
Methodology. If P0 := Pϵ=0 and inductively ⅇξ(X·P) = ⅇξP0 X Fk(ξ) to ϵk, then F0 = 1 and with 
F = Fk = Fk-1 + ϵkφ we have F(ξ = 0) = 1

In[ ]:= SyF[0] = 1;

SyF[k_] := SyF[k] = Module{fs, bs, F, rhs, at0, atη},

fs = Flatten@Table[fi,j[η], {i, 0, 2 k}, {j, 0, 2 k - i}];

F = SyF[k - 1] + ϵ
k fs.bs = fs /. fi_,j_[η] ⧴ yi aj;

rhs = Normal@Last@CordŒQU{y1, a1, a2, y2}1, -T-1 η y1, (F /. {a → a1, y → y1})

Series-y2 T
-1

ⅇ
ℏ ϵ a2, {ϵ, 0, k} /. η → ℏ η /. η → ℏ

-1
η, a1 → a, y1 → y;

at0 = # ⩵ 0 & /@ Flatten@CoefficientList[F - 1 /. η → 0, {a, y}];

atη = # ⩵ 0 & /@ Flatten@CoefficientList(∂ηF) - T-1 y F - rhs, {a, y};

F /. DSolveAnd @@ at0⋃ atη, fs, η〚1〛

;

In[ ]:= ExpU_,0[ξ_, (X : (x y))i_, P_] := ŒU[{yi, ai, xi}i, Normal@P /. ϵ → 0, 1 + 00];

In[ ]:= {U, X, i, P} = QU, y, 1, -
1

T
+
1 (-a + γ) ϵ ℏ

T
-
1 (a - γ)2 ϵ2 ℏ2

2 T
/. {y → y1, a → a1, T → T1}

Out[ ]= QU, y, 1, -
1

T1
+
ϵ ℏ (γ - a1)

T1
-
ϵ2 ℏ2 (-γ + a1)

2

2 T1


In[ ]:= k = 1

Out[ ]= 1

In[ ]:= P0 = Normal@P /. ϵ → 0

Out[ ]= -
1

T1

In[ ]:= f = Normal@Last@ExpU,k-1[ξ, Xi, P]

Out[ ]= 1

In[ ]:= φs = Flatten@Table[φj1,j2,j3[ξ], {j2, 0, 2 k}, {j1, 0, 2 k - j2}, {j3, 0, 2 k - j2 - j1}]

Out[ ]= {φ0,0,0[ξ], φ0,0,1[ξ], φ0,0,2[ξ], φ1,0,0[ξ],

φ1,0,1[ξ], φ2,0,0[ξ], φ0,1,0[ξ], φ0,1,1[ξ], φ1,1,0[ξ], φ0,2,0[ξ]}

In[ ]:= F = f + ϵ
k
φs.φs /. φj1_,j2_,j3_[ξ] ⧴ yi

j1 ai
j2 xi

j3


Out[ ]= 1 + ϵ φ0,0,0[ξ] + x1 φ0,0,1[ξ] + x1
2 φ0,0,2[ξ] + a1 φ0,1,0[ξ] + a1 x1 φ0,1,1[ξ] +

a1
2 φ0,2,0[ξ] + y1 φ1,0,0[ξ] + x1 y1 φ1,0,1[ξ] + a1 y1 φ1,1,0[ξ] + y1

2 φ2,0,0[ξ]

In[ ]:= mi→c@ŒU[{yi, ai, xi}i, 0, P + 0k]

Out[ ]= ŒQU{yc, ac, xc}c, 0, -
1

Tc
+
(γ ℏ - ℏ ac) ϵ

Tc
+ O[ϵ]2

In[ ]:= ŒU[{Xb}b, 0, Xb + 0k]

Out[ ]= ŒQU{yb}b, 0, yb + O[ϵ]2
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In[ ]:= ŒU[{yi, ai, xi}i, ξ Xi P0, F + 0k]

Out[ ]= ŒQU{y1, a1, x1}1, -
ξ y1

T1
,

1 + φ0,0,0[ξ] + x1 φ0,0,1[ξ] + x1
2 φ0,0,2[ξ] + a1 φ0,1,0[ξ] + a1 x1 φ0,1,1[ξ] + a1

2 φ0,2,0[ξ] +

y1 φ1,0,0[ξ] + x1 y1 φ1,0,1[ξ] + a1 y1 φ1,1,0[ξ] + y1
2 φ2,0,0[ξ] ϵ + O[ϵ]2

In[ ]:= ŒU[{yi, ai, xi}i, ξ Xi P0, F + 0k] ŒU[{Xb}b, 0, Xb + 0k] mi→c@ŒU[{yi, ai, xi}i, 0, P + 0k]

Out[ ]= ŒQU{yc, ac, xc}c, {yb}b, {y1, a1, x1}1, -
ξ y1

T1
,

-
yb

Tc
+

(γ ℏ - ℏ ac) yb

Tc
-

1

Tc
yb φ0,0,0[ξ] + x1 φ0,0,1[ξ] + x1

2 φ0,0,2[ξ] + a1 φ0,1,0[ξ] + a1 x1 φ0,1,1[ξ] +

a1
2 φ0,2,0[ξ] + y1 φ1,0,0[ξ] + x1 y1 φ1,0,1[ξ] + a1 y1 φ1,1,0[ξ] + y1

2 φ2,0,0[ξ] ϵ + O[ϵ]2

In[ ]:= mi,b→i[ŒU[{yi, ai, xi}i, ξ Xi P0, F + 0k] ŒU[{Xb}b, 0, Xb + 0k]]

Out[ ]= ŒQU{y1, a1, x1}1, -
ξ y1

T1
,

y1 +
1

ℏ
ℏ y1 φ0,0,0[ξ] + φ0,0,1[ξ] - T1 φ0,0,1[ξ] + ℏ x1 y1 φ0,0,1[ξ] + 2 x1 φ0,0,2[ξ] -

2 T1 x1 φ0,0,2[ξ] + ℏ x1
2 y1 φ0,0,2[ξ] - γ ℏ y1 φ0,1,0[ξ] + ℏ a1 y1 φ0,1,0[ξ] + a1 φ0,1,1[ξ] -

a1 T1 φ0,1,1[ξ] - γ ℏ x1 y1 φ0,1,1[ξ] + ℏ a1 x1 y1 φ0,1,1[ξ] + γ2 ℏ y1 φ0,2,0[ξ] -

2 γ ℏ a1 y1 φ0,2,0[ξ] + ℏ a1
2 y1 φ0,2,0[ξ] + ℏ y1

2 φ1,0,0[ξ] + y1 φ1,0,1[ξ] - T1 y1 φ1,0,1[ξ] +

ℏ x1 y1
2 φ1,0,1[ξ] - γ ℏ y1

2 φ1,1,0[ξ] + ℏ a1 y1
2 φ1,1,0[ξ] + ℏ y1

3 φ2,0,0[ξ] ϵ + O[ϵ]2

In[ ]:= mi,b,c→i[ŒU[{yi, ai, xi}i, ξ Xi P0, F + 0k] ŒU[{Xb}b, 0, Xb + 0k] mi→c@ŒU[{yi, ai, xi}i, 0, P + 0k]]

Out[ ]= ŒQU{y1, a1, x1}1, -
ξ y1

T1
,

-
y1

T1
+

1

ℏ T1
γ ℏ2 y1 - ℏ2 a1 y1 - ℏ y1 φ0,0,0[ξ] - φ0,0,1[ξ] + T1 φ0,0,1[ξ] - ℏ x1 y1 φ0,0,1[ξ] -

2 x1 φ0,0,2[ξ] + 2 T1 x1 φ0,0,2[ξ] - ℏ x1
2 y1 φ0,0,2[ξ] + γ ℏ y1 φ0,1,0[ξ] - ℏ a1 y1 φ0,1,0[ξ] -

a1 φ0,1,1[ξ] + a1 T1 φ0,1,1[ξ] + γ ℏ x1 y1 φ0,1,1[ξ] - ℏ a1 x1 y1 φ0,1,1[ξ] - γ2 ℏ y1 φ0,2,0[ξ] +

2 γ ℏ a1 y1 φ0,2,0[ξ] - ℏ a1
2 y1 φ0,2,0[ξ] - ℏ y1

2 φ1,0,0[ξ] - y1 φ1,0,1[ξ] + T1 y1 φ1,0,1[ξ] -

ℏ x1 y1
2 φ1,0,1[ξ] + γ ℏ y1

2 φ1,1,0[ξ] - ℏ a1 y1
2 φ1,1,0[ξ] - ℏ y1

3 φ2,0,0[ξ] ϵ + O[ϵ]2

In[ ]:= Last@

mi,b,c→i[ŒU[{yi, ai, xi}i, ξ Xi P0, F + 0k] ŒU[{Xb}b, 0, Xb + 0k] mi→c@ŒU[{yi, ai, xi}i, 0, P + 0k]]

Out[ ]= -
y1

T1
+

1

ℏ T1
γ ℏ2 y1 - ℏ2 a1 y1 - ℏ y1 φ0,0,0[ξ] - φ0,0,1[ξ] + T1 φ0,0,1[ξ] - ℏ x1 y1 φ0,0,1[ξ] - 2 x1 φ0,0,2[ξ] +

2 T1 x1 φ0,0,2[ξ] - ℏ x1
2 y1 φ0,0,2[ξ] + γ ℏ y1 φ0,1,0[ξ] - ℏ a1 y1 φ0,1,0[ξ] - a1 φ0,1,1[ξ] +

a1 T1 φ0,1,1[ξ] + γ ℏ x1 y1 φ0,1,1[ξ] - ℏ a1 x1 y1 φ0,1,1[ξ] - γ2 ℏ y1 φ0,2,0[ξ] +

2 γ ℏ a1 y1 φ0,2,0[ξ] - ℏ a1
2 y1 φ0,2,0[ξ] - ℏ y1

2 φ1,0,0[ξ] - y1 φ1,0,1[ξ] + T1 y1 φ1,0,1[ξ] -

ℏ x1 y1
2 φ1,0,1[ξ] + γ ℏ y1

2 φ1,1,0[ξ] - ℏ a1 y1
2 φ1,1,0[ξ] - ℏ y1

3 φ2,0,0[ξ] ϵ + O[ϵ]2
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In[ ]:= rhs = Normal@Last@mi,b,c→i[

ŒU[{yi, ai, xi}i, ξ Xi P0, F + 0k] ŒU[{Xb}b, 0, Xb + 0k] mi→c@ŒU[{yi, ai, xi}i, 0, P + 0k]]

Out[ ]= -
y1

T1
+

1

ℏ T1
ϵ γ ℏ2 y1 - ℏ2 a1 y1 - ℏ y1 φ0,0,0[ξ] - φ0,0,1[ξ] + T1 φ0,0,1[ξ] - ℏ x1 y1 φ0,0,1[ξ] - 2 x1 φ0,0,2[ξ] +

2 T1 x1 φ0,0,2[ξ] - ℏ x1
2 y1 φ0,0,2[ξ] + γ ℏ y1 φ0,1,0[ξ] - ℏ a1 y1 φ0,1,0[ξ] - a1 φ0,1,1[ξ] +

a1 T1 φ0,1,1[ξ] + γ ℏ x1 y1 φ0,1,1[ξ] - ℏ a1 x1 y1 φ0,1,1[ξ] - γ2 ℏ y1 φ0,2,0[ξ] +

2 γ ℏ a1 y1 φ0,2,0[ξ] - ℏ a1
2 y1 φ0,2,0[ξ] - ℏ y1

2 φ1,0,0[ξ] - y1 φ1,0,1[ξ] +

T1 y1 φ1,0,1[ξ] - ℏ x1 y1
2 φ1,0,1[ξ] + γ ℏ y1

2 φ1,1,0[ξ] - ℏ a1 y1
2 φ1,1,0[ξ] - ℏ y1

3 φ2,0,0[ξ]

In[ ]:= at0 = # ⩵ 0 & /@ Flatten@CoefficientList[F - 1 /. ξ → 0, {yi, ai, xi}]

Out[ ]= {ϵ φ0,0,0[0] ⩵ 0, ϵ φ0,0,1[0] ⩵ 0, ϵ φ0,0,2[0] ⩵ 0, ϵ φ0,1,0[0] ⩵ 0, ϵ φ0,1,1[0] ⩵ 0, True,

ϵ φ0,2,0[0] ⩵ 0, True, True, ϵ φ1,0,0[0] ⩵ 0, ϵ φ1,0,1[0] ⩵ 0, True, ϵ φ1,1,0[0] ⩵ 0, True,

True, True, True, True, ϵ φ2,0,0[0] ⩵ 0, True, True, True, True, True, True, True, True}

In[ ]:= ∂ξF

Out[ ]= ϵ φ0,0,0
′[ξ] + x1 φ0,0,1

′[ξ] + x1
2 φ0,0,2

′[ξ] + a1 φ0,1,0
′[ξ] + a1 x1 φ0,1,1

′[ξ] +

a1
2 φ0,2,0

′[ξ] + y1 φ1,0,0
′[ξ] + x1 y1 φ1,0,1

′[ξ] + a1 y1 φ1,1,0
′[ξ] + y1

2 φ2,0,0
′[ξ]

In[ ]:= P0 Xi F

Out[ ]= -
1

T1
y1 1 + ϵ φ0,0,0[ξ] + x1 φ0,0,1[ξ] + x1

2 φ0,0,2[ξ] + a1 φ0,1,0[ξ] + a1 x1 φ0,1,1[ξ] +

a1
2 φ0,2,0[ξ] + y1 φ1,0,0[ξ] + x1 y1 φ1,0,1[ξ] + a1 y1 φ1,1,0[ξ] + y1

2 φ2,0,0[ξ]

In[ ]:= CF[P0 Xi F - rhs]

Out[ ]=

1

ℏ T1
-γ ϵ ℏ2 y1 + ϵ ℏ2 a1 y1 + ϵ φ0,0,1[ξ] - ϵ T1 φ0,0,1[ξ] + 2 ϵ x1 φ0,0,2[ξ] - 2 ϵ T1 x1 φ0,0,2[ξ] -

γ ϵ ℏ y1 φ0,1,0[ξ] + ϵ a1 φ0,1,1[ξ] - ϵ a1 T1 φ0,1,1[ξ] - γ ϵ ℏ x1 y1 φ0,1,1[ξ] + γ2 ϵ ℏ y1 φ0,2,0[ξ] -

2 γ ϵ ℏ a1 y1 φ0,2,0[ξ] + ϵ y1 φ1,0,1[ξ] - ϵ T1 y1 φ1,0,1[ξ] - γ ϵ ℏ y1
2 φ1,1,0[ξ]

In[ ]:= Collect[(∂ξF) + P0 Xi F - rhs, {yi, ai, xi}]

Out[ ]= -
ϵ φ0,0,1[ξ]

ℏ
+
ϵ φ0,0,1[ξ]

ℏ T1
+ ϵ φ0,0,0

′[ξ] + x1 -
2 ϵ φ0,0,2[ξ]

ℏ
+
2 ϵ φ0,0,2[ξ]

ℏ T1
+ ϵ φ0,0,1

′[ξ] +

ϵ x1
2 φ0,0,2

′[ξ] + a1 -
ϵ φ0,1,1[ξ]

ℏ
+
ϵ φ0,1,1[ξ]

ℏ T1
+ ϵ φ0,1,0

′[ξ] + ϵ x1 φ0,1,1
′[ξ] +

ϵ a1
2 φ0,2,0

′[ξ] + y1 -
γ ϵ ℏ

T1
-
γ ϵ φ0,1,0[ξ]

T1
+
γ2 ϵ φ0,2,0[ξ]

T1
-

ϵ φ1,0,1[ξ]

ℏ
+
ϵ φ1,0,1[ξ]

ℏ T1
+ ϵ φ1,0,0

′[ξ] + x1 -
γ ϵ φ0,1,1[ξ]

T1
+ ϵ φ1,0,1

′[ξ] +

a1
ϵ ℏ

T1
-
2 γ ϵ φ0,2,0[ξ]

T1
+ ϵ φ1,1,0

′[ξ] + y1
2 -

γ ϵ φ1,1,0[ξ]

T1
+ ϵ φ2,0,0

′[ξ]
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In[ ]:= atξ = # ⩵ 0 & /@ Flatten@CoefficientList[(∂ξF) + P0 Xi F - rhs, {yi, ai, xi}]

Out[ ]= -
ϵ φ0,0,1[ξ]

ℏ
+
ϵ φ0,0,1[ξ]

ℏ T1
+ ϵ φ0,0,0

′[ξ] ⩵ 0,

-
2 ϵ φ0,0,2[ξ]

ℏ
+
2 ϵ φ0,0,2[ξ]

ℏ T1
+ ϵ φ0,0,1

′[ξ] ⩵ 0, ϵ φ0,0,2
′[ξ] ⩵ 0,

-
ϵ φ0,1,1[ξ]

ℏ
+
ϵ φ0,1,1[ξ]

ℏ T1
+ ϵ φ0,1,0

′[ξ] ⩵ 0, ϵ φ0,1,1
′[ξ] ⩵ 0, True, ϵ φ0,2,0

′[ξ] ⩵ 0, True,

True, -
γ ϵ ℏ

T1
-
γ ϵ φ0,1,0[ξ]

T1
+
γ2 ϵ φ0,2,0[ξ]

T1
-
ϵ φ1,0,1[ξ]

ℏ
+
ϵ φ1,0,1[ξ]

ℏ T1
+ ϵ φ1,0,0

′[ξ] ⩵ 0,

-
γ ϵ φ0,1,1[ξ]

T1
+ ϵ φ1,0,1

′[ξ] ⩵ 0, True,
ϵ ℏ

T1
-
2 γ ϵ φ0,2,0[ξ]

T1
+ ϵ φ1,1,0

′[ξ] ⩵ 0, True, True, True,

True, True, -
γ ϵ φ1,1,0[ξ]

T1
+ ϵ φ2,0,0

′[ξ] ⩵ 0, True, True, True, True, True, True, True, True

In[ ]:= DSolveAnd @@ at0⋃ atξ, φs, ξ〚1〛

Out[ ]= φ0,0,0[ξ] → 0, φ0,0,1[ξ] → 0, φ0,0,2[ξ] → 0, φ0,1,0[ξ] → 0, φ0,1,1[ξ] → 0,

φ0,2,0[ξ] → 0, φ1,0,0[ξ] →
γ ξ ℏ

T1
, φ1,0,1[ξ] → 0, φ1,1,0[ξ] → -

ξ ℏ

T1
, φ2,0,0[ξ] → -

γ ξ2 ℏ

2 T1
2
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