
Pensieve Header: Checking if PfBn (Pure Flat Braids) has a homomorphic expansion.

SetDirectory@"C:\\drorbn\\AcademicPensieve\\Projects\\Quadraticity2"D;

<< ../Mathematica/LinAlg.m

Unprotect@NonCommutativeMultiplyD;

0 ** _ = 0;

_ ** 0 = 0;

Hc_ * w_WL ** x_ := Expand@c Hw ** xLD;

x_ ** Hc_ * w_WL := Expand@c Hx ** wLD;

x_Plus ** y_ := Hð ** yL & �� x;

x_ ** y_Plus := Hx ** ðL & �� y;

w1_W ** w2_W := Join@w1, w2D;

b@a1_a, a2_aD := W@a1, a2D - W@a2, a1D;

pfb@n_D�Generators := Sort@Flatten@Table@
a@i, jD, 8i, n - 1<, 8j, i + 1, n<

DDD;

pfb@n_D�Relations := Flatten@8
Table@

b@a@i, jD, a@i, kDD + b@a@i, jD, a@j, kDD + b@a@i, kD, a@j, kDD,

8i, n - 2<, 8j, i + 1, n - 1<, 8k, j + 1, n<
D,

Table@
8

b@a@i, jD, a@k, lDD, b@a@i, kD, a@j, lDD, b@a@i, lD, a@j, kDD
<,

8i, n - 3<, 8j, i + 1, n - 2<, 8k, j + 1, n - 1<, 8l, k + 1, n<
D

<D;

pfb@n_D@m_IntegerD = pfb@n, mD;

pfb@n_, 0D�Generators := 8W@D<;

pfb@n_, m_D�Generators := Sort@
Flatten@Outer@W, Sequence �� Table@pfb@nD�Generators, 8m<DD

D �. a@i_, j_D ¦ 10 i + j

D;

pfb@n_, m_D�Relations := Flatten@Table@
Outer@NonCommutativeMultiply,

pfb@n, kD@GeneratorsD, pfb@nD@RelationsD, pfb@n, m - 2 - kD@GeneratorsD
D,

8k, 0, m - 2<
DD �. a@i_, j_D ¦ 10 i + j;



pfb@n_, m_D�ReducedMatrix := pfb@n, mD�ReducedMatrix = Module@
8gens, rels<,

gens = pfb@n, mD�Generators;

rels = pfb@n, mD�Relations;

RowReduce@
CoefficientArrays@rels, gensD@@2DD �� Normal

D
D;

pfb@n_, m_D�Basis := Module@
8gens<,

gens = pfb@n, mD�Generators;

Delete@gens, List �� Flatten@
Position@ð, Except@0D, 81<, 1, Heads ® FalseD & �� pfb@n, mD�ReducedMatrix

D
D

D;

ToBasis@pfb@n_, 0DD := 8<;

ToBasis@pfb@n_, 1DD := 8<;

ToBasis@pfb@n_, m_DD := ToBasis@pfb@n, mDD = Module@
8gens<,

gens = pfb@n, mD�Generators;

Dispatch@Flatten@Replace@
Hpfb@n, mD�ReducedMatrixL.gens,

8
0 ® 8<,

r_Plus ¦ 8First@rD ® Expand@-Rest@rDD<,

r_ ¦ 8r ® 0<
<,

81<
DDD

D;

ASeries �: c_ ?NumberQ * a_ASeries := Expand@c ðD & �� a;

ASeries �: a1_ASeries + a2_ASeries := Module@
8m = Min@Length@a1D, Length@a2DD<,

ASeries �� HTake@List �� a1, mD + Take@List �� a2, mDL
D;

ASeries �: a1_ASeries ** a2_ASeries := Module@
8m = Min@Length@a1D, Length@a2DD - 1, P1, P2<,

ASeries �� Table@
Sum@a1@@d1 + 1DD ** a2@@d - d1 + 1DD,

8d1, 0, d<
D,

8d, 0, m<
D

D;

ASeries �: Expand@a_ASeriesD := Expand �� a;

pfb@n_D@ReduceD@a_ASeriesD := ASeries �� Table@
Expand@a@@d + 1DD �. ToBasis@pfb@n, dDDD,

8d, 0, Length@aD - 1<
D;
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pfb@4, 3D@RelationsD �. ToBasis@pfb@4, 3DD

80, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0<
ASeries@W@D, W@12DD ** ASeries@W@D, - W@12DD

ASeries@W@D, 0D

ASeries@W@D, W@12D, 0D ** ASeries@W@D, W@23D, 0D �� pfb@3D�Reduce

ASeries@W@D, W@12D + W@23D, W@12, 23DD

pfb@3, 2D@BasisD

8W@12, 12D, W@12, 23D, W@13, 12D, W@13, 13D, W@13, 23D, W@23, 12D, W@23, 13D, W@23, 23D<

ASeries@W@D, W@12D, 0D ** ASeries@W@D, W@13D, 0D �� pfb@3D�Reduce

ASeries@W@D, W@12D + W@13D, -W@12, 23D + W@13, 12D - W@13, 23D + W@23, 12D + W@23, 13DD

GradedSolve@params__D := Module@
8

alg = Algebra �. 8params<,

dr = DegreeRange �. 8params<,

us = Unknowns �. 8params<,

ivs = InitialValues �. 8params<,

eqs = Equations �. 8params<,

cvs, d, bas, dim, k, cs, er, sol

<,

cvs = ivs; cs = 8<;

For@d = dr@@1DD, d £ dr@@2DD, ++d,

bas = alg@dD@BasisD;

dim = Length@basD;

k = 0;

cvs = Append@ð, Table@c@d, ++kD, 8dim<D.basD & �� cvs;

cs = Join@cs, Table@c@d, iD, 8i, k<DD;

er = alg@ReduceD �� Heqs �. Thread@us ® HAppend@ð, 0D & �� cvsLDL;

er = Collect@Last@ðD, _WD & �� er;

sol = Solve@
Hð � 0L & �� Cases@er, eq_ * _W ¦ eq, InfinityD,

cs

D;

If@sol � 8<,

Print@"No solution in degree ", dD,

sol = First@solD
D;

cvs = Expand@cvs �. solD;

cs = Complement@cs, First �� solD;

H* cvs=Expand@cvs�. HHð®0L& �� csLD; cs=8<; *L
D;

cvs

D
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GradedSolve@
Algebra ® pfb@3D,

DegreeRange ® 82, 6<,

Unknowns ® 8s12, s13, s23<,

InitialValues ® 8ASeries@W@D, W@12DD, ASeries@W@D, W@13DD, ASeries@W@D, W@23DD<,

Equations ® 8s12 ** s13 ** s23 - s23 ** s13 ** s12<
D

Solve::svars : Equations may not give solutions for all "solve" variables. �

Solve::svars : Equations may not give solutions for all "solve" variables. �

Solve::svars : Equations may not give solutions for all "solve" variables. �

General::stop : Further output of Solve::svars will be suppressed during this calculation. �

8ASeries@W@D, W@12D, 0, 0, 0, 0, 0D, ASeries@W@D, W@13D,

-W@13, 23D + W@23, 12D - W@23, 23D, W@13, 23, 12D - W@23, 12, 12D + W@23, 23, 12D,

-W@13, 23, 12, 12D + W@23, 12, 12, 12D - W@23, 23, 12, 12D,

W@13, 23, 12, 12, 12D - W@23, 12, 12, 12, 12D + W@23, 23, 12, 12, 12D,

-W@13, 23, 12, 12, 12, 12D + W@23, 12, 12, 12, 12, 12D - W@23, 23, 12, 12, 12, 12DD,

ASeries@W@D, W@23D, -W@23, 12D + W@23, 23D,

W@23, 12, 12D - W@23, 12, 23D - W@23, 23, 12D + W@23, 23, 23D,

-W@23, 12, 12, 12D + W@23, 12, 12, 23D + W@23, 12, 23, 12D - W@23, 12, 23, 23D +

W@23, 23, 12, 12D - W@23, 23, 12, 23D - W@23, 23, 23, 12D + W@23, 23, 23, 23D,

W@23, 12, 12, 12, 12D - W@23, 12, 12, 12, 23D - W@23, 12, 12, 23, 12D +

W@23, 12, 12, 23, 23D - W@23, 12, 23, 12, 12D + W@23, 12, 23, 12, 23D +

W@23, 12, 23, 23, 12D - W@23, 12, 23, 23, 23D - W@23, 23, 12, 12, 12D +

W@23, 23, 12, 12, 23D + W@23, 23, 12, 23, 12D - W@23, 23, 12, 23, 23D +

W@23, 23, 23, 12, 12D - W@23, 23, 23, 12, 23D - W@23, 23, 23, 23, 12D +

W@23, 23, 23, 23, 23D, -W@23, 12, 12, 12, 12, 12D + W@23, 12, 12, 12, 12, 23D +

W@23, 12, 12, 12, 23, 12D - W@23, 12, 12, 12, 23, 23D + W@23, 12, 12, 23, 12, 12D -

W@23, 12, 12, 23, 12, 23D - W@23, 12, 12, 23, 23, 12D + W@23, 12, 12, 23, 23, 23D +

W@23, 12, 23, 12, 12, 12D - W@23, 12, 23, 12, 12, 23D - W@23, 12, 23, 12, 23, 12D +

W@23, 12, 23, 12, 23, 23D - W@23, 12, 23, 23, 12, 12D + W@23, 12, 23, 23, 12, 23D +

W@23, 12, 23, 23, 23, 12D - W@23, 12, 23, 23, 23, 23D + W@23, 23, 12, 12, 12, 12D -

W@23, 23, 12, 12, 12, 23D - W@23, 23, 12, 12, 23, 12D + W@23, 23, 12, 12, 23, 23D -

W@23, 23, 12, 23, 12, 12D + W@23, 23, 12, 23, 12, 23D + W@23, 23, 12, 23, 23, 12D -

W@23, 23, 12, 23, 23, 23D - W@23, 23, 23, 12, 12, 12D + W@23, 23, 23, 12, 12, 23D +

W@23, 23, 23, 12, 23, 12D - W@23, 23, 23, 12, 23, 23D + W@23, 23, 23, 23, 12, 12D -

W@23, 23, 23, 23, 12, 23D - W@23, 23, 23, 23, 23, 12D + W@23, 23, 23, 23, 23, 23DD<
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n = 4;

GradedSolve@
Algebra ® pfb@nD,

DegreeRange ® 82, 3<,

Unknowns ® Flatten@Table@
s@i, jD, 8i, n - 1<, 8j, i + 1, n<

DD,

InitialValues ® Flatten@Table@
ASeries@W@D, W@10 i + jDD, 8i, n - 1<, 8j, i + 1, n<

DD,

Equations ® Flatten@8
Table@

s@i, jD ** s@i, kD ** s@j, kD - s@j, kD ** s@i, kD ** s@i, jD,

8i, n - 2<, 8j, i + 1, n - 1<, 8k, j + 1, n<
D,

Table@
8

s@i, jD ** s@k, lD - s@k, lD ** s@i, jD,

s@i, kD ** s@j, lD - s@j, lD ** s@i, kD,

s@i, lD ** s@j, kD - s@j, kD ** s@i, lD
<,

8i, n - 3<, 8j, i + 1, n - 2<, 8k, j + 1, n - 1<, 8l, k + 1, n<
D

<
D

D

Solve::svars : Equations may not give solutions for all "solve" variables. �

No solution in degree 3

A very large output was generated. Here is a sample of it:

8�1�<

Show Less Show More Show Full Output Set Size Limit...
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