
Pensieve header: Solving the $PR^4$ relation degree by degree.

Startup

In[ ]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\SL2Portfolio2"];

<< "../Profile/Profile.m";

<< "Engine-Speedy.m";

HL[ℰ_] := Style[ℰ, Background → If[TrueQ@ℰ, , ]];

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: June 2018. Original version: July 1994.

The Objects

Symmetric Algebra Objects

In[ ]:= smi_,j_→k_ := {i,j}→{k}[bk (βi + βj) + tk (τi + τj) + ak (αi + αj) + yk (ηi + ηj) + xk (ξi + ξj)];

sΔi_→j_,k_ := {i}→{j,k}βi bj + bk + τi tj + tk + αi (aj + ak) + ηi (yj + yk) + ξi (xj + xk);

sSi_ := {i}→{i}[-βi bi - τi ti - αi ai - ηi yi - ξi xi];

sηi_ := {}→{i}[0];

sϵi_ := {i}→{}[0];

In[ ]:= sσi_→j_ := {i}→{j}[βi bj + τi tj + αi aj + ηi yj + ξi xj];

sΥi_→j_,k_,l_,m_ := {i}→{j,k,l,m}[βi bk + τi tk + αi al + ηi yj + ξi xm];

The CU Definitions

In[ ]:= cΛ = ηi +
ⅇ-γ αi-ϵ βi ηj

1 + γ ϵ ηj ξi

yk + βi + βj +
Log[1 + γ ϵ ηj ξi]

ϵ
bk +

αi + αj +
Log[1 + γ ϵ ηj ξi]

γ
ak +

ⅇ-γ αj-ϵ βj ξi

1 + γ ϵ ηj ξi

+ ξj xk;

Define[cmi,j→k = {i,j}→{k}[cΛ]]

In[ ]:= Define[cσi→j = sσi,j /. τi → 0, cϵi = sϵi, cηi = sηi, cΔi→j,k = sΔi→j,k,

cSi = sSi // sΥi→1,2,3,4 // cm4,3→i // cmi,2→i // cmi,1→i];

In[ ]:= $k = 1; (*ℏ=γ=1;*)

Booting Up QU

In[ ]:= Define[aσi→j = {i}→{j}[aj αi + xj ξi], bσi→j = {i}→{j}[bj βi + yj ηi]]
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In[ ]:= Defineami,j→k = {i,j}→{k}(αi + αj) ak + j
-1

ξi + ξj xk,

bmi,j→k = {i,j}→{k}(βi + βj) bk + ηi + ⅇ
- ϵ βi ηj yk

The PR4 Equation

rhs = (Ro1,u1 Ro3,u2 Ro2,u3 Ro4,u4) // bmo1,o3→o1 bmo2,o4→o2 amu1,u3→u1 amu2,u4→u2

Out[ ]= {}→{o1,o2,u1,u2}ℏ au1 bo1 + ℏ au2 bo1 + ℏ au1 bo2 + ℏ au2 bo2, ℏ Bo2 xu1 yo1 + ℏ Bo2 xu2 yo1 + ℏ xu1 yo2 + ℏ xu2 yo2,

1 + -ℏ2 au1 Bo2 xu2 yo1 -
1

4
γ ℏ3 Bo2

2 xu1
2 yo1

2 -
1

4
γ ℏ3 Bo2

2 xu2
2 yo1

2 -

ℏ2 au1 xu2 yo2 + γ ℏ3 Bo2 xu1 xu2 yo1 yo2 -
1

4
γ ℏ3 xu1

2 yo2
2 -

1

4
γ ℏ3 xu2

2 yo2
2 ϵ + O[ϵ]2

In[ ]:= lhs = Roa,u1 Rob,u2 // bmoa,ob→o (Ro1,ua Ro2,ub // amua,ub→u) // Po,u;

In[ ]:= lhs ≡ rhs

Out[ ]= True

Solving the PR4 Equation
In[ ]:= Invert[R_, k_]i_,j_ := {i,j}→{}βi αj / ℏ, ηi ξj / ℏ, 1 + Ifk ⩵ 0, 0, Invert[R, k - 1]i,jk[3] -

R1,2 // Invert[R, 0]1,jk Invert[R, k - 1]i,2k[3]

In[ ]:= RR[0]i_,j_ := {}→{i,j}[ℏ aj bi, ℏ xj yi, 1];

PP[0]i_,j_ := Invert[RR[0], 0]i,j;

In[ ]:= Eq[k_] :=

LastRR[k]o1,u1 RR[k]o3,u2 RR[k]o2,u3 RR[k]o4,u4 // bmo1,o3→o1 bmo2,o4→o2 amu1,u3→u1 amu2,u4→u2 -

LastRR[k]oa,u1 RR[k]ob,u2 // bmoa,ob→o RR[k]o1,ua RR[k]o2,ub // amua,ub→u // PP[k]o,u

In[ ]:= Block[{$k = 0}, Eq[0]]

Out[ ]= O[ϵ]1

In[ ]:= Block[{$k = 1}, Eq[0]]

Out[ ]= γ ℏ3 Bo2 xu1 xu2 yo1 yo2 ϵ + O[ϵ]2
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In[ ]:= RR[1]i_,j_ := {}→{i,j}ℏ aj bi, ℏ xj yi,

1 + ϵ f1[bi] + f2[bi] yi xj + f3[bi] yi
2 xj

2
+ f4[bi] aj + f5[bi] aj yi xj + f6[bi] aj

2
 + O[ϵ]2;

PP[1]i_,j_ := Invert[RR[1], 1]i,j;

PP[1]i,j

Out[ ]= {i,j}→{}
αj βi

ℏ
,

ηi ξj

ℏ
,

1 + -f1
αj

ℏ
 -

ηi ξj f2
αj

ℏ


ℏ2
-

ηi
2 ξj

2 f3
αj

ℏ


ℏ4
-

βi f4
αj

ℏ


ℏ
-

βi ηi ξj f5
αj

ℏ


ℏ3
-

βi
2 f6

αj

ℏ


ℏ2
ϵ + O[ϵ]2

In[ ]:= Block[{$k = 1}, RR[1]i,j // PP[1]i,k]

Out[ ]= {k}→{j}aj αk, xj ξk, 1 + O[ϵ]2

In[ ]:= CoefficientRules[Simplify@SeriesCoefficient[Block[{$k = 1}, Eq[1]], 1],

{au1, au2, xu1, xu2, yo1, yo2}] // Column

Out[ ]=

{1, 1, 0, 0, 0, 0} → -2 f6[bo1] - 2 f6[bo2] + 2 f6[bo1 + bo2]

{1, 0, 0, 1, 1, 0} → -Bo2 f5[bo1] + Bo2 f5[bo1 + bo2] + 2 γ ℏ Bo2 f6[bo2]

{1, 0, 0, 1, 0, 1} → -f5[bo2] + f5[bo1 + bo2]

{0, 1, 1, 0, 1, 0} → -Bo2 f5[bo1] + Bo2 f5[bo1 + bo2] + 2 γ ℏ Bo2 f6[bo2]

{0, 1, 1, 0, 0, 1} → -f5[bo2] + f5[bo1 + bo2]

{0, 0, 1, 1, 2, 0} → -2 Bo2
2 f3[bo1] + 2 Bo2

2 f3[bo1 + bo2] - 2 γ2 ℏ2 Bo2
2 f6[bo2]

{0, 0, 1, 1, 1, 1} → γ ℏ3 Bo2 + 4 Bo2 f3[bo1 + bo2] + 2 γ ℏ Bo2 f5[bo2]
{0, 0, 1, 1, 0, 2} → -2 f3[bo2] + 2 f3[bo1 + bo2]

{0, 0, 0, 0, 0, 0} → f1[bo1] + f1[bo2] - f1[bo1 + bo2]

In[ ]:= CoefficientRules[Simplify@SeriesCoefficient[Block[{$k = 1}, Eq[1]] /. f1 2 4 5 6[_] → 0, 1],

{au1, au2, xu1, xu2, yo1, yo2}] // Column

Out[ ]=

{0, 0, 1, 1, 2, 0} → -2 Bo2
2 f3[bo1] + 2 Bo2

2 f3[bo1 + bo2]

{0, 0, 1, 1, 1, 1} → γ ℏ3 Bo2 + 4 Bo2 f3[bo1 + bo2]
{0, 0, 1, 1, 0, 2} → -2 f3[bo2] + 2 f3[bo1 + bo2]

In[ ]:= CoefficientRulesSimplify@

SeriesCoefficientBlock[{$k = 1}, Eq[1]] /. f1 4 5 6[_] → 0, f3[_] → -γ ℏ
3
 4, 1,

{au1, au2, xu1, xu2, yo1, yo2} // Column

Out[ ]=
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