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Project goals
« VeifyR3and R2, Jﬁrf-h 4 /W\/O/ p

e Recover the Alexander polynomial of all N
> e Recover the multi-variable Alexander polynomial of all links.
The scatter and glow of an arbitrary exponential.
@l nd an explicit BCH formula

e SolveR4 for F at the scatter level.

e Verify the pentagon.

e Solvefor F at the glow level.

e Check the Hexagons.

e Solvethe \theta-R-F equation.

o Verify the Hexagons.

e Recover the Lieberum formulas.
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Conventions

Ar[i, j] isan arrow going fromi toj.

Y[i,j,K] = [Ar]i K], Ar[j,k]] = Ar[i,K]Ar[j K] - Ar[j,K]Ar[i K]
X[YTi,j K] :=[Ar[LK], Y[i,j,KI]

THX: X[ Y[,k +X[TY [k T +X[K YL = 0

= Ad[ATi KII[A]) K]] = -[Arij], Arfj K]
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Program

1= S[sigmafi_, j_11 := SI[{
Ar[0, j1 » Ar[0, j1 + Y[O, i, ], -(Exp[-x[i1]-1)/x[i]l,
Ar[o’ |]—)Ar[0,|]+Y[O,|,], (EXp[—X[l]]—l)/X[l]],
Arfj, 01 » Arf[j, 0] + Y[i, j, 0, (Exp[x[i]]-1)/x[i]]
ja N

ReducePrimtives [prins_] : = l\/bdule[{l, hO, h1l}, prins
/7. |
Y[_, 0] - O,
Yhi_,i_, 150, \k[,l/f 5 0\/5
Y[ _,j_, k., h_17/; i>] = Y[j,i, k, Expand[-h]], /rll /
C_.*Y[.I_, i_, k., h_1] .:-> Y.[I, ik, Expand[<.:*.h]], 0/\0:) Ofﬂ// ov .
YO ., j_, k., hl 1+Y[i_,j_, k,h2 1 = Y[i, j, k, h1+h2],
Y[i_, j_, k., h_1 /; tFreeQrh, x[I_1 /; | <il= (
| =Mn[Cases[{h}, X[I_1» 1, Infinity]l;
hO = Limt [h, x[I] - 01;
hl = Expand [ (h -h0) /x[I 11;
YI[i, j, k, hO]
-Y[j, |, k, Expand[h1 x[i 111 -YI[l, i, k, Expand[hl *x[j 11]

)
}
/. Y[i_, j_, k., h_1 = Y[i, j, k, Expand[h]]
B
Scatter [S[s_List]][prinms_] := ReducePrimitives [prinms
/. {
Ar[i_,j_]1 = Distribute[Ar[Ar[i, O] /. s, Ar[0, ] /. sl1,
YIi _,j_, k., h_ ] = Dstribute[Y[
Arpi, 0] /. s, Ar[j, 0] /. s, Ar[0, k]l /. s, h
11
}
/. {Ar[i_, 0] » i, Ar[O0, j_1 » |}
/. {
Ar[Y[i_, j_, 0, h_1, k.1 = YI[i, j, k, h1,
YLLY, Y, _ 1 =» 0,
Y[i _Integer, Y[j_, k_, 0, h_1, I_, h1_1 =» Y[j, k, I, x[i]1*h=xhl],
YIY[j _, k_, O, h_1, i_Integer, I _, hl1_] =» Y[j, k, |, -x[i]+h=xhl]
}
/. A{

Arfli_, Y[O, j_, k_, h_11 =» YI[i, j, k, hy,

Arli_, Y[j_, 0, k_, h_11 =» YI[j, i, k, hy,

YO_,j_, Y[O, k_, I_, h_1, h1_1 = Y[i, j, |, -x[k]*h=xh1],
YO _, j_, Y[k_, O, 1 _, h_1, h1_1 =» Y[i, j, |, x[K]*h=xhl]

}
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= The braid group on two strands is commutative :
n4= Scatter [S[sigma[l, 2]]1]1[Ar [1, 2]] // ReducePrimtives

outa= Ar [1, 2]

= Locallity in Scale(?.;wz;!?wé;m)g(’f ’%(J

nsl= (Ar [1, 2] // Scatter [S[sigma[3, 1]1]]1) // Scatter [S[sigma[3, 2]]1]

ousl= Ar [1, 2]

= (Ar [2, 1] // Scatter [S[sigma[3, 1]]]) // Scatter [S[sigma[3, 2]]]

Ly sat — kb o

Lo(’\

m Overcrossings Commute

n[7= ocl = {Ar[1, 41, Ar[2, 4], Ar[3, 4], Ar[4, 11, Ar[4, 2], Ar[4, 3], Ar[1, 2], Y[1, 2, 3, 1],
Yr2, 3, 1, 11, YI[3, 1, 2, 11} // Scatter [S[sigma[l, 2]]1] // Scatter [S[sigma[l, 3]]]

ex[l] 1 ex[l]
out7] {Ar[l 47, Ar[2, 4] +Y][1, 2, 4, - ; },Ar[s,, 41+Y[1, 3, 4, - .
X[1] Xx[1] x[1] x[1]
1 e 1] 1 e 1]
Ar (4, 1] +Y{1, 4, 2, - +Y[1, 4, 3, -
X [1] X [1] X [1] X [1]
1 eXI1] e 1]
Ar (4, 2]+Y[1, 4, 2, - + ] Ar [4 3]+Y{1 4, 3, - + ],Ar[l 2]
X[1] X[1] X[1] X[1]
x[3] M x[3] x[3] eMIx[3]
Y1, 2, 3, 1], Y[l, 2, 1, - ]+Y[1, 2, 2, - ]+
X[1] X[1] X [1] X[1]
x[3] M x[3] x[2] Mlx[2]
Y[1, 2, 8, - [<v[L 3 1, - . .
X[1] X[1] X[1] X[1]
x[2] ellx[2] x[2] eMx[2]
Y[l, 3, 2, - + +Y{1, 3, 3, - . ]+Y[2, 3, 1, 11, Y[1, 3, 2, 71]}
X[1] X[1] X[1] X[1]

in[gl:= oc2 = {Ar [1, 4], Ar[2, 4], Ar[3, 4], Ar[4, 1], Ar[4, 2], Ar[4, 3], Ar[1, 2], Y[1, 2, 3, 1],
Y2, 3, 1, 11, YI[3, 1, 2, 11} // Scatter [S[sigma[l, 31]1] // Scatter [S[sigma[l, 2]]1;
Thread [

q ocl ==
/\’\Uj oc2]

outlg]= True
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inf10p= t1 =
{Ar [1, 4], Ar[2, 4], Ar[3, 4], Ar[4, 11, Ar[4, 2], Ar[4, 31} // Scatter [S[sigma[l, 2111 //

Scatter [S[sigma[l, 3]11] // Scatter [S[sigma[2, 3]]]

1 eX 1]
out[10}= {Ar (1, 4], Ar (2, 4] +Y|1, 2, 4, - .
X[1]  x[1]
x[3] M x[3]  e*2x[3] eX[MIX[2 x[3]
Ar[3, 4] +Y{1, 2, 4, - + N - N
X[1]x[2] x[1]x[2] Xx[1]Xx[2] X[1] x[2]
ex[Z] ex[l]+x[2] 1 ex[2]
Y[l, 3, 4, - . +Y[2, 3, 4, - + ]
X[1] X[1] X[2] x[2]
1 e 1 eX
Ar 4, 1] +Y{1, 4, 2, - +Y[1, 4, 3, -
X[1] X [1] X [1] X[1]
1 e—x[l] e—x[l] e—x[l]—x[Z] e—x[2]
Ar[4, 2] +Y{1, 4, 2, - . ]+Y{1, 4, 3, - . - + +
X[1] X[1] X[1] X[1] X[1] X[1]
1 e—x[Z] e—x[l]—x[Z] e—x[Z] 1 e—x[Z]
Y[z, 4, 3 - , Ar[4, 31+Y|[1, 4, 3, - ]+Y[2, 4, 3, - +
X[2] X[2] X[1] X[1] X[2] X[2]
n11)= t2 =

{Ar[1, 4], Ar[2, 4], Ar[3, 4], Ar[4, 11, Ar[4, 2], Ar[4, 31} // Scatter [S[sigma[2, 3111 //
Scatter [S[sigma[l, 3]]] // Scatter [S[sigma[l, 2]1]

outfi1]= {Ar (1, 4], Ar[2, 4] +Y|1, 2, 4, -

X [3] Xl x[3] X2 x[3] X121 x[3]

A3, 41+ Y[1, 2, 4, - n " . .
X[1]x[2] x[1]x[2] Xx[1l]Xx[2] X[1] x[2]

X[2] ex[l]+x[2] 1 ex[Z]

Ar[4, 2] +Y[1, 2, 3, 0] +Y|1, 4, 2, -

1 efx[l] efx[l]fx[Z] e—x[Z] 1 e—x[Z]

x[1]  x[1] x[1] x[1] }

in12]:= ReducePrimtives [t1-t2]

oufiz= {0, 0, 0, 0, O, 0}
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