl[o, 0}2x[1}2x[2}x[3]+5f1[0, 1]x[l}2x[2]x[3}+5a2f1[0, 1] x[11%2x[2] x[3] +

1 1

Efl[l, 0] x[1]1%2x[2] x[3] +a1f1[1, 0] x[1]%2x[2] X[3] 7£a2f1[1, 0] Xx[1]%x[2] X[3] +
1 1

f171, 1] x[1]2x[2] X[3] +gf2[o, 0] x[1]?x[2] X[3] 7Za1f2[o, 0] x[11%x[2] x[3] +

1 1

Ea2f2[0, O]x[l}zx[Z}x[B]—5a1a2f2[0, 0] x[11%x[2] x[3] +

1 1

5azzfz[o, 0] x[112x[2] x[3] 75f1[0, 0]f270, 0] x[1]%2x[2] X[3] +

1 1

5f2[1, 0] x[112x[2] x[3] 7Ea1f2[1, 0] x[11%2x[2] x[3] +a2f2[1, 0] x[1]?x[2] x[3] +

1 1 1
—f2[2, 01 x[1]1%2x[2] x[3] + —alx[1] x[2]?x[3] + —al®x[1] x[2]2x[3] +
2 8 6

1 1 1

— al®x[1]x[2]%%x[3] - —a2x[1] x[2]%x[3] - —ala2x[1] x[2]2x[3] +

12 8 12

1 1 1
EalzaZX[l}x[Z]zx[S]+§a13a2x[1]x[2]2x[3}——a22x[1]x[2}2x[3]—

1 1 1

ga1a122x[1]x[2}2x[31 -Ealzazzx[l]x[z}zxm +gf1[0, 0] Xx[1] X[2]2%x[3] +

1 1

Ealfl[o, O}x[l]x[Z}zx[3]+Ea12fl[0, 0] x[1] x[2]1%2x[3] -

1 1

4—a2f1[0, O}x[l}x[Z}zx[S]—§a1a2f1[0, 0] Xx[1] X[2]%Xx[3] +

1 1

E1‘1[0, 1] x[1] x[2]?x[3] +alf1]o0, 1]x[1}x[2]2x[3]—£a2f1[0, 1] x[1] x[2]1%x[3] +
1 1 1

Efl[o' 2] x[1] x[2]1%%x[3] +§f2[o, 0] Xx[1] x[2]%x[3] -5a12f2[0, 0] Xx[1] Xx[2]%%x[3] +

1 2
Ea2f2[0, 0] X[1] Xx[2]?X[3] +§ala2f2[0, 0] X[1] X[2]%%x[3] +

1 1
—f1[0, 01f2[0, 0] x[1] x[2]?%x[3] - —f2[0, 0]1%2x[1] x[2]%x[3] +
2 2
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1 1
Ef2[0, 1] x[1] x[2]12x[3] —Eale[o, 1]x[1]x[2]?x[3] +a2f2[0, 1] x[1] Xx[2]?X[3] +

1 1

—f2[1, 0] x[1]x[2]%x[3]+—alf2[1, 0] x[1]x[2]?x[3] +f2[1, 1] x[1] X[2]%%x[3] +
2 2

1 1 1 1

—alx[2]1®x[3]+ —al?x[2]®x[3] + —al®x[2]°x[3] + — al1*x[2]%x[3] -

24 12 12 24

1 1 1 1

— a2x[21%x[3] - —ala2x[2]1®x[3] - —al?a2x[2]1®x[3] - —al®a2x[2]1%x[3] +
24 12 12 24

1 1 1
ng[o, 0] x[21%x[3] +Za1f2[o, 0] x[2]3x[3] +ga12f2[o, 0] x[21%x[3] +

1 1 1
— 210, 11x[21%x[3] + —alf2[0, 1] x[21%x[3] + —f2[0, 2] x[2]®x[3] +
2 2 2

1

20 (-x[213x[3] = (x[1] +x[2])%x[3] = (X[1] +X[2]) (x[2]%+x[2] (x[1] +X[2])) X[3])|z*+
1 1 1 1
— alx[1]%x[3] - — a2x[1]*x[3]+ —ala2x[1]*x[3] - —a2?x[1]*x[3] +
120 120 48 48

1 1 1 1
—ala2?x[1]%x[3] - —a2®x[1]*x[3] + —ala2®x[1]*x[3] - — a2*x[1]1*x[3] +
36 36 48 48

1 1 1
— ala2*x[1]1*x[3] - — a2%x[1]*x[3] + —f1[0, O] x[1]*x[3] +
120 120 24

1 1 1
— a2f1[0, 0] x[1]*x[3] + — a2%2f1([0, 0] x[1]*x[3] + — a23f1[0, O] x[1]*x[3] +
12 12 24

1 1 1
gfl[l, 0] x[1]%x[3] +Za2f1[1, 0] x[1]%x[3] +ga22f1[1, 0] x[1]%x[3] +

1 1 1
4—f1[2, 0] x[1]%x[3] +Za2f1[2, 0] x[1]%x[3] +gf1[3, 0] x[1]%x[3] +

1 1 1
—alx[113x[2]x[3] + —al®x[1]®x[2] x[3] - —a2x[1]®x[2] x[3] +
30 48 30

1 1 1
— ala2x[1]13x[2] x[3] + —al?a2x[1]13x[2] x[3] - — a2?x[1]1%x[2] x[3] +
24 18 16

1 1 1
— al?a2?x[11%x[2] x[3] - —a2®x[11%x[2] x[3] - — a1 a2®x[1]®x[2] x[3] +
16 18 24

1 1 1
— al12a2®x[11®x[2] x[3] - —a2*x[113x[2] x[3] - — ala2*x[113x[2] x[3] +
30 48 30

1 1 1
g1‘1[0, 0] x[11%x[2] x[3] +ga1f1[0, 0] x[11¥x[2] x[3] +Ea2f1[0, 0] x[113x[2] x[3] +
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1 1
galazfl[o, O]x[1}3x[2]x[3}—EaZZfl[O, 0] x[113x[2] x[3] +
1 1
4—a1a22f1[0, 0] x[11¥x[2] x[3] —§a23f1[0, 0] x[113x[2] x[3] +
1 1 1
4—f1[0, 012x[11%x[2] x[3] +§a2f1[0, 012x[113x[2] x[3] +gf1[o, 1] x[11%x[2] x[3] +
1 1 1
4—a2f1[0, 11x[113x[2}x[3]+ga22f1[0, 1]x[113x[2]x[3}+§f1[1, 0] x[113x[2] x[3] +
1 2
Ea1f1[1, O}X[l}sx[ZJX[S]+§a1a2f1[l, 0] x[113x[2] x[3] -
1
§a22f1[1, 0] x[113x[2] x[3] +f1[0, 0] f1[1, 0] x[1]®x[2] Xx[3] +
1 1 1
E1‘1[1, 1]x[1]3x[2]x[3]+5a2f1[1, 1]x[1}3x[2}x[3]+zf1[2, 0] x[113x[2] x[3] +
1 1
Ealfl[z, 0}x[1]3x[2}x[3]—za2f1[2, 0] x[11¥x[2] x[3] +
1 1 1
—f172, 1] x[113x[2]x[3]+ —f2[0, 0] x[11®x[2] x[3] - —alf2[0, 0] x[1]®x[2] x[3] +
2 24 12
1 1
ga2f2[0, 0}x[1}3x[2}x[3]—galaZfZ[O, 0] x[1]13x[2] x[3] +
1 1
4—a22f2[0, 01x[1]3x[2]x[31—§a1a22f2[0, 0] x[113x[2] x[3] +
1 1
ga23f2[0, 0] x[113x[2] X[3] 7Zf1[0, 0]f2[0, 0] x[1]13x[2] x[3] -
1 1
gaZfl[o, 01f270, 0] x[11%x[2] x[3] 7£f1[1, 0]f270, 0] x[11%x[2] x[3] +
1 1 1
g1‘2[1, 0] x[113x[2] x[3] 7Za1f2[1, 0] x[113x[2] x[3] +5a2f2[1' 0] x[113x[2] x[3] -
1 1
galazfz[l, O]x[1}3x[2]x[3]+£a22f2[1, 0] x[113x[2] x[3] -
1 1
Efl[o, 0]f2[1, 0] x[11%x[2] x[3] +Zf2[2, 0] x[113x[2] x[3] -
1 1
4—a1f2[2, 01x[113x[21x[3]+5a2f2[2, 0] x[1]13x[2] x[3] +
1

1 1
—f2(3, 0] x[11®x[2] x[3] + —alx[1]2x[2]12x[3] + — al?x[1]%2x[2]%x[3] +
6 20 16
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1 1 1
— al®x[1]12x[2]1%x[3] - —a2x[1]°x[2]%x[3] + —al?a2x[1]%x[2]%x[3] +
36 20 12
1 1 1
— al®a2x[11?x[2]1%x[3] - — a2?x[1]%x[2]?x[3] - — al a2?x[1]?x[2]1%°x[3] +
16 16 12
1 1 1
—al1%a2?x[11%x[2]°x[3] - — a2®x[1]%x[2]%?x[3] - — ala2®x[1]1%x[2]?°%x[3] -
20 36 16

1

1 1

5alza\23x[1]2x[212x[3} +gf1[o, 0] x[11%2x[212x[3] +§a1f1[0, 0] x[11%2x[212x[3] +
1 1

Zalzfl[o, 0] x[11%2x[2]1%x[3] 7Ea2f1[o, 0] x[1]1%2x[2]1%2x[3] +

1 3

galaZfl[o, 0] x[112x[212x[3] +§a12a2f1[0, 0] x[11%2x[212x[3] -

1 1

gazzfl[o, 0] x[112x[2]2x[3] —4—ala22f1[0, 0] x[11%2x[212x[3] +

1 1

4—1‘1[0, 0}2x[1}2x[2}2x[3}+Ea1f1[o, 01%2x[112x[21%x[3] -

1 1

ga2f1[0, 012x[11%2x[212x[3] +§f1[0, 1] x[112x[21%2x[3] +

1 2

Ea1f1[0, 1] x[11%%x[2]2x[3] +§a1a2f1[0, 1] x[11%%x[2]1%%x[3] -

1

gazzfl[o, 1] x[11%2x7[212x[3] +f1[0, 0] f1[0, 1] x[112x[2]1%Xx[3] +

1 1 1

— 170, 2] x[1]12x[2]%%x[3] + —a2f1[0, 2] x[1]2x[2]%X[3] +gf1[1, 0] x[11%2x[2]%2x[3] +
4 4

1 1

Ealfl[l, 0] x[11%2x[2]2x[3] +Ea12fl[l' 0] x[1]1%2x[2]1%x[3] -

1 1

—a2f1]1, O}x[l]zx[Z}zx[S}7§a1a2f1[1, 0] x[11%2x[2]%2x[3] +

4

1 1

Ef1[1, 11x[11%x[2]%x[3] +alf1[l, 1] x[1]1%%x[2]%Xx[3] -Ea2f1[1, 11 x[112x[212x[3] +
1 1 1

E1‘1[1, 21 x[11%2x[212x[3] +§f2[0, 0] x[1]1%2x[2]%x[3] 7Ea1f2[0, 0] x[1]1%2x[2]%x[3] -
1 1

galzfz[o, 0] x[11%x[2]1%x[3] +§a2f2[o, 0] x[11%x[2]1%x[3] +

1 1
—ala2f2[0, 0] x[1]1%2x[2]?x[3] - —al?a2f2[0, 0] x[1]%2x[2]%x[3] +
6 4
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1 3

—a22f2[0, 0] x[11%x[2]?x[3] +§a1a22f2[0, 0] x[11%x[2]1%2x[3] -

4

2 2

—alf1[0, 0]f2[0, 0] x[1]?%x[2]%x[3]+—a2f1[0, 0]f2[0, 0] x[1]2x[2]%x[3] -
3 3

1 1

Efl[o, 11200, 0] x[1]1%2x[2]%x[3] +Ef1[1, 0]f270, 0] x[112x[2]1%x[3] -
1 1

—f2[0, 012x[11%x[2]%x[3] +—alf2[0, 0]?2x[1]1%x[2]%x[3] -

4 6

1 1

—a2f27[0, 012x[11%x[2]1%x[3]+ —f2[0, 1] x[1]1%2x[2]?%x[3] -

2 6

1 1

—alf2[0, 1] x[1]%2x[2]%2x[3] + —a2f2[0, 1] x[1]12x[2]1%x[3] -

4 2

1 1

—ala2f2[0, 1] x[1]1%x[2]°%x[3] + —a22f2[0, 1] x[11%x[2]%x[3] -

3 2

1 1
Efl[o, 0]f2[0, 1] x[1]1%2x[2]%2x[3] +§f2[1, 0] x[1]1%2x[2]%%x[3] -

1 1
—al?f2[1, 0] x[1]%%x[2]%%x[3] + —a2f2[1, 0] x[1]%2x[2]%2x[3] +
3 2
2 1
—ala2f2[1, 0] x[11%x[2]%%x[3] + —f1[0, 0] f2[1, O] x[1]%2x[2]%2x[3] -
3 2
1
f270, 0] f2[1, 0] x[1]2x[2]%x[3] + —f2[1, 1] x[1]1%x[2]1°x[3] -
2

1 1
—alf2[1, 1]1x[1]1%x[2]%2x[3] +a2f2[1, 1] x[1]%x[2]?%x[3]+ —f2[2, 0] x[1]2x[2]%x[3] +
2 4

1 1 1
4—a1f2[2, 0] x[1]1%2x[2]%x[3] +Ef2[2' 1] x[11%%x[2]2x[3] +§alx[l1x[2]3x[3} +

1 1 1
— a1?x[1]x[2]1%x[3] + — al®x[1]x[2]1®x[3] + — al*x[1] x[2]®x[3] -
16 18 48

1 1 1
a2 x[1]x[2]13x[3] - —ala2x[1]x[2]°x[3] + —al®a2x[1] x[2]®x[3] +
30 24 24

1 1 1
— al*a2x[1]1x[21%x[3] - —a2?x[1]x[2]1%3x[3] - —ala2?x[1] x[2]3x[3] -
30 48 18

1 1 1
Eal2 a2?x[1]x[21%x[3] - —a1®a2?x[1] x[21%x[3] + 5f1[0, 0] x[1] x[21%x[3] +

1 1
—alf1[0, 0] x[1]x[2]13x[3]+ —al?f1[0, 0] x[1] x[2]®x[3] +
6 4
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1 1
ga13f1[0, 0}x[1]x[2}3x[31—5a2f1[0, 0] x[1] x[21%x[3] -
1 1
galazfl[o, 0}x[1}x[2}3x[3J—§a12a2f1[0, 0] x[1]x[21%x[3] +
1 1 1
gfl[o, 1]x[1]x[2]3x[3]+5a1f1[0, 1]x[1}x[2]3x[3]+Ea12f1[o, 11 x[1] x[2]1%x[3] -
1 1
4—a2f1[0, 1}x[11x[2}3x[3]—§a1a2f1[0, 11 x[1]x[21°%x[3] +
1 1 1
Z1‘1[0, 2] x[1] x[213x[3] +£a1f1[0, 2] x[1] x[213x[3] 7Za2f1[0, 2] x[1] x[213%x[3] +
1 1 1
gfl[o, 3] x[1] x[213x[3] +gf2[o, 0] x[1] x[2]3x[3] +Ealf2[0' 0] x[1] x[21¥x[3] -
1 1
Ea112f2[0, 0] x[1] x[213x[3] -§a13f2[0, 0] x[1] x[2]1%x[3] +
1 1
ga2f2[0, O}x[l}x[2}3x[3]+§ala2f2[0, 0] x[1] x[2]13x[3] +
1 1
4—a12a2f2[0, 0] x[1] x[21®x[3] +Zf1[0, 0]f2[0, 0] x[1] x[2]1®x[3] +
1 1
§alf1[0’ 0]f2[0, 0] x[1] x[2]%x[3] +Ef1[o, 1]f2[0, 0] x[1] x[2]°x[3] -
1 1 1
Zf2[0, 012x71]1x[21®x[3] 7§a1f2[0, 012x[1] x[21®x[3] +§f2[o, 1] x[1]x7271%x[3] -
1 1
galzfz[o, 1] x[1] x[2]1°x[3] +Ea2f2[0, 1] x[1] x[2]1%x[3] +
2 1
galazfz[o, 11 x[1] x[21%x[3] +£f1[o, 0]f2[0, 1] x[1]x[21®x[3] -
1
f2[0, 0] f2[0, 1] x[1] x[2]%x[3] +Zf2[0, 21 x[1] x[21¥%x[3] -
1 1 1
—alf2]0, 2}x[1]x[2}3x[3]+5a2f2[0, 2] x[1] x[213x[3] +gf2[1, 0] x[1] x[213x[3] +
4
1 1
4—a1f2[1, 0}x[1}x[2}3x[3]+ga12f2[1, 0] x[1]x[21%x[3] +
1 1 1
5f2[1, 171 x[1] x7271%x[3] +Ealf2[l' 17 x[1] x[21%x[3] +Ef2[1, 21 x[1]x[21%x[3] +
1

1 1 1
— alx[2]*x[3]+ —al1?x[2]1*x[3] + — al®x[2]%x[3] + — al*x[2]*x[3] +
120 48 36 48
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1 1 1
— al®x[2]%x[3] - — a2x[2]%*x[3] - —ala2x[2]*x[3] - — al?a2x[2]*x[3] -
120 120 48

1 1
— al®a2x[2]%x[3] - — al*a2x[2]*x[3] + — f2[0, 0] x[2]*x[3] +
120 24
1 1
—alf2[0, 0] x[21*x[3] + —al?f2[0, 0] x[2]*x[3] + — al®f2[0, 0] x[2]*x[3] +
12 12 24

1 1
— 270, 11 x[2]1*x[3] + —alf2[0, 1] x[2]*x[3] + —al?f2[0, 1] x[2]*x[3] +
6 4 6

1 1
—f2[0, 21 x[2]*x[3] + —alf2[0, 2] x[2]*x[3] + —f2[0, 3] x[2]*Xx[3] +
4 4 6

1

0 (- (x[1]+x[2])2 (x[21% +x[2] (X[1] +X[2]) + (X[1] +x[2])?) x[3] +

x[212 (-x[2]2x[3] -x[2] (x[1] +x[2]) x[3])) 25+O[z16H .

1

Y{l, 3, 0, PH 1+E (X[1] +2x[2]) z+ — (X[2]%+X[2] (X[1] +X[2]) + (X[1] +X[2])?) 2% +

6
1

a((x[1]+x[2])2<x[11+2x[21>+x[2] (x[21%+x[2] (x[1] +x[2]))) 2%+
1
—— ((x[1] +x[2)* +x[2]% (x[2]% +x[2] (x[1] +x[2])) +
120
(X[1] +x[2])% (x[2]%+x[2] (x[1] +Xx[2]))) 2%+
1
— ((x[1] +x[2])% (x[21%+x[2] (X[1] +x[2]) + (X[1] +X[2])?) +

X[2]17 (x[2] (x[1] +x[2])?+x[2] (x[2]%+x[2] (x[1] +x[2])))) z°+O[z]®
1 1 1 1
ﬁzs,aPﬁ1+_umz+_xmfz%__um3ﬁ+——xmﬁ4
2 6 24 120
1

—x[2}5z5+0[z]6H
720

|+

rhsl = Ar[3, 0] // F // S[sigma[l, 3], sigma[2, 3]]
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Ar 3, 0] +Y[1, 2, 0, PH

1 1 1 1 1
—x[3]z+(——x[1]x[3]——x[2}x[3] 224 |- —X[11%X[3] - —X[1] X[2] X[3] - —x[2]1%x[3]| z%+
2 2 6 4 6
1 3 1 1 1
[——x[l X[3] - — x[1]%2x[2 x[3]-—x[l]x[212x[3]-—x[2}3x[31]z4+
24 12 12 24
1 1 1
[77 [114%x[3] - — x[113x[2] x[3] - — x[1]%2x[2]?x[3] -
120 48 36
1 1
—Xx[1] x[2)%x[3] - —— [214x[3}]25+0[216] +
48 120
X[1] x[11% 1 X [2]2
Y{l, 3, 0, PH[1+ x[2]]z+ + IX[1]x[2] + 22 4
2 6 2 2
x[11® 1 1 x[2]3
+—X[11%2%x[2] + —x[1] x[2]%+ z3 4
24 6 4 6
x[11% 1 1 1 x[2714
] +— X[11%x[2] + — x[1]°%[2]%+ — x[1] x[2]%+ <) z4 4
120 24 12 12 24
x[11® 1 1 1 1 x[2]°
[} + x[l}“x[Z]+—x[1}3x[212+—x[l]zx[2]3+—x[11x[2]4+i z%+0[z]°® ]+
720 120 48 36 48 120
1 1 1 1 1
Y[z, 3, 0, PH 1+—x[2}z+—x[2}222+—x[2J3z3+—x[2]424+—x[2]525+0[z}6H
2 6 24 120 720

Ihs2 = Ar [1, 0] // F21 // S[sigma[l, 211 // S[Exp[1/2Ar[1, 1111 // S[Exp[1/2Ar [2, 2]]]

1
Ar[1, 0] +Y[1, 2, 0, PH[fa2+ ~a2x[1] +f2[0, 0] x[1] 75a2 (al x[1] +a2x[2])Jz+

1 1
[7Ea2x[1]27Ea1a2x[1]2+f2[0, 0] x[1]%2+f2[0, 1] x[1]2-

1 1
Eazzx[l}x[2]+f2[1, 0] x[1] x[2] 7ga2 (alx[1] +a2x[2])2 +

2

1
— (f2[0, 0] x[1] (alx[1l] +a2x[2]) -a2 (f1[0, O] x[1] x[2] -f2[0, O] x[1] Xx[2])) | z“ +

2

1 1 1 1 1
[——aZx[1]3——a1a2x[1]3——a12a2x[1}3+—f2[0, 0] x[1]3+ —al1f2[0, 0] x[1]%+f2[0, 1]
6 4 6 2 2

1 1 1 1
x[1]3+5f2[0, 2] x[1]3—za22x[1]2x[2] —galazzx[l]zx[Z] _EaZfl[O' 0] x[1]%x[2] +
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1
a2f2[0, 0] x[1]2x[2] +f2[1, 0] x[1]%x[2] +f2([1, 1] x[1]1%2x[2] - —a2®x[1] x[2]%+
6

1 1 1
—f2[2, 0] x[1]x[2]*°- —a2 (alx[1] +a2x[2])%+ — (f2[0, 0] x[1] (alx[1] +a2x[2])%-
2 24 6

2a2 (alx[l] +a2x([2]) (f1[0, O] x[1]x[2] -f2[O, O]x[l}x[Z])>+

1
2 (f2[0, 0] x[1] (f1[0, 0] x[1] x[2] -f2[0, 0] x[1] x[2]) +
(alx[1] +a2x[2]) (f2]0, 1] x[112+f2[1, 0] x[1] x[2]) -a2
(f170, 11 x[11%x[2] -f2(0, 1] x[1]®x[2] +f1[1, 0] x[1] x[2]*-f2[1, 0] x[1]x[2]?))
1 1 1 1 1
+|-—a2x[11*- —ala2x[1]*- —al?a2x[1]*- —a1®a2x[1]*+ —f2[0, 0] x[1]*+
24 12 12 24 6

1 1 1
—alf2[0, 0] x[1]%+ —al?f2[0, 0] x[1]%+ —f2[0, 1] x[1]*+
4 6 2

1 1 1 1
—alf2[0, 1] x[1]%+ —f2[0, 2] x[1]%+ —f2[0, 3] x[1]*- —a2?x[1]°®x[2] -
2 2 6 12
1 1 1
g:;11a22x[1]3x[2] 7§a12a22x[1]3x[2} - —a2f1[0, 0] x[11%x[2] -

4

1 1 1
galazfl[o, 01 x[11%x[2] 75a2f1[0, 1] x[11%x[2] +Ea2f2[0, 0] x[11%x[2] +

2 1 1
—ala2f2[0, 0] x[113x[2]+ —f1[0, 0] f2[0, O] x[1]®x[2] - —f2[0, 01%x[1]1°x[2] +
3 2 2

1 1
a2f270, 11 x[11%x[2] +Ef2[1, 0] x[11%x[2] +5a1f2[1, 0] x[11%x[2] +
f2[1, 1] x[113x[2] + —f2[1, 2] x[1]1®x[2] - — a2®x[1]?x[2]? -

1 1
Eazzfz[o, 0] x[1]1%2x[2]2+a2f2]1, 0}x[1]2x[2]2+5f2[2, 0] x[1]%2x[2]%+

1 1 1
—f272, 1] x[1]1%x[2]%2- —a2*x[1]1x[21%+ —f2[3, 0] x[1]x[2]°%-
2 24 6

1 1
— a2 (alx[1] +a2x[2])*+ — | (F1[0, 0] x[1] x[2] -f2[0, 0] x[1] x[2])
120 2

(f2r0, 1] x[1]%+f2[1, 0] x[1] x[2]) +f2[0, 0] x[1]

(f1[0, 1] x[11%x[2] -f2(0, 1] x[1]®x[2] +f1[1, 0] x[1] x[2]®-f2[1, 0] x[1] x[2]?) +
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1 1
(alx[1] +a2x[2]) |—f2[0, 2] x[21]%+f2[1, 1] x[1]?x[2] + —f2[2, 0]x[1}x[2}2] -
2 2

1
a2 Efl[o, 2] x[113x[2] 7Ef2[0, 2] x[113x[2] +f1[1, 1] x[1]%2x[2]%-

1
b
24
(—2a2 (alx[1]+a2x[2})2(fl[0, 0] x[1] x[2] -f2]0, O}X[l]x[Z})+(a1x[1}+a2x[2])2
(f2[0, 0] x[1] (alx[1] +a2x[2]) -a2 (f1[0, 0] x[1] x[2] -f2[0, O] x[1] x[2]))) +

1 1
f211, 1]x[1}2x[2}2+5f1[2, 0] x[1] x[2]375f2[2, 0] x[1] X[Z]S]]

1
. (2f2[0, 0] x[1] (alx[1] +a2x[2]) (f1[0, 0] x[1] x[2] -f2(0, 0] x[1] Xx[2]) +
(alx[1] +a2x(2])% (f2[0, 1] x[1)%+f2[1, 0] x[1] x[2]) -
a2 ((f1[0, 0] x[1]x[2] -f2[0, 0] x[1]x[2])?+2 (alx[1] +a2x[2]) (f1(0, 1] x[1]?
x[2] -f2[0, 1] x[1]%x[2] +f1[1, 0] x[1] x[2]%-f2[1, O] x[1] x[2]?)))|z*+
1 1 1 1 1
- ——a2x[1]°- —ala2x[1]°- —a1?a2x[1]°- —a1®a2x[1]°- — a1*a2x[1]%+
120 48 36 48 120

1 1 1

—f2[0, 0] x[1]°+ — alf2[0, 0] x[1]%+ — al?f2[0, O] x[1]%+

24 12 12

1 1 1 1

—al®f2[0, 0] x[1]%+ —f2[0, 1] x[1]°+ —alf2[0, 1] x[1]%+ —al1?f2[0, 1] x[1]%+
24 6 4 6

1 1 1 1

— 270, 21 x[1]1%+ —al1f2[0, 2] x[1]%+ —f2[0, 3] x[1]1%+ —f2[0, 4] x[1]°-

4 4 6 24

1 1 1
— a2?x[1]1*x[2] - —ala2?x[1]*x[2] - — al?a2?x[1]*x[2] -
48 18 16

1 1 1

— a1%a2?x[1]1%x[2] - —a2f1[0, 0] x[1]*x[2] - —ala2f1[0, 0] x[1]*x[2] -

30 12 6

1 1 1

galzazfl[o, 0] x[11%x[2] 7Za2f1[0, 1]x[1}4x[2]7§a1a2f1[0, 1] x[11%x[2] -

1 1 1
—a2f1[0, 2] x[11%x[2] +ga2f2[0, 0] x[11%x[2] +§a1a2f2[0, 0] x[11%x[2] +
4

1 1
4_a12a2f2[0, 0] x[1]1%x[2] +Zf1[o, 0]f2[0, 0] x[1]%x[2] +

1 1
galfl[o, 01270, O]x[1}4x[2]+5f1[0, 11f2[0, 0] x[11%x[2] -

1 1 1
—f2[0, 01%2x[1]1%x[2] 7§a1f2[0, 012x[11%x[2] +5a2f2[0' 1] x[11%%x[2] +
4
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2 1

—ala2f2[0, 1] x[1]%x[2]+ —f1[0, 0] f2[0, 1] x[1]*x[2] -

3 2
1 1

f270, 01f2[0, 1] x[1]*x[2] + —a2f2[0, 2] x[1]*x[2] + —f2[1, O] x[1]*x[2] +
2 6

1 1 1
4—a1f2[1, 0] x[1]1%x[2] +ga12f2[1, 0] x[1]1%x[2] +Ef2[1, 11 x[114x[2] +

1 1 1
Ea1f2[1, 1] x[11%%x[2] +Ef2[1, 2] x[1]1%%x[2] +gf2[1, 3] x[1]1%x[2] -

1 1 1
— a2®x[1]1%x[2]%- —ala2®x[1]%x[2]%- —al1?a2®x[1]°x[2]%-
36 16 20

1 1 1
—a22f1[0, 0] x[11%x[2]%2- —ala22f1[0, 0] x[1]1®x[2]2- —a2f1[0, 012x[11°x[2]%-
6 4 6
1 1 1
—a22f1[0, 11 x[11%x[2]1%2-—a2f1[1, 0] x[1]®x[2]%2- —ala2f1[1, O] x[1]1%x[2]%2-
3 4 3
1 1 3
—a2f1[1, 11 x[113x[2]%2+ —a22f2[0, 0] x[1]®x[2]%+ —ala22f2[0, 0] x[1]%x[2])%+
2 4 8
2 1
—a2f1[0, 0]f2[0, 0] x[1]®x[2]%2+ —f1[1, 0]f2[0, 0] x[1]®x[2]2-
3 2
1 1 1
—a2f2[0, 012x[11%x[21%+ —a22f2[0, 17 x[11%x[2]%2+ —a2f2[1, 0] x[1]®x[2]%+
2 2 2
2 1
—ala2f2[1, 0] x[113x[2]%+ —f1[0, O] f2[1, 0] x[11%x[2]%-
3 2
1
f270, 01f2[1, 0] x[1]13x[21%2+a2f2[1, 1] x[1]1%x[2]%2+ —f2[2, 0] x[1]1®x[2]%+
4
1 1 1
—alf2[2, 0]x[11°x[2]%2+ —f2[2, 1] x[11®x[2]%+ —f2[2, 2] x[1])%x[2])%-
4 2 4
1 1 1
— a2*x[11%x[21%- —ala2*x[11%x[2]%- —a2%f1[0, 0] x[1]%x[2]%-
48 30 8
1 1 1
—a22f1[1, 0] x[11%x[2]1%- —a2f1[2, 0] x[11%x[2]%+ —a2%f2[0, O] x[1]1%x[2]%+
3 4 6

1 1 1
—a22f2[1, 0] x[11%x[2]%+ —a2f2[2, 0] x[1]1%x[2]%+ —f2[3, 0] x[11?x[2]%+
2 2 6

1 1 1
—f2[3, 11 x[11%x[2]%- — a25x[1]x[2]%+ —f2[4, 0] x[1] x[2]%-
6 120 24

1 1
— a2 (alx[1] +a2x[2])%+ (f2[0, 0] x[1] (alx[1] +a2x[2])*-
720 120
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4a2 (alx[1l] +a2x[2])% (f1[0, 0] x[1] x[2] -f2]0, 0] x[l]x[ZJ)) +

N | -

{(fz[o, 11 x[11%+f2[1, 0] x[1] x[2]) (f1([0, 1] x[1)%x[2] -f2[0, 1] x[1]®x[2] +
f1[1, 0] x[1]x[2]%-f2[1, 0] x[1]x[2]?) + (F1[0, O] x[1] x[2] -f2[0, 0] x[1] x[2])

1 1
[7f2[0, 21 x[113+f2[1, 1] x[1]1%2x[2] + —f2]2, O]x[l}x[Z]z] +
2 2
1 1
f2[0, 0] x[1] [—fl[o, 2] x[11%x[2] - —f2[0, 2] x[11%x[2] +f1[1, 1]x[1]®x[2]%-
2 2

1 1
f2r1, 1]x[1}2x[212+gf1[2, 0] x[1] x[213-5f2[2, 0]x[1}x[2]3] +

1 1 1
(alx[1] +a2x[2]) (gfz[o, 3]x[1}4+5f2[1, 21 x[11%%x[2] +Ef2[2, 1] x[11%%x[21%+
1

gf2[3, 0] x[1]x[2]8

1 1
gfl[o, 3] x[1]1%x[2] 7gf2[0, 3] x[11%x[2] +

-a2

1 1 1
Ef1[1, 2}x[1}3x[2J2—Ef2[1, 2]x[113x[2]2+5f1[2, 11x[11%x[2]°% -

1 1 1
—f212, 11 x[11%2x[21%3+ —f1[3, 0] x[1] x[2]%- —f2]3, O]x[l}x[Z]“]] +
2 6 6

1
ﬂ (2 (alx[1l] +a2x[2]) (f1[0, 0] x[1]x[2] -f2[0, O] x[1]x[2])

(f2[0, 0] x[1] (alx[1] +a2x[2]) -a2 (f1[0, 0] x[1] x[2] -f2[0, O] x[1] x[2])) +
(alx[1] +a2x[2])? (f2[0, 0] x[1] (f1[0, 0] x[1] x[2] -f2[0, 0] x[1] X[2]) + (Al X[1] +
a2x[2]) (f2[0, 17 x[1)%+f2([1, 0] x[1] x[2]) -a2 (f1[0, 1] x[1]®x[2] -f2[0, 1]
x[11%x[2] +f1[1, 0] x[1]x[2]?-f2[1, 0] x[1] x[2])?)) -a2 (alx[1] +a2x[2])
((f170, 0] x[1]x[2] -f2[0, 0] x[1]x[2])®+2 (alx[1] +a2x[2]) (f1[0, 1]
x[11%x[2] -f2[0, 1] x[1)%x[2] +f1[1, 0] x[1] x[2)%-f2([1, O] x[1] x[2]%))) +

[N

2 (alx[1] +a2x[2]) (f1[0, 0] x[1] x[2] -f2[0, 0] x[1] x[2])

6
(f2[0, 17 x[1]%+f2[1, 0] x[1] x[2]) + (alx[1] +a2x[2])?
1 1
(—fZ[O, 2] x[11%+f271, 1] x[1]1%x[2] + —f2[2, 0] x[1] x[2]%| +f2[0, O] x[1]
2 2

((f1[0, 0] x[1]x[2] -f2[0, 0] x[1]x[2])?+2 (alx[1] +a2x[2]) (f1[0, 1] x[1]®x[2] -
f200, 1] x[1]2x[2] +f1[1, 0] x[1] x[2]®-f2[1, 0] x[1] x[2]%)) -

a2 [2 (f1[0, 0] x[1]x[2] -f2[0, 0] x[1] x[2]) (f1[0, 1] x[1]*x[2] -f2([0, 1]
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x[1]12x[2] +f1[1, 0] x[1] x[2]®-f2[1, 0] x[1] x[2]%) +2 (alx[1] +a2x[2])

1 1
[Efl[o' 2] x[113x[2] —EfZ[o, 2] x[113x[2] +f1[1, 1] x[1]%2x[2]2-f2][1, 1]

rhs2 = Ar[1, 0] // S[Exp[Expand[1/2 (Ar[1, 1] +Ar[1, 2] +Ar[2, 11+Ar[2, 2])1]11// F

25+O[Z}GH

1 1
x[l]zx[2}2+5f1[2, 0] x[1] x[2]375f2[2, 0] x[1] x[2]3J

1
Ar[1, 0] +Y[1, 2, 0, PH[[fffal +
2

1 1 x[1] x[2] 1 1
[7—a2x[1]7f1[0, O}x[1]+—[f - Jf—alx[Z]f—al (a2x[1] +alx[2])|z+
2 4 2 2 2 2

1 1 1 (x[1] x[2])% 1
- —a2x[1]?- —a2?x[1]%-f1[1, O]X[l}z——{ + ] - —alx[1l]x[2] -

8 4 12 2 2 8

1 1 1

ga2x[1}x[2}—galaZX[l}x[Z]—Efl[O, 0] x[1)x[2]-f1[0, 1] x[1]x[2] +

1 1 1 1

—f2[0, 0] x[1]x[2] - —alx[2]?- —al?x[2]%- —al (a2x[1] +alx[2])%+

2 8 4 6

1

EH(”O’ 0] x[1] (a2x[1] +alx[2]) -al (F1[0, O] x[1] x[2] -f2[0, 0] x[1]x[2])) | z?+
1
- —a2x[11%- —a2?x[11%- —a2¥x[11%- —f172, 0] x[1]1%+

48 2

1 X[1] x[2]) (X[1] x[2])% 1 1

_[_ - [ + ] - —alx[1]?x[2] - —a2x[1]%x[2] -

48 2 2 2 2 48 24

1

—ala2x[1]12x[2] £a22x[1]2x[21——a1a22x[1]2x[2]——f1[0 0] x[11%x[2] -
—a2f1[0, 0] x[1]?x[2] - —f1[1, O] x[1]%x[2] -f1[1, 1] x[1]%x[2] +
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1 1 1 1
—alf2[0, 0] x[1]x[2]%+ —f2[0, 1] x[1]x[2]°- —alx[2]®- —al?x[2]%-
2 2 48 16

1 1 1
—al®x[2)°- —al (a2x[1] +alx[2])%+ — (-f1[0, 0] x[1] (a2x[1] +alx[2])%-
12 24

2al (a2x[1] +alx([2]) (f1[0, O] x[1]x([2] -f2][O, O]x[l}x[Z])>+

1

5 ((a2x[1] +alx[2]) (-f111, 0] x[1]%-f1[0, 1] x[1] x[2]) -
£1[0, 0] x[1] (fF1[0, 0] x[1] x[2] -f2[0, 0] x[1] x[2]) -al
(f1(1, 01 x[11%x (2] -f2[1, 0] x[1)®x[2] +f1[0, 1] x[1] x[2]*-f2[0, 1] x[1] x[2]?))
1 1 1 1 1

23+ |- —a2x[1]%- —a2?x[1]%- —a2®x[1]%- —a2*x[1]%- —f1[3, 0] x[1]%-

384 96 48 48 6

1o(x[1] x[2))* 1 1 1

— + ] - alx[11®x[2] - —a2x[11%x[2] - —ala2x[11%x[2] -

240 2 2 384 128 48

1 1 1 1
— a2?x[11%x[2] - —ala2?x[11%x[2] - —a2®x[11°x[2] - —ala2®x[1]%®x[2] -
48 16 48 12

1 1 1
Ef1[0, 0] x[113x[2] 7§a2f1[0, 0] x[113x[2] 7Za22f1[0, 0] x[113x[2] -

1 1 1
g1‘1[1, 01 x[11%x[2] 75a2f1[1, 0] x[1]1¥x[2] 721‘1[2, 0] x[113x[2] -

1 1 1
—f1r2, 11 x[11%x[2]+ —f2[0, 0] x[1]1®x[2]+ —a2f2[0, 0] x[1]1%x[2] +
2 48 8

1 1 1 1

—f2[2, 01 x[1]°x[2] - — alx[1]?x[2]%- —al1®x[1]%x[2]%2- — a2x[1]?x[2]%-

4 128 96 128

1 1 1 1
—ala2x[1]1?x[2]%- — al?a2x[1]1?x[2]%- — a2?x[1]?x[2]%- — ala2?x[1]%x[2]? -
24 16 96 16

1 1 1

—al?a2?x[1]1?x[2]%- —f1[0, 0] x[1]?x[2]%- —al1f1[0, 0] x[1]%2x[2]%-

8 24 8

1 1 1

§a2f1[0’ O}X[l}ZX[Z}Z—EalaZfl[O, 0] x[1]1%2x[2]%2- —f1[0, 012x[1]1%2x[2]?-
4

1 1 1
g1‘1[0, 11x[1}2x[2]27£azf1[0, 1]x[1}2x[2]27§f1[1, 0] x[1]1%2x[2]%-

1 1 1
Ealfl[l, 01x[112x[2}2-5f1[1, 1]x[112x[2]2—5f1[1, 2] x[11%x[2]% +



Experiments-090105.nb |17

1 1 1
27f2[0, O}X[l]zx[2]2+§a1f2[0, O}X[l]zx[2]2+§a2f2[0, 0] x[1]1%2x[2]%+
4

1 1 1
Ea1a2f2[0, 01x[112x[2]2+5f1[0, 0] f2[0, 0]x[112x[2]2—zf2[0, 0]12x[1]1%x[2]2 +

1 1 1
g1‘2[0, 1]x[1]2x[2]2+5a2f2[0, 1]x[1}2x[2]2+§f2[1, 0] x[1]1%2x[2]%+

1 1 1

—alf2[1, 0] x[11%x[2]%+ —f2[1, 1] x[1]?°x[2]%2- — alx[1]x[2]%-

2 2 128

1 1 1 1
—al?x[1]x[2)%- —a1®x[1]x[2]°- — a2x[1]x[2]®- —ala2x[1]x[2]%-
48 48 384 48

1 1 1

— al?a2x[1]x[21®- —al®a2x[1]x[2]%- —f1[0, O] x[1]x[2]%-

16 12 48

1 1 1

—alfl[0, 0] x[1]x[2]%- —al?f1[0, 0] x[1]x[2]1%- —f17[0, 1] x[1]x[2]%-
8 4 8

1 1 1

—alfl[0, 1]x[1]x[2]%- —f1[0, 2] x[1]x[2]%- —f1([0, 3] x[1]x[2]%+

2 4 6

1 1 1
E1‘2[0, O}x[l]x[2}3+§a1f2[0, O]x[l}x[2]3+1a12f2[0, 0] x[1] x[2]% +

1 1 1
gf2[0, 1}x[1}x[2}3+5a1f2[0, 1] x[1]x[21%+ —f2[0, 2] x[1] x[2]%-
4
1 1 1 1 1
——alx[2]*- —al1?x[2]%- —al®x[2]%- —al*x[2]%- — al (a2x[1] +alx[2])*+
384 96 48 48 120

1
— | (-f1r1, 0] x[1]%2-f170, 1] x[1] x[2]) (f1[0, 0] x[1] x[2] -f2[0, 0] x[1] x[2]) +
2

1 1
(a2 x[1] +al x[2]) (75f1[2, 0] x[11%-f111, 1]x[l12x[2]75f1[0, 2]x[1}x[2]2] -

f100, 01 x[1] (f1[1, 0] x[11?x[2] -f2[1, 0] x[1)%x[2] +f1[0, 1] x[1] x[2]%-f2([0, 1]

1 1
x[1] x[2]?) - al 51‘1[2, O]x[1}3x[2]75f2[2, 0] x[113x[2] +f1[1, 1] x[1]?

1
P
24
(—Zal (a2 x[1] +alx[2])2 (f1[0, 0] x[1] x[2] -f2[0, 0] x[1] x[2]) + (a2x[1] +alx[2])?

(-f1(0, 0] x[1] (a2x[1] +alx[2]) -al (f1[0, 0] x[1]x[2] -f2(0, O] x[1] X[2]))) +

1 1
X[212-f2[1, 1] x[1]°x[2]%+ —f1[0, 2] x[1] x[2]%- —f2]O0, 2]x[1]x[2}3]
2 2

((@a2x[1] +alx[2])? (-f1(1, 0] x[1]?-f1[0, 1] x[1]x[2]) -

[N

2f1[0, 01 x[1] (a2x[1] +alx([2]) (f1[0, O] x[1]x[2] -f2[0, O] x[1]Xx[2]) -
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al ((f1[0, 0] x[1]x[2] -f2[0, 0] x[1]x[2])?+2 (a2x[1] +alx[2]) (f1[1, O] x[1]?

x[2] -f2[1, 0] x[1]%x[2] +f1[0, 1] x[1] x[2]?-f2[0, 1] x[1]x[2]?)))|z*+

a2x[11® 1 1 1 1
747—a22x[1]57—a23x[1]57—a24x[1]57—a25x[1]57
3840 768 288 192 240
R A (O
—f1(4, 0)x[1)5- 22 _ S a2x(11*x[2] -
1440 3840 960
1 1
Ealazx[l]“x[m—RaZZX[lJ“x[Z]——alazzx[l]“x[Z]—
4 5
1 1
— a2®x[11%x[2] - —ala2®x[1]%x[2] - — a2*x[1]1%x[2] - — ala2*x[1]*x[2] -
144 48 192
— 1[0, 0] x[1]*x[2] - — a2f1[0, O] x[1]*X[2] - — a2?f1([0, O] x[1]*x[2] -
384 8
—a2%f1[0, 0] x[1]%x[2] - — f1[1, O] x[1]%x[2] - —a2f1[1, O] x[1]*x[2] -
—a2?f1[1, 0] x[1]%x[2] - —f1[2, 0] x[1]*x[2] - —a2f1[2, O] x[1]%x[2] -
—f1[3, 0] x[1]%x[2] - —f1[3, 1] x[1]*x[2] + f210, 0] x[1]*x[2] +

1 1 1
—f2[2, 0] x[1]1%x[2] + —a2f2[2, 0] x[1]*x[2] + —f2[3, 0] x[1]*x[2] -
16 4 12

1
— alx[11%x[2]%2- — al1®x[11%x[2]%- — a2x[11°x[2]1%- — ala2x[1]%x[2]%-
960 768 640 128

1 1 1
—al?a2x[11®x[2]%2- — a2?x[11%x[2]%?- —ala2?x[1]®x[2]%-
96 256 48

1 1 1
—al?a2?x[11%x[2]%2- — a2®x[1]1°x[2]%- —ala2®x[11%x[2]%-
32 288 48

1 1 1
— al?a2%x[1]1°x[2]%2- —f17[0, 0] x[1]°x[2]%2- —alf1[0, 0] x[1]%x[2]%-
24 128 48
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1 1 1

—a2f1[0, 0] x[11%x[2]%- —ala2f1[0, 0] x[1]%x[2]%2- — a2%2f1[0, 0] x[11%x[2]%-
24 8 16

1 1 1

—ala2?f1[0, 0] x[1]1%x[2]%- — 1[0, 01%2x[1]%%x[2]%2- —a2f1[0, 01%x[1]%x[2]%-
4 16 4

1 1 1

—f1[0, 11x[113x[2]%- —a2f17[0, 1] x[1]1°x[2]%- —a2?f1[0, 1] x[1]1%x[2]2-

48 8 4

1 1 1

—f1[1, 0] x[113x[2]%- —alf1[1, 0] x[1]°x[2]%2-—a2f1[1l, O] x[1]®x[2]2-

24 8 8

1 1 1

—ala2f1[l, 0] x[1]13x[2]%- —f1[0, O] f1[1, O] x[1]°x[2]%- —f1[1, 1]x[1]%%x[2]2-
2 2 8

1 1 1
5aZfl[l, 1}x[1}3x[2}2776f1[2, 0] x[11%x[21%2-—alf1[2, 0] x[1]1%x[2])%-
1 4

1 1 1
—f1[2, 11 x[113x[21%2- —f1[2, 2] x[11®x[21%+ f270, 0] x[113x[2]1%2+
4 4 128

1 1 1
— al1f2[0, 0] x[11%x[2]%2+ —a2f2[0, 0] x[1]1%x[2]2+ —ala2f2[0, 0] x[1]®x[2]2+
48 24 8

1 1 1

—a2%f2[0, 0] x[1]1%x[2]%2+ —ala2?f2[0, 0] x[1]13x[2]%2+ —f1[0, 0]f2[0, 0] x[1]1%x[2]%+
16 4 8

1 1

5a2f1[0, 0] f2[0, 0}x[1}3x[2]2+5f1[1, 01f270, 0] x[11%x[2]2-

1 1 1

—f270, 012x[11%3x[2]%2- —a2f2[0, 01%2x[1]1°x[2]%+ —f2[0, 1] x[11®x[2]%+

16 4 48

1 1 1

—a2f2[0, 1] x[1]®x[2]%2+ —a22f2[0, 1] x[11%x([2]%+ —f2[1, O] x[1]®x[2]%+

8 4 24

1 1 1

—alf2[1, 0] x[1]1®x[2]1%2+ —a2f2[1, 0] x[11®x[2]%+ —ala2f2[1, O] x[1]®x[2]%+

8 8 2

1 1
E1‘1[0, 0]f2[1, 0] x[1]3x[2]275f2[0, 0]f2[1, 0] x[11%x[21%+

1 1 1
gf2[1, 11x[113x[2]2+5a2f2[1, 1]X[113X[2]2+Ef2[2‘ 0] x[113x[2]2 +

1 1 1

—alf2[2, 0]x[11°x[21%+ —f2[2, 1] x[11%x[2]%- — a1 x[1]%x[2]%-

4 4 640

1 1 1 1

— a1®x[1]1%x[2]%- — al®x[11?x[2]°- — a2x[1]%x[2]®- — ala2x[1]1%?x[2]%-
256 288 960 128

1 1 1 1
— al?a2x[11%2x[21%- —al1®a2x[112x[21%- — a2?x[11%?x[2]°- —ala2Zx[11%2x[2]%-
48 48 768 96
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1 1 1
—al?a2?x[11%x[2]%- —a1®a2?x[11°x[2]%- — 1[0, 0] x[1]1%x[2]%-

32 24 128

1 1 1

—alf1[0, 0] x[1]%x[2]%- —al1?f1[0, 0] x[1]%x[2]®- —a2f1[0, 0] x[11%x[2]°-
24 16 48

1 1 1

—ala2f1[0, 0] x[1]1?x[2]%- —al1?a2f1[0, 0] x[1]?x[2]°%- —f17[0, 0]2x[1]%x[2]°-
8 4 16

1 1 1

—alfl[0, 012x[11%x[2]%- —f1[0, 1] x[1]°x[2]%- —alf1[0, 1] x[1]1%x[2]%-

4 24 8

1 1 1

—a2f1[0, 1]1x[11?x[2]%- —ala2f1[0, 1] x[1]°x[2]%- —f1[0, 0] f1[0, 1]x[1]%x[2]%-
8 2 2

1 1 1
— f170, 2] x[11%x[2]1%- —a2f1[0, 2] x[11%2x[2]%- —f1[1, 0] x[11?x[2]%-
16 4 48

1
al?f171, 0] x[112x[2]1%- —f1[1, 1]7x[11%x[2]%-

1
—alfi[l, 0] x[11%2x[2]3-
8 8

1 1
Ealfl[l, 1] x[11%2x[21%- —f1[1, 2]x[1}2x[2]3fgf1[1, 3] x[11%2x[21%+

1
— 270, 0] x[1]1%2x[2]%+
128

ﬁ‘»—\n\n—\n\p

1

alf2[0, 0] x[11%x[2]1%+ — al?f2[0, 0] x[11%x[2]%+
16

1 1 1

—a2f2[0, 0] x[11%2x[2]%+ —ala2f2[0, 0] x[11%x[2]1%+ —al?a2f2[0, 0] x[11%x[2]%+

48 8 4

1 1

—f1[0, 01f2[0, 0] x[1]%2x[2]%+ —alf1[0, 0]f2[0, O] x[1]°x[2]°%+

8 2

1 1 1

—f170, 17f2[0, 0] x[11?x[2]%- —f27[0, 012x[1]?x[2]%- —al1f2[0, 01%2x[1]%2x[2]%+

2 16 4

1 1 1

— 210, 11x[11%x[2]%+ —alf27[0, 1] x[1]1%x[2]%+ —a2f2[0, 1] x[1]%x[2]%+

24 8 8

1 1

—ala2f2[0, 1] x[11%x[2]%+ —f1[0, 0] f2[0, 1] x[1]%x[2]°%-

2 2

1 1 1

— 270, 01f2[0, 1] x[11?x[21%+ —f27[0, 2] x[1]1%x[2]%+ —a2f2[0, 2] x[1]%x[2]%+

2 16 4

1 1 1
Ef2[1, 0] x[l}zx[2}3+§alf2[l, 0] x[l]zx[2}3+za12f2[1, 0] x[11%2x[271%+

1 1 1
g1‘2[1, l]x[l]zx[2]3+5a1f2[1, 11 x[11°x[2]%+ —f2[1, 2] x[1]%x[2]%-
4

1 1 1 1
— alx[1]x[2]%- —al?x[1]x[2]*- —al®x[1]x[2]%- — al%x[1] x[2]%-
960 256 144 192
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a2x[1]x[21* 1 1 1
- ala2x[1]x[2]%- —al?a2x[1]x[2]%- —al®a2x[1]x[2]%-
3840 384 96 48

1 1 1
— al*a2x[1] x[2]%- — f1[0, 0] x[1] x[2]%- — alfl1l[0, O] x[1] x[2]%-
48 384 48

1 1 1
—al?f1[0, 0] x[1] x[2]*%- — al%f1([0, 0] x[1] x[2]%- — f1[0, 1] x[1]x[2]%-
16 12 48

1 1 1
galfl[o, 1] x[1]x[2]%- —a1?2f1]0, 1}x[1]x[2}4776f1[0, 2] x[1] x[2]% -
4 1

1 1 1

—alfl[0, 2] x[1] x[2]%- —f1[0, 3] x[1]Xx[2]*- —f1[0, 4] x[1]x[2]%+

4 12 24

1 1 1

—f2[0, 0] x[1]x[2]%*+ —al1f2[0, 0] x[1] x[2]*+ — al?f2[0, O] x[1] x[2]*+
384 48 16

1 1 1
— a1%f27[0, 0] x[1] x[2]%+ —f2[0, 1] x[1]x[2]*+ —alf2[0, 1] x[1] x[2]%+
12 48 8

1 1 1
—al?f2[0, 1] x[1] x[2]%+ —f2[0, 2] x[1] x[2]*+ —alf2[0, 2] x[1] x[2]%+

4 16 4

1 alx[2]® 1 1 1

— f2[0, 3] x[1]x[2]*- ———— - ——a1?x[2]°- — al®x[2]°- — al*x[2]° -

12 3840 768 288 192

1 1

— al1®x[21%- — al (a2x[1] +alx[2])%+ (-f1[0, 0] x[1] (a2x[1] +alx[2])"-
240 720 120

4al (a2x[1] +alx[2])% (f1[0, 0] x[1] x[2] -f2[0, 0] x[l]x[ZJ)) +

1
(F1[0, 0] x[1] x[2] -f2[0, O] x[1]Xx[2]) |-—f1[2, O] x[1]®-f1[1, 1]x[1]°x[2] -
2

N | -

1
Ef1[0, 21x[11x[212J #(-f1[1, 0] x[1]%-f1[0, 1] x[1] x[2])
(f1[1, 0] x[11%x[2] -f2[1, 0] x[1]®x[2] +f1[0, 1] x[1] x[2]®-f2[0, 1] x[1]x[2]?) +

1 1 1
(a2 x[1] +al x[2]) (7gf1[3, O]x[1}475f1[2, 1] x[113x[2] 7£f1[1, 2] x[11%x[2]% -

1 1 1
—f1[0, 3] x[l]x[2]3] ~f170, 0] x[1] |—f1[2, 0] x[1]®x[2]-—f2[2, 0]x[1]®
6 2 2

1
x[2] +f1[1, 1] x[1]%2x[2]2-f2]1, 1]x[112x[2]2+£f1[0, 2] x[1]x[2]°%-

1
—f2[0, 2] x[1] x[2]°3
2

1 1
—f1[3, 0] x[1]*x[2] - —f2[3, 0] x[1]%x[2] +
6 6

-al

1 1 1
Ef1[2, 1]x[1]3X[2}2—5f2[2, 1]x[1}3x[2]2+5f1[1, 2] x[11%%x[2]1% -



22| Experiments-090105.nb

1 1 1
—f2[1, 27 x[1]1%2x[21%3+ —f1[0, 3] x[1] x[2]%- —f2[0, 3] x[1] x[2]4]] +
2 6 6

1

Z (2 (a2x[1] +alx[2]) (f1[0, 0] x[1]x[2] -f2[0, O] x[1]Xx[2])

(-f1[0, 0] x[1] (a2x[1] +alx[2]) -al (f1[0, O] x[1] x[2] -f2[0, O] x[1] X[2])) +
(a2x[1] +alx([2])% ((a2x([1] +alx[2]) (-f1[1, 0] x[1]*-f1[0, 1] x[1]x[2]) -
f100, 0] x[1] (f1[0, 0] x[1] x[2] -f2[0, 0] x[1] x[2]) -al (f1[1, O] x[1]®x[2] -
f2[(1, 0] x[1]1%x[2] +f1[0, 1] x[1] x[2]*-f2[0, 1] x[1]x[2]?)) -al (a2x[1] +
alx[2]) ((f1[0, 0] x[1] x[2] -f2]0, 0] x[1]x[2])%2+2 (a2x[1] +alx[2]) (f1r1, o)
x[11%x[2] -f2[1, 0] x[1)%x[2] +f1[0, 1] x[1] x[2]%-f2[0, 1] x[1] x[2]%))) +

[y

. 2 (a2x[1] +alx[2]) (-f111, 0] x[1]%2-f1[0, 1] x[1] x[2])
(170, 0] x[1] x[2] -f2[0, 0] x[1] x[2]) + (a2x[1] +alx[2])?
1 1
[75f1[2, 0] x[113-f1[1, 11 x[11%2x[2] 75f1[0, 2] x[1] x[2]%| -f1[0, 0] x[1]

((F170, 0] x[1]x[2] -f2[0, 0] x[1]x[2])®+2 (a2x[1] +alx[2]) (f1[1, O] x[1]%x[2] -
f201, 0] x[1]1%x[2] +f1[0, 1] x[1] x[2]?-f2[0, 1] x[1]x[2]?)) -

al

2 (f1[0, 0] x[1] x[2] -f2[0, 0] x[1] x[2]) (f1[1, O] x[1]®x[2] -f2[1, O]
x[1]12x[2] +f1(0, 1] x[1] x[2]®-f2(0, 1] x[1] x[2]%) +2 (a2x[1] +alx[2])

1 1
[Efl[z' 0] x[113x[2] - —f2[2, 0] x[1]1%x[2] +f1[1, 1] x[1]%®x[2]2-f2][1, 1]

eqs = {
Coefficient [ hs1, Y[1, 2, 0]] == Coefficient [rhsl, Y[1, 2, 0]],
Coefficient [ hs2, Y[1, 2, 0]] == Coefficient [rhs2, Y[1, 2, 0]]
}

A very large output was generated. Here is a sample of it:

{(7”23] +alx[3] -a2x[3])z+

(alx[1]x[3] - a2x[1]x[3] +;ala2x[1]x[3] - ;a2?x[1]x[3] +f1[0, 0] x[1] x[3] +
alx[2] x[3] + 3 al?x[2] X[3] - ; a2 x[2] X[3] - ; ala2x[2] x[3] +f2[0, 0] x[2] X[3] +

(-X[2] x[3] = (X[1] +x[2]) x[3])) 22+ (<<43> + <<;>>
(<<298>> + % (- (x[1]+x[2])2 (x[21% +x[2] (X[1] +X[2]) + (x[1] +x[2])?) x[3] +

X[Z]2 (<<1>>))) z5 JrO[Z}6 = <<l>, «<1l> = <<1>>}

3 4

+ (<<1l>) 2%+

o|lP N[

<<l>>) Z

Show Less || Show More || Show Full Output || Set Size Limit...
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sol = PHSol ve [

egs,

Join[{al, a2}, flcoeffs, f2coeffs]
1

Solve:svars: Equations may not give solutions for all "solve" variables. >

A very large output was generated. Here is a sample of it:

-5+24 a2-24 a22+32 a23-576012(0, 4
Hfl[4, 0] » = - 0.4] " £1(3, 1] »
5760
_83+164 a2-184 a22+176 a2%+144 a2%+11520f 1[0, 2]-11520 a2 1[0, 2]+960 2[1, 0]+5760 a2 f 2[1, 0]-34560 f 2[1, 2] -23040 f 2[1, 3]
23040 !

«<18>, £2[0, 0] » o~ (-1+6a2), al > ; (-1+2a2>},

{fl[4, 0] e%, «<21>>, 6290}, {<1l>1}, {<l>}, <114, {<1l>},

~1-115212[0, 4]
oy Z1-t15272[0, 4]

~1-115212[0, 4]
o, Z1-115272[0, 4]
1152

{f1[4' O] 1152

, «<21>, a2 >0}, {f1[4, 0] , <21, azeo}}

Show Less || Show More || Show Full Output || Set Size Limit...

Canoni cal For m[
S[Exp[Ar[1, 3] +Ar[2, 3]]] ** F = F %% S[sigma[l, 3], sigma[2, 3]] /. sol
1

{True, True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True}

Canoni cal For m[

F21 %% S[sigma[l, 2]] »*» S[Exp[1/2Ar [1, 1]1]1] #* S[Exp[1/2Ar [2, 2]]] ==
S[Exp[Expand[1/2 (Ar[1, 1] +Ar[1, 2] +Ar[2, 11 +Ar [2, 2])]1]1]1 *+F /. sol

1

{True, True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True,
True, True, True, True, True, True, True, True, True, True, True, True, True, True, True}

Uni on[sol ]
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-5+24a2-24a2%2+32a2%-5760f2[0, 4]
{{f1[4, 0] - :
5760

f1[3, 1] >

(-83+164 a2 - 184 a2” + 176 a2® + 144 a2* + 11520 1[0, 2] -
23040
11520a2f1[0, 2] +960f2[1, 0] +5760a2f2(1, 0] -34560f2[1, 2] -23040f2([1, 3])
1
f1(2, 2] > —— (-21+62a2-106 a2” + 84 a2> + 36 a2* + 3600 f 1[0, 2] -
8640
5760 a2 f1[0, 2] +1440a2f2[1, 0] -8640f2(2, 1] -8640f2[2, 2])

f1[1, 3] - (-83 +164 a2 - 184 a22 + 176 a2® + 144 a2* + 11520 1[0, 2] -

23040
11520a2f1(0, 2] +960f2[1, 0] +5760a2f2[1, 0] -34560f2(1, 2] -23040f2(3, 1])
-5 +24a2-24a22+32a2%-5760f2[4, 0]

f1(0, 4] - ,
5760

1

34560
17280f1(0, 2] -2880f2[1, 0] +11520a2f2[1, 0] -34560f2(2, 1])

-35+28a2+12a2?-24a2%+96a2*+4320f1[0, 2] +2880a2f2[1, 0] -17280f2[1, 2]

f1[1, 2] - (-79 + 120 a2 - 288 a2” + 192 a2°® + 288 a2* +

f1[0, 3] > ,
5760
1 3

f1(3, 0] » — a2 (-1+a2°),

240

1

f1[2, 1] > (-79 +120 a2 - 288 a2” + 192 a2°® + 288 a2* +

34560

17280f1[0, 2] -2880f2[1, 0] +11520a2f2[1, 0] -34560f2[1, 2]),
49 -80a2 +48a2?-48a2%-96a2*-8640f1[0, 2] -5760a2f2[1, 0] +34560f2[1, 2]

f2[3, 0] - ,
11520
~7+8a2+24a2%>-32a2%+16 a2*
f2[0, 3] - ,
3840
3+10a2-25a2%+720f1[0, 2] -360f2[1, O]
f1[1, 1] - ,
1440
9_-20a2-10a2%-1440f1[0, 2] -720f2[1, O]
f211, 1] - ,
2880

1 1
f2(2, 0] > — (1-4a2-288f1(0, 2]), f1[2, 0] » — (1-5a2%),
288 360

1-20a2 +20 a2? 1
f2[0, 2] - , 100, 1] 5 — (1+4a2-8a2°-96f2[1, 0]),
1440 96
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1 1
f1(1, 0] » — (a2-a2%), f2(0, 1] » — (1-4a2?),
24 96
1 1
f1[0, 0] > — (-1+3a2), f2[0, 0] > — (-1+6a2),
12 24
1 ~1-115212(0, 4]
ale7(71+2a2)}, {f1[4, 0] -
2 1152
~83+11520f1[0, 2] +960f2[1, 0] -34560f2[1, 2] - 23040f2[1, 3]
f1(3, 1] - s
23040
~7+1200f1[0, 2] -2880f2[2, 1] -2880f2[2, 2]
f1[2, 2] - ,
2880
~83+11520f1[0, 2] +960f2[1, 0] -34560f2[1, 2] - 23040f2(3, 1]
f1[1, 3] > ,
23040
~1-115212[4, 0] ~79+17280f1[0, 2] -2880f2[1, 0] -34560f2[2, 1]
f1[0, 4] - ,f101, 2] > ,
1152 34560
~7+864f1[0, 2] -3456f2[1, 2]
f1[0, 3] - , f1(3, 0] >0,
1152
~79+17280f1[0, 2] -2880f2[1, 0] -34560f2[1, 2]
f1[2, 1] > ,
34560
49 - 8640 1[0, 2] +34560f2[1, 2] 7
f2(3, 0] > , 200, 3] 5 - —,
11520 3840
1
f1[1, 1] > —— (1+240f1[0, 2] -120f2[1, 0]),
480
1 1
f271, 1] > — (1 -160f1[0, 2] -80f2[1, 0]), f2[2, 0] - — (1-288f1[0, 2]),
320 288
1 1
f1[2, 0] » —, f2[0, 2] > ——, 1[0, 1] » — (1-96f2[1, 0]), f1[1, 0] >0,
360 1440 96
1 1 1 1
f270, 1] » —, f1[0, 0] » - —, f2[0, 0] » - —, al » - —, a2»0}}
96 12 24 2

Union[sol 1[[1]] /. a2 - O
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~5_576012[0, 4]

{f1[4, 0] -
5760
~83+11520f1[0, 2] +960f2[1, 0] -34560f2[1, 2] -23040f2[1, 3]
f1(3, 1] - ,
23040
~21+3600f1([0, 2] -8640f2[2, 1] -8640f2[2, 2]
f1[2, 2] > ,
8640
~83+11520f1[0, 2] +960f2[1, 0] -34560f2[1, 2] -23040f2[3, 1]
f1[1, 3] >
23040
~5_576012[4, 0] ~79+17280f1[0, 2] -2880f2([1, 0] -34560f2[2, 1]
f1[0, 4] - L f101, 2] -
5760 34560
-35:4320f1([0, 2] -1728012[1, 2]
f10, 3] - , f1(3, 0] >0,
5760
~79+17280f1[0, 2] -2880f2([1, 0] -34560f2([1, 2]
f102, 1] -
34560
49 -8640f1[0, 2] +34560f2[1, 2]
f2(3, 0] > ,
11520
7 3+720f1[0, 2] -360f2[1, O
f200, 3] » - —, f1[1, 1] - ,
3840 1440
9-1440f1(0, 2] -720f2[1, 0] 1
f201, 1] - , f2[2, 0] » — (1-288f1[0, 2])
2880 288

1 1 1
f1[2, 0] > —, f2[0, 2] > — —, 1[0, 1] > — (1-96f2[1, 0]),
360 1440 96

1 1 1 1
fHLO]»QfZW,HAAﬁflm,MA——afﬂQO}am—,ﬂa—f}
96 12 24 2



