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Uy, conventions. “consolidate” PeclareAlgebra[CU, Generators » {y, a, x}, Centrals » {t}];

— phye _ g - . Blacy, Yol = -7 Yous B[Xcus 3cw] = -¥ Xous
=e"", H = {a, x)/(la, x] = yx) with
4 : ¢ Y(la, x] = yx) B[Xcus Youl = 2€ acy - t 1y

A=e  xA=qgAx, Sy(a,Ax)=(-a,A"' -A7T'X),  (secUey = -ycu; S@acy = -acy; S@Xcy = ~Xcu3)
Apla, A, x) = (a) +ax, AjAz, x1 + A1x2) S; [CU, Centrals] = {ti » -t3};
and dual H* = (b, v)/([b,y] = —€y) with DeclareAlgebra[QU, Generators - {y, a, x},

_ ~hyb AU . N -1 -l Centrals - {t, T}];
B=e™" By=qyB, Sy(b,B,y)=(-b,B",-yB™"), q-ss[es];

Ap-(b, B,y) = (b1 + b2, B1 B2, y1 B2 + y2). Blag, Youl = -¥ Youi BlXqus aqu] = - ¥ QUex;
Pairing by (a,x)* = hi(b,y) (= (B,A) = ¢) making (y'b',a’x*) = Blxqu, youl = (q-1) QUe{y, X} +
0ij0uh™ IV jik], so R = 3 Wﬁ%ﬂé Then U = H*P ® H o[ss[(1-Te™?**") /n], (a}];
With ()WUg) = WS~ f)Ws. i) @w2)( frg) and (38¥en = 0w [$3[-T & 23] (0 V33 Senin ~aaus
SOnbrax) = (B 'y, b —a. A1), Sexq = Ou[SS[-e"**x], {a, x}];)

Si_[QU, Centrals] = {t; » -ti, Ti-Ti'};
Aly,b,a,x) = (y1 +y2B1, b1 + by, ay + az, x1 + Ajx2). DeclareMorphism[Ce, CU -+ CU, {y - -Xcy, @ - -acu, X = -Yeu},

With the central 7 := ea — yb, T = " = A~V2B1/2 get {ts-t, T-T3)];
[a,yl = —yy, [b,x]=€x, xy—gqyx=(1-TA?»/h. DeclareMorphism[Qe, QU - QU,
Cartan: 0(y,b,a,x) = (=B~ 'T"2x,—b,—a,-A7'T~'2y). (Sug- {y-0u[ss[-T*?e"**x], (a, x}], a - -aq,
gesting that it may be better to redefine y — y = fx =  x-0@[sS[-T"2e"*?y], (a, y}]}, {t=-t, ToT7}]
ATIT 2y Can the AD and S D formulas be written so as to manifestly see
At € = 0, Upp = (boy.a.x)/([b,)] = 0,[a,x] = their lowest term in €? This may allow more flexibility with $k.

yx, la,v] = =yv. [x,y] = (1 = e ™) /h) with Ab,y,a, x)
(by + ba,yy + ™y ap + ar,x; + x2) and 6(y,b,a,x)
(—e™P12x, —b, —a, —e""/2y), Cosh[n (aes 2 - )] - Ccosh[h f (tx2) 2,00 ]
Working Hypothesis. (.1, v, a, x) makes a PBW basis. AD$f = ¥ ;
Casimir. w = yyx + ea® — (t — ye)a, satisfies.... Roland in ne’ (e et/2) sinh[ 2] (a’esaye-at-u)
MixOrder.pdf: Centrals are valuable; perhaps we should write AD$w =y CU[y, x] +eCU[a, a] - (t-ye) CU[a];

everything in CU/QU as (x V y)-(centrals). DeclareMorphism[AD, QU - CU,
{a - aqy, x » CU@x,

¥y =+ Sy [SS[ADSF] /. e s e, a—» agy, w-> AD$w] *+ Y}l

27[(05!1[ m] Cosh[t=i2es e ]] .

S:I.nh[xz—] (t(2a+y)-2a(a+y)e+2w)h

Or perhaps better, these should be written in implicit form and
solved by power series.

Scaling with deg: {y,e,a.b,x,y} — 1, {i} - =2,{1} —
2, {w) — 3.

SD$g =
Verification (as in Projects/PPSA/Verification.nb).
$p=2; $k=2;
(# $k can't be «» at least because of Faddeev-Quesne. #

SD$F = simplify[e"‘ (t/2-e3) (spgg /. (a - -a, t--t}) ];
SD$w = yCU[y, x] +eCU[a, a] - (t-ye) CU[a] -t¥v1lw/2;

= If[$k=0, e=0, e /: € /; k>$k :=0]; DeclareMorphism[SD, QU - CU, {a - acy,
Fl 7‘ (+ $k=0 fails in Series[..{&;.s+1] *) X - Sy [SS[SD$F] /. e» €, a - agy, - SDIw] ** Xgy,
SetAttributes[{SS, SST}, HoldAll]; Y*scu[sslsﬂgl /-e>€,a>aq, @ SD$@] ** Yo }]
TRule = {Ti -+ e“i, T- GM}; e ,n [x_] i=e” Z (1 Q)] ], e; [x_] 1= eg,gk[x]
SS[&_] := Block[{h, €}, (* Shielded Series &) 3 1(1-4)
Collect [Normal@Series[=, (n, @, $p}]1, 1, Together] 1; QU[R: ,; ] i= D [55[03'”’1 2eq[Ay1X] /. b1yt (ear-ti)],
SST[£] := (Y1, a1}is {32, X2}5];
Block[{h, €}, QU[R:*; ] := S;@QUIR,;];
Collect[Normal@Series[~ /. TRule, {h, @, $p}], &, etAttributes[{C0, Q0}, Orderless];
Together] ]; quaco[specs Ly EW,0 ,P 1] := ocu[ss[/'*? P], specs];
B QUeQo [specs___, E[475 0, P_1] i= Oq[sS[e#?P], specs];
mp[& 3
sir[rp[i, Collect [Normal@Series[, {h, @, $p}], &, P@Yeu = PBY = (: g ); peacy = p@ay = [; g )';

Expand] &];
SimpT[& ] := Collect[s, _CU| _QuU,
Collect[Normal@Series[~ /. TRule, {h, @, $p}1, &, .o[e ] 1= MatrixExp[p[£]]1;
Expand] &]; pl&] :=
DP. wp, s, [PL1[A] = (67- {tsve, Toee} .
Total [CoefficientRules ([P, {=, 5}] /.
({m_, n_} »c_) »cD[A, {x, m}, {¥, n}]]

p@Xcy = (g XN P@Xou=55@(2 (1-.—152)/“3!:) ];

(U:CU | QU) [u ]:»Fold[Dot, (; g), pmwe{u}]]

M 0 P R . - AN ] / o~ r.-.A B - - ,r ]
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Fear Not. If G = e®'ye ¢ then F = e Welele ™" = ¢ el
satisfies d,F = —yF' + FG and Fy— = 1:
A[U_] :=Module[{G, F, fs, f, bs, e, b, es},
G = Simp[Table[£" /kt, (k, @, $k+1}].
NestList[Simp[B[x,, 711 &, ¥u, $k+1]];
fs = Flatten@Table[f,:,,c[n], {1, @, $k}, {i, @, 1},
{i, e, 1}, {k, @, 1}];
F=fs.(bs="Fs/.f,i,j,[n]=e vely,a,x"});
es = Flatten[Table [Coefficient[e, b] =8,
(e, {(F-1,/.n=>0, FaxG-yy*xF-8,F}}, {b, bs}11;
F /.DSolve[es, fs, n][1] /. {e- » 1, U~ Times}];
wc[CU] =t; wc[QU] = (T-1) /h;
A[U_] :=
A[U] = Module[{Q, w},
Q=(-WéEn+ny+Ex+5yx) / (1+wd);
Collect[(1+w8) " e DPep,,nan, [A[U1] [€°] /. wwe[U],
e, Simplify]];
A[U_,t1_,T71 ,y1 ,al ,x1_, &1 , 7 _,d_] :=
A[U1 /. (t>t1, T>Tl,ysyl,a»al, x+>x1, §-+ &1,
n=77l, 6§ dl};
SWy; ,a; [
(0:Co | Qo) [OrderlessPatternSequence[
{Lh___, % ,a;,rh___}; ,more___,E[L_,Q ,P_1]1] :
o[ {Lhs aj; xi5 rh}s, more,
With[{q =e " Ex; +aay},
E[L, @ Exi+ (Q/. X @), e DPx o.,a;40,[P][e]] /.
{aou,L, £+0,0}]]
s‘uaj Wi [
(0:Co | Q0) [OrderlessPatternSequence[

{Lh___, aj 5 ¥Yio rh___}s ,more___,E[L_,Q ,P_]1]] :
'ﬂ[{“-h, Yis aj.l rh}u more,

With[{q=e " ny;+aa;},
E[L, e nyi+(Q/.yi»0), e DPy o a0, [P1[e']] /.
[a-o an.L, n- a,tq}]]
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SWu; Ly; +k [COL{LA___, Xi , ¥5 ., rh
E[L_, Q_, P_1]1] := CO[{Lh, Yk, 3k, Xk, rh};, more,
With[{q=v (EX +NYe+6XeYr -t €M)},
E[L, g+ (Q/. % |y;>8),
@9 DPyx;ng,y;40, [P] [ALCU, oy Tiy Vi @ks Xks €5 15 6]
eq]] Jovs 1+t 8) 72 /.
{6+ (85,07.y;>0), n= (a,jQ;. X -»8), a-.a,t,yjq}]]
SW, ¥k [QO[{Lh s Xi_y ¥j o rh }s » more 3
E[L_, Q_, P_11] := QO[{Lh, Y, 3k, X, rh},, more,
With[{a=v (Exc+nys+6xeyr -0 (To-1) £n)},
E[L, g+ (Q/. % |y;»0),
€% DPy;ng, 00, [PT [ATQU, ey Tes Yis @ks Xks €, 15 6]
e]] /. vo (14n7t (Te-1) 8)7 /.
{€- (6x,0/.y;>0), n> (8y,0/. xi »8), 6 dx,y,0}]]
RR[{u_i ,w_j}-»{vs__, Rk}, {ec, @}, RQ, A ]I
(©:Co | QD) [OrderlessPatternSequence [
{Lh___,u ¢ ,w_j,rh___}; ,more___,E[Q_,P_]1]1] :=
o[ {Lh, Sequenceee (i & /@ {vs}), rh}., more, E[
(RQ/o (viu|w|E|T)ys=ve)+(Q/. up | wj»8),
e "?DPy, o, ,u;-0,, [P] [ MDY SRS sS ]
eRO] /e {a/ -+ (0. 1@ /. wy = B), @ -+ (G:jQ /o= 9) s
6-8.,,.0}

Ik

}s » more 3

To do. e Consider renormalizing x and y. e Implement variable
swaps. ® Implement m;;_;. ® Implement E, RE, and the casts CU
and QU. e Reconsider the expansion of T and ¢ in the hope of
improving speed. e Can everything be done at i = 1 defining a
filtration by other means? That ought to be possible as the end
results depend on t/7T and not on #.

Aside.

series[(1-Te?"") /h, {3, 0, 3}]

1-T1 : 4
T r2eTa-2(e’hT)ats §e3h2Ta3 ro[a)*

X Suf) ritwr oo Fowbib oF3F0

O, fu,r) , Eviww, 0]==
DLl 8%, Ny LW )V) ]
/\ ot} ridwn The F il x1360

Oy fu,}, FLvtww v, 1)) ==

@UC{:L 5 x], /l v £\/, )

SL2Portfolio Page 2

V,WJ]



)—/uc}

Program (as in Projects/PPSA/Verification.nb).
Unprotect [NonCommutativeMultiply];
Attributes [NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x_]
NCM([x_, vy ,z__] :=
O*x _=_*%x0=0;
{x_Plus) «xy_:= (T*xy) &/@X;
x_ww (Y _Plus) := (x»%x 7)) & /@Y;
B[x ,x ]=0; B[x_,y ]
DeclareAlgebra[U _Symbol, opts__Rule] :=
Module[{gp, sr, cp, CE, pow,

gs = Generators /. {opts}, cs = Centrals /. {opts}},

(my=Uer) &/@gs;

gp = Alternativese@@gs; gp=gp | gp_s (» gens =)

HE S H

(X *xy) k% Z;

= Xk Y —VohkX;

sr = Thread[gs -+ Range@Length@gs]; (+ sorting - =)
cp = Alternatives @@ cs; (» cents «)
CE[&.] := Collect[s, _U,

(Expand[#] /. B% /; d>$p= @) &];
Uy [8] :=
& e {ticpwty, u U = Replace[u, x_ = xi, 1]1};
Ui [NCM[]] = pow[& , @] =U@{} =1,=U[];
BlU@(x ), Ue(y )] i=
B[Uex;, Uey;] = U;@B[Uex, Uay];
Blle(x ), ,Ue(y );]1 /; i=1=7] :=
B[uey_, Uex_] :=CE[-B[Uex, Uey]l];

t= X3

o;

X_wwly =5 L1y wwx_
(@_.#x_U) ww (b_. xy_U) :=
If[ab @, @, CE[ab (x»%xy)]];
Ulxx___, x_] #% Uly_, yy___1 :=
If [OrderedQ[{x, y} /. sr]l, U[xx, x, ¥, y¥1,
Uaxx »% (U@y »x U@x + B[U@x, Uay]) =+ Ueyy];
ve{c_.»(L:gp)",r___} /; FreeQ[c, gp] :=
CE[cU@Table[L, {n}] #+U@{r}];
ve{c_.=*L:gp, r } := CE[cU[L] »=U@{r}];
ve{c_, r___} /; FreeQ[c, gp] := CE[cU@{r}];
ve{lL_Plus, r___} := CE[Ue{s, r} & /@ L];
ve{L ,r_ __} := Ue{Expand[L], r};
U[ & NonCommutativeMultiply] :=U /@ &;
Oy[poly_, specs___] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L_List= Lo, {1}1; .
vs = Join@e@ (First /@ sp); ’ &l(‘
us = Joinee (sp /. L, = [L!.X_J/W)ﬂc{ .
CE[Total[ F//
CoefficientRules[poly, vs] /. (p_=c_) = clU@ (us’)
11 /o X a1 ij
RN

pow[E_, n_] i=pow[&E, n-1] w% 55
Sy[& ., ss___Rule] := CE@Total[
CoefficientRules[:, First /@ {ss}] /. “ ,:"Q’-l,

(p_»c_) = N\M C, $ 0
c NCM @@ MapThread [pow, {Last /@ {ss}, p}11;
S; [c_.»u U] :=
CE[(c /. S;[U, Centrals])
DeleteCases[u, _;] #=
U; [NCM @e Reverse@Cases [u, x_; =» SeUex]]]; |
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DeclareMorphism[m , U -V , ongs List, oncs_List: {}] := (
Replace[ongs, (g_-img_) = (m[U[g]] =img), {1}1;
mly] = 1v;
mlU[g_: 1] := Vi[m[Ueg]];
m[U[vs__]] := NCM@e (m /@l /@ {vs});

m[&_] := Simp[& /. oncs /. u Uwnmull;)

Si [£ Plus] := Simp[S; /@ =];

Alternative Algorithms.

Azt [CU] := Hodule[[eq, d, b, ¢, so},
eq = p@et "V, p@e 'V = pae’lV, pee (tlu-282) Lgel X,
{so} = Solve[Thread[Flatten /@ eq], {d, b, c}] /. C@1 > @;
Normal@Series[e1V-§xmétectrdy-2ecarbx ; oo,

{e, @, $k}]];

(Proposed) Agenda. Using Arhus-like techniques, construct a
map Z: Tious — Ayous» Where Ti,ys is the space of VOUS-
tangles: Virtual tangles with only Over or Under strands, some
labeled as Surgery strands, with a non-singular linking matrix be-
tween the surgery strands, modulo acyclic Reidemeister 2 moves
and Kirby slide relations, and where A, is some space of arrow
diagrams modulo appropriate relations. The construction will ei-
ther fix the definitions of 7}, and A, or will allow some flex-
ibility that will be fixed so that the following will hold true:

1. Tious should have a clearer topological interpretation, per-
haps in terms of Heegaard diagrams.

(o]

. Aypus should pair with some kind of Lie bialgebras.

3. A,ous should be the associated graded of 7., and Z should
be an expansion.

4. Ordinary tangles 7,,; and ordinary virtual tangles 7, .4
should map into 7,,,s, and when viewed on 7}, o4, the in-
variant Z should explain the Drinfel’d double construction.

It may be better to first construct a Z and only later worry about
the numbered properties. Yet property 4 has stand-alone topolog-
ical content which may be very interesting: 7, is a space with
an R3-free presentation and which contains 77,4, at least nearly
faithfully. What does it mean? To what extent does it make R3
superfluous in knot theory?

As for constructing Z, the first step should be a Z: 77, = Ay
(no surgery), which would have a prescribed behaviour on strand-
doubling.

@\/ M&l Licon A fomlwk(// W,L
U@@J& o ] LU\AJ 7\4, /‘/\’A///C/'\%mﬂ,
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