Dror Bar-Natan: Academic Pensieve: Projects: SL2Invariant: Archive: SL2Invariant-AutomatedDefine.nb 2018-06-13 08:07:11

Pensieve header: The full $sl_2$ invariant using the Drinfel’d double. Continues 2018-05/ybax.nb,
Talks/StonyBrook-1805/ybax.nb, Projects/SL2Portfolio/Logoi.nb. Automated “Define” branch - not yet
working.

The issue seems to be that Sk gets converted to $k$ below, for unknown reasons.

External Utilities

Infe]:= HL[& ] := Style[&, Background - Yellow];

Program

Program
Internal Utilities

Program

Canonical Form:
Program

Inf+]:= CF[sd_SeriesData] := MapAt[CF, sd, 3];
CF[& ] := ExpandDenominatore
ExpandNumeratoreTogether [Expand[&] //. e e’- = e /. e »eFlI];

Program

The Kronecker 6:
Program

Inf+]:= Ké /: Kéi ,; := If[l1===73,1, 0];

Program

Equality, multiplication, and degree-adjustment of perturbed Gaussians; E[L, Q, P] stands for e-*? p:
Program

mop= E/:E[LI_,Ql ,P1 ]1=E[L2 ,Q2 ,P2 ] :=
CF[L1 ==L2] ACF[Q1 == Q2] ACF[Normal[P1 - P2] == @];
E/:E[L1 ,Q1 ,P1 ]E[L2 ,Q2 ,P2 ] :=E[L1+L2, Q1+Q2, P1+P2];
E[L_,Q ,P ]g :=E[L, Q, Series[NormalePr, {c, 0, $R}]];

Program
Zip and Bind
Program

Variables and their duals:
Program

In[]:= {t*, b*, y*, a*, x*, z*} = {z, B, n, a, &, &};
{*, B*y ", a*, &, &*} = {t, b, y, a, X, 2}; (u_i_)’lr t= (u*)i;

Program

Finite Zips: (* Perhaps switch Expand to Collect[__, ]? *)

http://drorbn.net/AcademicPensieve/Projects/SL2Invariant/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Invariant: Archive: SL2Invariant-AutomatedDefine.nb 2018-06-13 08:07:11

Program
Inf+]:= expand[sd_SeriesData] := MapAt[expand, sd, 3];
expand[& ] := Expand[&];
Zip [P_] :=P;
Zipir e 3y [P_1 = (expand[P // Zipisy] /. f_. & 8o,y f) /. &* >0

Program
QZip implements the “Q-level zips” on E(L, Q, P) = Pe**?. Such zips regard the L variables as scalars.

Program

In[]:= QZipg’stist,simpi@]E[L_) Q_J P_] o= MOdUIe[{g’ Z, ZS, C, YS, 1S, qt, Zru-le) Ql) QZ},
zs = Table[Z&*, {&, &5}1;
c=0Q/.Alternativesee (¢s5zs) - 0;
ys = Table[d. (Q /. Alternatives eezs - @), {&, ¢5}];
ns = Table[d, (Q /. Alternatives ee s - @), {z, 25}];
qt = Inverse@Table[KS, o~ - 0,,:0Q, {&, &5}, {z, z5}];
zrule = Thread[zs » qt. (zs +ys) ];
02 = (01 = c+ns.zs /. zrule) /. Alternatives @e zs - 0;
simp /@ E[L, Q2, Det[qt] e ® Zips[e® (P /. zrule)]] |;
QZipss rist := QZipss,crs

Program
Upper to lower and lower to Upper:
Program
o= U21 = {B’{:' - @ Plvbi pp .  gPhYb, T o @PPh, TP 5 PPt A 5 PV, AP ep7“};
12U = {ec_. bi+d_. . B{C/ (1Y) e?, e b+l 45 B/ (1Y) g,
@ titd . o Tci‘/ﬁ e, @+t . o, TC/B g,
e’-* ai_+d_. . ‘ﬂg/y ed’ et a+d_. . \ﬂc/y ed,
e&_ .y eExpand@&};
Program
LZip implements the “L-level zips” on E(L, Q, P) = Pe'*?. Such zips regard all of Pe? as a single”P”. Here
the Z’s are b and a and the {’s are fand a.
Program

Infe]:= LZipgs rist,simp @E[L_, Q_, P_] := MOdUIe[{g’ z, zs, ¢, ys, ns, 1t, zrule, L1, L2, Q1, Q2},
zs = Table[Z*, {Z, £5}1;
c =L /.Alternativesee (¢sJzs) > 0;
ys = Table[d. (L /. Alternativeseezs » @), {&, ¢5}];
ns = Table[d, (L /. Alternatives ee s - @), {z, 25}];
1t = Inverse@Table[KS,, .+ - 0,,:L, {&, &5}, {2z, 25}];
zrule = Thread[zs » 1t. (zs +ys) ];
L2 = (L1 =c+ns.zs /. zrule) /. Alternatives ee zs - 0;

02=(Q1=0/.U21/. zrule) /. Alternatives @e zs - @;
simp /@ E[L2, Q2, Det[1t] e>"® Zipy[e'*® (P /. U21 /. zrule)]] //. 12U ];
LZipgs pist = LZipss,crs
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Program
m-3=  Bindg [L_, R_] := LR;
Bind(is ;[L_E, R_E] := Module[{n},
Times|[
L/.Table[(v:b|B|t|T|a|x|y); > Ve, {i, {is}}],
R/.Table[(v:iB|T|a|RA|E|N)i> Vieis {1, {i5}}]

| 77 LZipriattenetable[ (e, creisaneids (i (is131 7/ QZiPriatteneTable[(reisyrei}s (i, (15311 | 3
BL_List[L_: R_] = B:i-ndL [L, R]; Bis___ [L_J R_] o= Bind{is} [L, R];

Program
The Fundamental Logoi

Program

Infe]= $k = 2;

Program
Define[lhs = rhs] defines the lhs to be rhs, except that rhs is computed once and forever yet gets
recomputed whenever $k changes. Fancy Mathematica not for the faint of heart. Most readers should
ignore.

Program

Inf+]-= SetAttributes [Define, HoldAll];
Define[def_, defs__] := (Define[def]; Define[defs];);
Define[op_;; =6&_] := Module[{SD, ii, jj, kk, isp, nis, nisp, sis},
Block[{i, j, k, 1, m, n, t1, t2, t3, h1, h2, h3},
ReleaseHold@Echo [Hold [
SD[opnisp,$k_Integer‘: BlOCk[{i, j) k) 1: m, n, tl: tz: t3) hl: hz: h3}: OPisp,$k = &;
opnis,$k]]3
OPisp <= OPyis},$ks
OPsis__ += OPysisys
1/7. ¢
isp»> {is} /. {i»1i_,j-»Jj , k-k_ },
nis -» {is} /. {i-»1ii, j » jj, k » kk},
nisp » {is} /. {i-»ii_, j-»3jj_, k> kk_},
SD -» SetDelayed
}
1]
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Program
Inf+]:= Define[
ami, ik = E[ (@i +a5) aks (€779 &+ &5) Xus 1] gs
bm;, sk = E[ (Bi +B3) bks (1 +n35) Yis e(e-1) ns y"]sk,
siep (1-ev°2)" (ny; x;)~
Ri,j =E[hajb;, AXx;yi, e” lsio
= K (1_ekyeb)
Pi,j = If[$k =@, E[Bia;/h, ni §5/ b, 1]e,
MapAt [ (# - e** Coefficient[ (Rn,n~Bn,n~ ((Ptn,5},0) sk (Pim,sk-1)sk)) [31, €, $k1) &,
(Pis,3y,86-1) sk 3] ]
]
Program
Hold[am iig2s30 ,ij$2830 -kk$2830_},$k Integer : =
Block[{i, >k, 1, m, n, t1, t2, t3, h1, h2, h3}, am; 5 e =E[(0q +05) A, (€79 & +&5) X, 1] g
am{ii$2830,jj$2830—>kk$2830},$k] 5
amgi L5 skoy £ = @M, 5ok, $ks
aMgiss 1= aM(siss)s |
Program
Hold {bm{ii$2833,,jj$2833ﬁkk$2833,),$k,1nteger :=Block {
{1, 3, k, 1, m, n, t1, t2, 3, h1, h2, h3}, bms 5 iy s =E| (B + B3) b, (M1 +715) yier el® 72 s o
bm{ii$2833,jj$2833—>kk$2833},$k] ;
M5 L5 ok ) 1= BMis, 5ok, 965
bmsisg 1= bmgisg, ;}
Program
Hold {R{ii$2834,,jj$2834,},$k7Integer‘ 1=
s 1] g
Block[{i, j, k, 1, m, n, t1, t2, t3, hi, h2, h3}, Ri; 5 )5 =E|hajby, Axjys, € <] o
R(ii$2834,jj$2834})$k} H
ReiLiy 1= Resge6
Rsisg_ 1= R{siS$}5]
Program
Hold {P{ii$2836,,jj$2836,),$k,Integer‘ =
Block[{i, j, k, 1, m, n, t1, t2, t3, h1, h2, h3}, P 5 ) s :If[$k —o, E{Bi;j , 771;3- , L,

MapAt [#1 - ** Coefficient [Bn,n [Rn,ms Pin,i1,05c Prisn),sk-1gc] [315 €5 $k] &, Pi gy sk-1gc 3] ];

P(ii$2836,jj$2836},$k} 5
Pi iy t=Pi,g),865
Psis$77 = P{sis$} 3]

The issue seems to be that Sk gets converted to $k$ above, for unknown reasons.
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Testing

In[e]:= R1,2

1 1 1
ou- - E[haz by, hxay1, 1—; (vr*x3yi) e+ (;y2ﬁ5xgyi+£y2ﬁ5x‘2‘y‘1‘ e?+0[el?]

1 1
np= E[hayby, Axay1, 1- = (yB>x3y]) e+ [;wzn5x3y2+ ;wzn“x‘éy‘l‘) e?+0[e]’]

ow[]:lE[T’lazbl,ﬁXzyl,l— €2+0[€]3]

LT L S

1 1
(yffx%y%) €+ (;ysz x3y3+ ;yzﬁsx‘z‘y‘l‘

inf-j= Pq,2

s , 1 +0[e]?]

Ot”_E[azﬁl N1 &2 +m%§%e+(367r2h2n%€%+407r2hni§3+97r277‘1‘§‘2‘)62
ol gl 4n 288 h?

= Block [ {$k = 1}, Pq,2]

o B1 M é yeni&s
IE[ R , 1+ ]
h h 4 7

Outf]=

Inf+]:= Block[{$k =1}, {
am -» ami,j_,k, bm - bmi,j_,k, dm - dmi,j_,k, R > Ri,j: R- ﬁi,j: P- Pi,j: as » aSi, E—) Ei, bS » bSi,
bS - Ei, dS -» dS;, aA » aliLg,ks bA - bAi_,j,k, da » dAi_,j,k, b2t -» b2t;, t2b » t2b;

} 77

Column
$lterationLimit: Iteration limit of 4096 exceeded.
$lterationLimit: Iteration limit of 4096 exceeded.

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of

#1 - % Coefficient[Bj[Subscript[«2>>][«25>], Subscript[«2>>]][3]], €, $k] &.

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of

E(‘ 30 = If[$k == 0, E[-Subscript[«<2>] a;, -Subscript[«<2>>] A; &, 1o, l\/IapAt[tH - Times[«2>] &, E(Mk,wk, 3]]; E{i}‘o-
$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of Head[$FrontEnd] === FrontEndObject.
General: Further output of $RecursionLimit:reclim2 will be suppressed during this calculation.
$IterationLimit: Iteration limit of 4096 exceeded.

General: Further output of $lterationLimit:itlim will be suppressed during this calculation.

MapAt:partw : Part {3} of
Hold[a_S(i_m = If[$k == 0, E[Times[«25>], Times[«35>], 1]o, MapAt[Plus[«2>>] &, Subscript[«3>>1g, 31]; 3_5{1),0]1 does not exist.

Rulezrhs @ Pattern i_ appears on the right-hand side of rule a_S(i_}yo - MapAt[tﬂ - bk Coefficient[Part[«2>>], €, $k] &, Hold[«‘l (i)

MapAt:partw : Part {3} of
Hold[a_s(i_)lo = If[$k == 0, E[Times[«2>>], Times[«3>>], 1]o, MapAt[Plus[«2>>] &, Subscript[«3>>]gy, 3]]; a_S{i},oL does not exist.

MapAt:partw : Part {3} of
Hold[a_S(L)lo = Iff$k == 0, E[Times[<«<2>>], Times[«3>], 1]o, MapAt[Plus[«2>>] &, Subscript{<«3:]g, 31]; a_Sm,OL does not exist.
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Hold[General:stop : Further output of MapAt:partw will be suppressed during this calculation.]

Rulezrhs @ Pattern i_ appears on the right-hand side of rule
aS; 30 » MapAt[#1 - ¥ Coefficient[Part[«25>], € $k] & MapAt[#1 - Times[«<25>] &, Hold[Set[«25>]; Subscript[«3>]l, 311, 3

]
Rule: Pattern I:lappears on the right-hand side of rule _

[

List[Pattern[i, Blank(]]],0

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of
Message[Message::msgI, HoId[{$IterationLimit::itlim, $lterationLimit:itlim, $RecursionLimit::reclim2, $RecursionLimit::reclim2,
MapAt:partw, $RecursionLimit:reclim2, General:stop, $IterationLimit:itlim, General:stop, Rule:rhs, MapAt:partw,

MapAt:partw, General:stop, Rule:rhs, Rule:rhs, General::stop}]].
$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {$RecursionLimit:reclim?2}.

Name: stdout
i

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {OutputStream[ m Unique ID: 1

General: Further output ofI:lwiII be suppressed during this calculation.
$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of
Message[Message:msg|, Hold[{$RecursionLimit:reclim2, $RecursionLimit:reclim2, $RecursionLimit:reclim2, MapAt:partw}]].

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {$RecursionLimit:reclim?2}.

Name: stdout
I

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {OutputStream[ m Unique ID: 1

General: Further output of $RecursionLimit:reclim2 will be suppressed during this calculation.

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of

Message[Message:msgl, Hold[{$RecursionLimit:reclim2, $RecursionLimit:reclim2, $RecursionLimit:reclim2, General::stop}]].

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {$RecursionLimit:reclim?2}.

Name: stdout
I

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {OutputStream[ m Unique ID: 1

General: Further output of $RecursionLimit::reclim2 will be suppressed during this calculation.

MapAt: Partl:lof _
]

List[Patterni,
Blank[]1],0

does not exist.
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$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of
Message[Message::msgl, HoId[{$RecursionLimit::recIim2, $RecursionLimit:reclim2, $RecursionLimit:reclim2, General::stop,

MapAt:partw}]].
$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {$RecursionLimit:reclim?2}.

Name: stdout
I

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {OutputStream[ [l Unique ID: 1

General: Further output of $RecursionLimit:reclim2 will be suppressed during this calculation.

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of

Message[Message:msgl, Hold[{$RecursionLimit:reclim2, $RecursionLimit:reclim2, $RecursionLimit:reclim2, General::stop}]].
$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {$RecursionLimit:reclim?2}.

Name: stdout
i

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {OutputStream[ \n Unique ID: 1

General: Further output of $RecursionLimit:reclim2 will be suppressed during this calculation.

MapAt: Partl:lofD

does not exist.

MapAt: Partl:lofl:l

does not exist.

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of
Message[Message::msgl, HoId[{$RecursionLimit::recIim2, $RecursionLimit:reclim2, $RecursionLimit:reclim2, General::stop,

MapAt:partw, MapAt:partw}]].
$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {$RecursionLimit:reclim?2}.

Name: stdout
I

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {OutputStream[ [l Unique ID: 1

General: Further output of $RecursionLimit:reclim2 will be suppressed during this calculation.

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of

Message[Message:msgl, Hold[{$RecursionLimit:reclim2, $RecursionLimit:reclim2, $RecursionLimit:reclim2, General::stop}]].

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {$RecursionLimit:reclim?2}.

Name: stdout
i

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {OutputStream[ Unique ID: 1

General: Further output of $RecursionLimit:reclim2 will be suppressed during this calculation.

http://drorbn.net/AcademicPensieve/Projects/SL2Invariant/Archive/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: SL2Invariant: Archive: SL2Invariant-AutomatedDefine.nb 2018-06-13 08:07:11

MapAt: Partl:lof _

[

List[Patternli,
Blank[]11,0

does not exist.

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of
Message[Message:msgl, Hold[{$RecursionLimit:reclim2, $RecursionLimit:reclim2, $RecursionLimit:reclim2, General::stop,

MapAt:partw}]].
$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {$RecursionLimit:reclim?2}.

Name: stdout
I

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {OutputStream[ ‘l Unique ID: 1

General: Further output of $RecursionLimit::reclim2 will be suppressed during this calculation.

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of

Message[Message:msgl, Hold[{$RecursionLimit:reclim2, $RecursionLimit:reclim2, $RecursionLimit:reclim2, General::stop}]].

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {$RecursionLimit:reclim?2}.

Name: stdout
I}

$RecursionLimit: Recursion depth of 1024 exceeded during evaluation of {OutputStream[ m Unique ID: 1

General: Further output of $RecursionLimit:reclim2 will be suppressed during this calculation.

MapAt: Partl:lofl:l

does not exist.

MapAt: Partl:lofD

does not exist.
$IterationLimit: Iteration limit of 4096 exceeded.
$Aborted]]
$IterationLimit: Iteration limit of 4096 exceeded.
General: Further output of $lterationLimit:itlim will be suppressed during this calculation.

$Aborted]]
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MapAt: Partl:lofl:l

does not exist.

. General: Further output ofI:lwiII be suppressed during this calculation.

Rule: Pattern i_ appears on the right-hand side of rule

1~

Rule: Pattern i_ appears on the right-hand side of
rule
$k
RowBox[{SubscriptBox[OverscriptBox[aS, _], RowBox[{RowBox[{{, i_, }1, ., O}Il, », RowBox[{MapAt,
[, RowBox[{RowBox[{RowBox[{Hold[RowBox[{Hold[MakeBoxes[Slot, StandardForm]],
[ Hold[MakeBoxes[1, StandardForm]], 1}]], -, Hold[RowBox[{Hold[MakeBoxes[e, StandardFormy],
. Hold[MakeBoxes[Coefficient[<< 2 >> [[]], € $k], StandardForm][}]]}]. &}],
., SubscriptBox[RowBox[{MapAt,
[, RowBox[{Hold[RowBox[{Hold[MakeBoxes[tt1 + Times[-1, Times[Skeleton[2]]], StandardForm]], &}1],
., Hold[SubscriptBox[Hold[MakeBoxes[MapAt[+<< 2 >> &, Subscript[MapAt[Skeleton[3]], 1], 3],
StandardForm]], Hold[MakeBoxes[1, StandardForm]]]],
3001 11, 33 11

Rule: Pattern i_ appears on the right-hand side of rule RowBox[{SubscriptBox[OverscriptBox[aS, _], RowBox[{RowBox[{{, i_, 1. .
0}, », RowBox[{MapAt, [, RowBox[{RowBox[{RowBox([{#1, -, RowBox[{SuperscriptBox[e, $k],
, RowBox[{Coefficient, [, RowBox[{RowBox[{Part,
[ Hold[RowBox[{<, Hold[MakeBoxes[2, StandardForm]], >}, 111, .. €, ., $k}], 1]} &),
. SubscriptBox[RowBox[{MapAt, [, RowBox[{RowBox[{RowBox[{f#1, -, RowBox[{Times,
[, Hold[RowBox[{<, Hold[MakeBoxes[2, StandardForm]], =}1, 131}, &3],
., SubscriptBox[RowBox[{MapAt,
[, RowBox[{RowBox[{Hold[RowBox[{Hold[MakeBoxes[Plus, StandardForm]],
[, Hold[MakeBoxes[<< 2 >>, StandardForm]], J}11, &1,
., SubscriptBox[Hold[RowBox[{Hold[MakeBoxes[MapAt, StandardForm]],
[ Hold[MakeBoxes[<< 3 >>, StandardForm]], 11, 11, ., 3}, T, 11, .. 3}, 111, 11, ., 3}],

11

. General: Further output of Rule:rhs will be suppressed during this calculation.
$RecursionLimit: Recursion depth of 4096 exceeded during evaluation of MakeBoxes[{{{{{<<1>>}}}}}}}, StandardForm].
$RecursionLimit: Recursion depth of 4096 exceeded during evaluation of {{, Hold[MakeBoxes[{{{{{<1>>}}}}}, StandardForm]], }}.
$RecursionLimit: Recursion depth of 4096 exceeded during evaluation of MakeBoxes[{{{{{<<1>>}}}}}}}, StandardForm].

. General: Further output of $RecursionLimit:reclim2 will be suppressed during this calculation.
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Outf«]=

large output show less show more show all set size limit...

Check that on the generators this agrees with our conventions in the handout:

o= Timinge {{"[a,x]" » ((E[@, @, a;X1] ~By,2~amy,2,1) [3] - (E[@, @, a1 Xz] ~By,;~amy,2,1) [31),
"[b,y]" > ((E[@, @, y2 b1] ~B1,2~bmy,5,1) [3]1 - (E[@, @, Y1 ba] ~By,2~bmy,,1) [31)} /.
zZ 42z,
{"Alyl" » Last[E[0O, 0, y1] ~B1~bA1,1,2],
"A[b]" -» Last[E[OQ, 0, by] ~Bl~bA1_,1)2] B
"Ala]" » Last[E[Q, 0, a;] ~B1~aA1,1,5],
"A[x]" » Last[E[0, 0, X1] ~B1~aA1,1,2]1},

"s(a)" » ((E[@, @, a1] ~By1~aS;) [31) ,
"S(x)" > ((E[@, @, x1] ~By~aS;) [31)
"S(b)" > ((E[0@, @, by] ~By~bS;) [31),
"S(y)" > ((E[0, @, y1] ~B1~bS;) [3])

I

Booted @ $k=2 in 9. sec.

our- - {9.25, {{[a,x] > -xv, [b,y] > -ye=+0[ec]?},
{aTy] > (Bay1+ya) +0[€]?, A[b] - (by+by) +0[e]?, A[a] > (a;+az) +0[€]’,

1
A[X] > (Xp+Xp) —hayxae+ —h*aix;e?+0[e]?}, {S(a) > -a+0[e]?,
2

S(X) > -Xx-axhe-

N |

(a*xh?) €*+0[e]?, S(b) > -b+0[e]>?, S(y) - -X+0[e13}}}
B

Hopf algebra axioms on both sides separately.
Associativity of am and bm:

1= Timinge@Block [ {$k = 3},

HL /e { (amy 5,1 ~B1~amyg 3,1) = (amy,3,2~By~amy 3,1), (bm1,2—)1"'Bl~bm1,3—)1) = (bm2,3_,2~B2~bm1)2_,1)}
]

Booted @ $k=3 in 92.062 sec.

ouf-]= {92.2188, {True, True}}

R and P are inverses:
= Timing@Block [ {$k = 3}, {Ri,js Pi,ks HL[Ri,j~Bi~Pi x = E[aj ax, Xj ks 11]}]

1 1 1
out]+ J= {0.046875, {E[haj bi, hxjYi, 1—; (yﬁ3xﬁyf) € + ;yzhsx?j’y%+£y2hsx§y‘i‘ e+

1
—— (24 x3yi - 723 7 x4yt - 323 nB x5 ys -3 n0 xS yg) €2+ 0[e]?],

1152
s Mk, Ynigke (36 v2n2n? ¢ +40 2 hni & + 9y nt &f) €2 1
]E[—, > 1+ + N + 3
A A 4n 288 7 1152 1

(48> ' ni gg + 192> 1P i F + 156 > nP i cx v 40> hnd &7+ 397 nf &7) €+ 0[e]?], True}}
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as and aS are inverses, bs and bS are inverses:

In[+]:= Timing[HL /e {51~B1~351 = E[a; a1, X1 1, 1], bSy~By~bS; = E[by B1, y1 71, 1] }]
our - {0.171875, {True, True}}

(co)-associativity on both sides

= Timing [HL /@
{(an141,2~By~3hy55,3) = (8A151,3~B1~ah1,1,5) 5 (DA1s1,2~Ba~bAg,s,3) = (bA1s1,3~Bi~bArs,2),
(amg,z,1~Bg~amy 3,1) = (amy,3,2~By~amy 5,1), (bm1,2->1 ~B1~ bm1,3_,1) = (bmz,s-»z ~By~ bml,Z—»l) } ]

ouf-- {@.40625, {True, True, True, True}}

Ais an algebra morphism

in-}= Timing [""- /e {am1,2q1~B1~aA1-»1,2 = (alA1,1,3 @l2,2,4) ~B1,2,3,4~ (aM3,4,2 My ,2,1)
bmy, 5,1 ~By1~bAs,y,2 = (bA1->1,3 bAz-»z,4) ~B1,2,3,4~ (bm3,4->z bml,2-»1) }]

ouf-]= {@.75, {True, True}}

Sis convolution inverse of id

n-1= Timing[HL[# = E[0, 0, 1]] & /@ {
(aA1->1,2~Bl~aS1) ~Bg,2~amy 2,1, (3A1->1,2~Bz~asz) ~B1,2~amy 2,1,
(bA1,1,2~By~bSy) ~By,5~biy 5,1, (bA1,1,2~By~bS;) ~By,2~bmy,a,1}]
ou-]= {@.671875, {True, True, True, True}}

Sis an algebra anti-(co)morphism

Inf«]:= Timing [HL /@ {aml_‘z_,l ~By~aS; = (a51 aSz) ~ B1)2 ~amyz 151, bml)z_,]_ ~By~ b51 = (b51 bSZ) ~ B]_Jz ~ bmz,l_,l,
aS; ~Bi1~aAj,1,2 = aA1,3,1~B1,2~ (351 aSz) 5> bS1~By~bA1,1,5 = bA1,5,1~Bg 5~ (bsl sz) } ]

ouf-]- {1.04688, {True, True, True, True}}
Pairing axioms

1= Timing[HL /@ { (bmy,2,1 E[a3 a3, §3X3, 1]) ~By,3~P1,3 =
(]E[Bl bi, n1y1, 11 E[B2 b2, 12 Y2, 1] aA3-»4,5) ~B1,4~P1,4~B3,5~P3,5,
(bA1->1,2 E[azas, §3X3, 1] E[og a5, §4 Xa, 1]) ~B1,3~P1,3~B3,4~P3,4 =
(E[B1b1, n1Y1, 1] ams,q,3) ~B1,3~P1,3 }]
ouf-]- {0.484375, {True, True}}

In[+]:= Timing[HL /e { (bsllE[az Az, §2 X2, 1]) ~B1,2~P1,2 = (E[/31 bi, n1y1, 1] a52) ~B1,2~P1,2,
(ENE[OQ Ay, §2 X2, 1]) ~B1,2~P1,2 = (]E[/31 bi, n1y1, 1] Ez) ~B1,2~P1,2}]

ou-1= {0.34375, {True, True}}

Tests for the double.

Check the double formulas on the generators agree with SL2Portfolio.pdf:
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Inf+]:= Timing@{{
"[a,y]" > ((E[@, @, y2a1] ~B1,5~dmy >,1) [3] - (E[@, @, y1a82] ~By,2~dmy,5.1) [31),
"[b,x]1" - ((E[@, @, X3 by] ~B1,5~dmy,2,1) [3] - (E[O@, @, X1 by] ~By,>~dmy,>,1) [31),
"xy-qyx" - ((E[@, 8, X1y>] ~B1,2~dmy,5,1) [3]1 - (1+€) (E[@, @, y1X2] ~By,2~dmy,5,1) [3])
} 7. {z_y > 2} // Expand // Factor,

"a(a)" » ((E[@, 0, a1] ~By~dAy,1,2) [31) 5
"AOO)" > ((E[0, @, X1] ~By~dAg,1,,) [31),
"A(b)" > ((E[@, @, by] ~B1~dAg,1,,) [31)
"ay)" > ((E[@, 0, y1] ~B1~dA1,1,2) [31)
} 77 simplify,

{

3

"S(a)" > ((E[0, @, a1] ~By~dS;) [31),
"S(x)" > ((E[0, @, x1] ~By~dS;) [31),
"S(b)" » ((E[@, @, b1] ~By~dS;) [31),
"S(y)" > ((E[@, 0, y1] ~B1~dS1) [31)

} 7. {z_1 > 2} // Simplify

}

our-- {3.90625, {{[a,y] » -yv+0[e]?, [b,x] »xe+0[e]?,

1-B+Xxyh 1
Xy-qyX = |-XYy + SoERXYAN, (aB-xy+xyyh)e+— (-a’Bh+xyy?>h*) e*+0[e]?},
h 2

{n(a) > (ar+ay) +0[€]?, A(X) > (Xp+Xz) —harX e+ 1f12a§xzez+0[e]3,
2
A(b) » (by+by) +0[€]?, A(y) - (y1+B1yz) +0[e]?},

{s(a) »-a+0[e]?, S(x) > -x-axhe-— (a®xh?) e +0[e]?,

N |

ne (yy*n?) e
§+YYB €7< ZB) +O[€]3H}

S(b) > -b+0[e]3, S(y) > -

(co)-associativity

;= Timing [HL /e
{ (dA1-»1,2 ~By~ dAz-»2,3) = (dA1->1,3 ~By~ dA1-»1,2) s (dm1,z->1 ~Bp~ dm1,3->1) = (dmz,3->2 ~By~ dm1,z->1) } ]

ouf-]= {8.15625, {True, True}}

Ais an algebra morphism
1= Timing@HL [dmy 2,1 ~By~dAg,1,2 = (dA1,1,3 dBgs2,4) ~Ba,2,3,a~ (diM3,4.2 dMy 2,1 ) |
ouf-1- {16.5, True}

S is convolution inverse of id

Inf]:= Timing[
HL[#=E[0, 0, 1]] & /@ {(dA1->1,2~B1~d51) ~By,2~dmy, 5,1, (dAl-»l,Z"‘BZ"‘dSZ) ~B1,z~dm1,2-»1}]

ou-}= {12.5469, {True, True}}

Sis a (co)-algebra anti-morphism
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Inf+]:= Timing[HL /e
Expand /@ {dml,z_,1~B1~d51 = (dS]_ dSz) ~B1’2~dm2:1_,1, d51~Bl~dA1_,1)2 = dAl—)Z,l“'Bl,Z"‘ (d51 dSZ) }]
ou-}= {28.1563, {True, True}}
Quasi-triangular axiom 1:
= Timing@HL[Ry 2 ~By~dAj_,1,3 = (Ry,4R3,2) ~Ba,a~dmy 4,5]
our- - {0.765625, True}
Quasi-triangular axiom 2:
1= Timing@HL [ ( (dA1->1,2 R3,4) ~B1,2,3,4~ (dm1,3->1 dm2,4-»2) ) = ( (dA1->2,1 R3,4) ~B1,2,3,4~ (dm3,1-»1 dm4,z-»2) ) ]
ouf-1= {12.4219, True}
Reidemeister 2:
n-1= Timing[HL[# = E[0, @, 1]] & /@
{ (ﬁl,z R3,4) ~B1,2,3,4~ (dm1,3->1 dm2,4->2) s (R1,2 F3,4) ~B1,2,3,4~ (dm1,3->1 dm2,4->2) }]
ouf-]= {8.25, {True, True}}
Reidemeister 3:
1= Timing@HL [ ((Ry,2 Ra,3Rs,6) ~B1,a~dMy, 4,1 ~By s ~dimy 5,5 ~B3 g~dm3 6,3 ) =
( (R1,6 R2,3R4,5) ~B1,4~dmy 4,1 ~B3,5~dmy s, "’B3,6"‘dm3,6->3) ]
ouf-]= {5.90625, True}
Deriving the Drinfeld element u and its inverse U
Infe]:= Block[{i}, {
Ui =Ry,2~B1~dSy~By ~dmy i,
U; =Ry,2~By~dS;~By~dS;~By z~dmy; 1,
h Xi Yi 1 1
Out[+]= {]E[—haibi,— 1y1,Bi+ (74?1313%747(132BiXiyif4-flzaiBiXiyif3Yﬁ3X%y%)€+
B; 4B; 288 B3
(1441 aiBf - 144y° 0B xs y; + 144 1% @i Bi X3 y1 - 144> h* B x§ yi + 72y h* a1 B X§ yi +
144 n* ai B X y? - 104y 1° Bs x] y3 + 216 v h° a3 By X3 y} + 81 y* nP x}yi) €2+ 0[e]?],
1 4ha; -4yh?xiyi-vyhixiyi) e 1
E[naibi, Axiyi, — + (412 - ivi) N (14412 a2 + 14492 B3 x5 y; -
B; 4B; 288 B;
288y h*a; x;y; + 288> Wt xiyi - 72y hta; xiyi+ 1047 n° X3y} + 9v* n® xiy}) e?+0[e]?]}
uand U are inverses
= Timing@HL[ (uy Up) ~By,p~dmy, 5,1 = E[O, 0, 1] ]
ouf-]= {1.48438, True}

The ribbon element v satisfies v? = S(u) u. The spinner C=uv~!,
It is convenient to compute z = S(u) u™* which is something easy.
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Inf«]:= BlOCk[{$k = 3}, ((u1~B1~d51) Uz) ~Bl_‘2~dm1,z_,1]

1 haje h%*aie?
om[]:IE[O, 0, — + + —
B, B, 2B,

+0[€)?]

* Needs fixing! *) So in our case S(u) =uzso S(u)u=u?zandv= uzi_ and finally C=uv!
2= Btl/z(l - €ay).

V4

Inf+]-= Block[{i},
{cci =E[e, 0, B?2e*/2+0[e]?],
CC;_=E[0, 0, Bi*?e“®/2+0[e]?]

H
o - {E|@, @, \/E_

Inf[«]= BlOCk[{iJ J}’ {

N |

oo

Kink; = (R1,3 E2) ~Bg,2~dmy 5,1 ~By,3~dmy 3,;,
Kink; = (ﬁl,s Ccz) ~By,2~dmy 5,1 ~Bg 3~dmy 3,5
1 2a;-yhE3x3y?) e
Outf+]= {]E[haibi,hxiyi, + ( = = 1> +0[€]2},

\/Bs 4+/B;
B X Yj (-2a;B3-4n%ajByxjy;-3vn®xdyd) e
> A/Bj +
B; 4832

]E[—ﬁajbj,— +O[€]2]}

= k2 = (R3,1 ccz) ~By,2~dmy,5,1~By,3~dmy,3,; /. € - E;
k4 = (ﬁ3,1 E2) ~By,2~dmy 5,1 ~Bg 3~dmy 3,5 /. @ » E;
Simplifye {Kink; = k2, Kink; = k4, (Kink; KInk;)~By,j~dms,;.1}
1

VB
1

ou-J= { e (-1+n) (v+vhxiyi+B;y (-2a;+v (-1+hAxiyi))) =0,

€ (—1+fl) (—YB§+Yﬁijj+Bj (Y+Zaj+Yﬁijj)> =0,

=

(v (-1+h) h (14B1) xay1) €
2B,

E[6, 0, 1- +0[e]?]}

Reidemeister 2:
Infe ]:= (Rl,z ﬁ3,4) ~Bg,3~dmy 3,1 ~By,4~dmy, 4,2
our- E[@, 0, 1+0[e]?]
Cyclic Reidemeister 2:
Infe ]:= (R1,4 Rs,2 E3) ~By,4~dMy 4,5 ~By,3~dmy 3,1 ~By,5~dmy 5,1 = CCy

YEAX Y1 -veERi Xy
Out[« ]J= ==

2+/B1
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Trefoil

Infe]= Z = R1)5 Rs)z R3)7 E4 Kinkg Kinkg Kinkle;
Do[Z = Z“'Bl,r-“‘dml,r—»l: {r, 2, 10}1];
Simplify /@z

our-1-= $Aborted

Outf+]= E[f’l <a7 b1+a1 (b1+b6> — dg bgfag bgfalg b]_g),

Xg¥s Xg9Yo  Xip Yie
h |BgX7Y1+X7Ys -B1X7Y6+X1 (Y1 +B1Ys) - - - s

Bg By Bie
v Bg /By +/Big . 1
/By 4-/B; BY/2BY/2BI2

(-2 a9 By B3 B, - 2 a10 B3 B§ Bs - v 11> B3 B§ Bg X3 y3 - v 11> BE B3 B§ Bg X3 y3 - 2 v 1 By B3 B§ B3 X1 Y6 -
2y h? By BZ B2 B2, x4 Y6 - 4 h? a; By BZ B3 B2, X1 ye + 8 v h® By Bg B2 B2 B2, X1 X7 Y1 Y6 -
4y h® By B B3 B3 B2, X2 y1 Y6 — v A° B2 B2 B2 B2, x3 y2 - 4y h3 B2 B3 B3 B2, X1 X7 Y2 -
v h? B§ B§ Bl X5 y& + v 1’ B B§ B§ By X3y + 21 B3 BE B3 (1- 21 Bs X7 y1 + 2 W% By X7 Y -
3y 1’ BS Bl X3 Y5 - 2 a5 Bg B BSg (Bg + 2 1% Xg Ys5) — 4 h? @9 B By Bip Xo Yo -
3y h® B3 Big X3 y§ - 4 h” a16 B B3 B1g X10 Y10 — 3 ¥ 12’ B3 B3 X3o Y10 e+0[e]?]

Timing[
Z= R1,5 RG,Z R3,7 E4 Kinkg Kinkg Kinkla;
DO[Z = Z~By,.~dmy, 51, {r, 2, 10}];
Simplify /eZ |

In[«]:= R1,5 R5,2 R3)7 E4 Kinkg Kinkg Kinkm
ou-]= E [as b1 + ay b3 + dy b6 — dg bg — dg bg — dig b]@,

Xg¥s XoY9 XieYie VBs /Bg /Bio .
3

X5 Y1+ X7Y¥Y3+X2Ye -~ -

Bg Bo Bie \/Bs
Jow [ o o

s X3 yi X3 y3 X3 Y& ]+—2385§—43838XSYS—3X§Y§
\VBs (-2a9 B3 -4agBsXxoys - 3x3Y3)

2+/Bs  4+/Bs 4+/Bs 4+/Bs 4/B, B3?
4+/B, B3/?

1
7@ +/Bs (-2 a10Bfg - 4 a10 Bio X10 Y10 - 3 X36 ¥3e)
4/B; B3}?

e+0[e]?]
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g J= (Rl,s Re,2 R3,7 CC4 Kinkg Kinke Kinkle) ~Brange[10] ~ Product [b2t;, {i, 10}]
R
Tg To T1e
(Tg To T1e Xs Y1 + Tg To T1e X7 Y3 + Tg To T1e X2 Y6 — To T1e Xg Y5 — Tg T1e Xo Yo — Tg To X1e Y1e) »
NTa
1
4T T T T
bagTgToTie-42a3T3T5Tio-4a0 T3 T5Tio-4a5 T3 T3 Tip —4a10 T3 T5 Tg - 4 a7 T3 T5 Tip -
TeTa Tl X5 YT - TeT5 Tio X7 Y3 - Ta T5 Tig X3 ys - 8 ag Tg T3 T1p Xg Vs - 3 T5 Tip X5 V5 -

8ag T3 To Tig Xo Yo -~ 3 T3 Tig X3 ¥4 ~ 8 @10 T3 T3 T1o X10 Y10 — 3 T3 T3 X3 Y3e) € + 0[€]?]

Outf+ = ]E[—ag ty-a;ts3-a,tg+agtg+agty+agtio,

4a,TaT2T2+4a1asTaTiT3,+4a,a T3ToT2,+4asay TaT5 T3, -

- Z = (((Rl,5 Re,2 Rs,7 CC4 Kinkg Kinks Kinkm) ~Brange10] ~ Product [b2t;, {i, 10} ]) /. T > T1) ~
BRange[la] ~Product [t2b1, {1, 10}]

Outf+]= E[as b1+a7 b3+a2 bs—ag bg—ag bg—alg ble, B_
1

(B1 X5 Y1 +B1 X7Y3+B1X2Ye -~ Xg Y8 — Xo Yo — X10 Y10) » B1 + B
1

<4a1B§+4a4B§—4a8B%—4a9B§—4aleB§—B%x%y%—B%x%y%—fo%y§+4allegyg—Saglegyg—
3x3Yg+4a1ByXoys-8agByXoyo—3x3 Y3 +4 a1 By Xio Y10 - 8310 B1 X0 Y10 - 3 X3 yie) €+ 0[€]?]

Timing[
Do[Z = Z"‘Bl,r"‘dml,ral) {r, 2, 10}];
Simplifyez[3] ]

doing 2
doing 3
doing 4
doing 5
doing 6
doing 7
doing 8
doing 9
doing 10

B1
outf+ = {5.39063, —_—
1-B;+B2

(By (-By+2B2+2Bf+a; (-1+B;-B3+B}) -2x1y:1-B3 (3+2x1y1))€)/(1-B1+B2)°+0[e]?}

Infe]= Timing[
Z = Ry,s Re,2 R3,7 CCq Kinkg Kinkg Kinkye /. B - By
Do[Print["doing ", r]; Z =Z~By,.~dmy,,1 /. B - By, {r, 2, 10}];
Simplifyez[3] ]
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doing
doing
doing
doing
doing
doing
doing
doing

doing

9

10

B1

outf J= {5.3125, —_

1-By+B2
1

(2a1Bf (-1+B;-B3 +B]) -6x5y; +4B]xjy; -2BIxiyi +Bixay: (5-6x1y1) +

2B; (1-B;+B})°

3BiXay: (-1+2x1y1) +BS (3+3x3y1-6x3y3) -BF (4+13x3y1+2xiy]) +
Bf (2+15x1y1+4x3y3) -B] (1+15x1y1+6x]y])) € +0[e]?}
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