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Pensieve header: A unified verification notebook for the PPSA project; continued
pensieve://Projects/SL2Portfolio/.

Continues pensieve://2017-06/ and pensieve://2017-08/.

Prolog

Go;

wdir = SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\PPSA"];
NotebookOpen [wdir <> "\\MakeVSnips.nb"];

HL[& ] := Style[&, Background - Yellow];

Initialization / Utilities

The “degree carrier / filtration parameter” is h, and all “coupling constants” are proportional to it.
D
$TAD = 3; $TeD=2; € /: €’ /; d> $TeD := 0;
(» $TeD can't be = at least because of Quesne. Can't be <
1 at least because of the explicit e? in SD$g. =)
SetAttributes[{SS, SST}, HoldAllj;
SS[&.]1 := Block[{h, €}, (* Shielded Series =x)
Collect [NormaleSeries[&s, {n, @, $TAD}], 2, Together] ];
SST[& ] := Block[{h, €},
Collect[NormaleSeries[& /. {T: » e""/2, T e"%2}, {n, @, $THD}|, &, Together] |;
Simp[& , op_] := Collect[s, _CU| _QU, op];
Simp[&_ ] := Simp[&, Collect [NormaleSeries[#, {n, @, $TAD}], 2, Expand] &];
SimpT[& ] := Collect[s, _CU| _Qu,
Collect[NormaleSeries[# /. {T; » e""/?, T e"%?}, {h, @, $ThD}], &, Expand] &];

Differential polynomials (DP):
Utils

DP. 4o, ,z0p, [P_1[A] i=
Total[CoefficientRules[P, {a, B}] /. ({m_, n_} »c_) =>cD[A, {x, m}, {y, n}]]

DeclareAlgebra

QLImplementation

Unprotect [NonCommutativeMultiply]; Attributes[NonCommutativeMultiply] = {};
(NCM = NonCommutativeMultiply) [x ] := x;

NCM[Xx_, V. _, Zz ] = (X**Y) **Z;

Oxx _=_*%x0=0;

(x_PLus) #xy_i= (Z%xy) &/@x; x_#x (v _Plus) := (x** ) &/@y;

B[x_, x_ ] =0; B[Xx_, V. ] = X%y - *x%X;
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QLImplementation

DeclareAlgebra[U_Symbol, opts__Rule] := Module[{gp, sr, cp, CE, pow,
gs = Generators /. {opts}, cs = Centrals /. {opts}},
() = Uen) &/@egs;
gp = Alternativeseegs; gp=gp | gp ; (* gen's pattern x)
sr = Thread[gs » Range@Length@gs]; (» sorting rule =)
cp = Alternativeseecs; (x cent's pattern =)
CE[&.] := Collect[s, U, (Expand[#] /. h% /; d > $TaD > 0) &];
Ui [&.] := & /. {t:cp» ti, u_U > Replace[u, x_ » Xxi, 1]};
Ui [NCM[]] :=U[];
BlUe (x_): , Ue(y_)i ] :=B[Uex;, Uey;] = U;@B[Uex, Uey];
BlU@(x_):,Ue(y_); ] /5 i=t=37 := 0;
B[Uey , Uex ] :=CE[-B[Uex, Uey]];
X_*%U[] :=Xx;5 U[] **Xx_ :=X;
(_. #x_U) %% (b_. xy_U) := If[ab === 0, @, CE[ab (x*+y)]];
Ulxx___,x_ ] *%x U[y_,yy 1 := If[OrderedQ[{x, v} /. sr],
Ulxx, x, YV, YY1, U@xx x* (URy x+x U@x + B[U@x, URy]) »*xUeyy];
ve{c .= (L:gp)™, r___}/;FreeQ[c, gp] := CE[cU@Table[L, {n}] x»Ue{r}l;
ve{c .xL:gp,r___} := CE[cU[L] »*xU@{r}];
ve{c_, r___} /; FreeQ[c, gp] := CE[cU@{r}];
ve{} =U[];
ve{l Plus, r___} := CE[Ue{#, r} & /e L];
ve{lL_ ,r___} := Ue{Expand[L], r};
U[ & _NonCommutativeMultiply] :=U /e &;
Oy[poly_, specs___] := Module[{sp, null, vs, us},
sp = Replace[{specs}, L List > L 11, {1}];
vs = Joinee (First /@ sp);
us = Joinee (Sp /o Ls = (I. /e X_i > Xs) );
CE[Total]
CoefficientRules[poly, vs] /. (p_->c_) = cUe(us?)

]] /. X_null = X

]
pow[& , O] =U[]; pow[& , n_] :=pow[SE, n-1] »* &5
Sy[&_, SS___Rule] := CEeTotal[
CoefficientRules[&, First /@ {ss}] /.
(p_ » c_) » c NCM@e MapThread [pow, {Last /@ {ss}, p}]11];
Si [c_.*u U] := CE[(c /. Si[U, Centrals]) DeleteCases[u, _;] #*
U; [NCM @@ Reverse@Cases [u, x_; :» SeUex]]];
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DeclareMorphism

QLImplementation

DeclareMorphism[m_, U_ - V_, ongs_List, oncs_List: {}] := (
Replace[ongs, (g_ - img_) = (m[U[g]] = img), {1}];
m[ULT1 = VI[I1;
m[U[g_i 11 := Vi[m[Ueg]];
m[U[vs__]1] := NCMee (m/@eU /@ {vs});

m[&_] := Simp[& /. oncs /. u_ Uz mlull;)

Meta-Operations

QLImplementation

cu

Si [& Plus] := Simp[S; /@ &];

. 73
Implementing sl

DeclareAlgebra[CU, Generators -» {y, a, x}, Centrals -» {t}];
Blacu, Yol = =¥ Ycs; B[Xcs ac] = - ¥ Xcus

B[Xcu, You]l =2€ac-tCU[];

(secuey = -yc; S@acy = -ac; S@Xey = -Xcu3)

S; [CU, Centrals] = {t; » -ti};

Verifying associativity on triples of generators:

With[{bas = CU/@ {y, a, X}},
Table[z1 #% (22 %% 23) - (21 %% 22) »»23 // Simp // HL,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{e, 0,0}, {6,0,0}, {0,0,0}},
{{e, e, @}, {0, 0, 0}, {0, 0, 0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}}

Verifying associativity on a “random” triple:

With[{Z]- = CU[y, y, a, a, x, x], z2=CU[y, a, x], z3 =CU[y, y, a, x]}, {
(rhs = (z1 %% 22) %23 // Simp) // Short,
21 (22%%23) -rhs // Simp // HL
}] // Timing
{0.828125, { (28t y*+116ty° ¢ +120y° €?) CULY, ¥, ¥, X, X] + <<24>, @} }

Verifying that S is an anti-homomorphism on CU:

With[{bas =CU/e {Y1, di, Xl}},
Table[HL@Simp[Sy[z1 x* z2] - S1[22] *% S1[2z1]],
{z1, bas}, {z2, bas} ] 1]

{{e, 0, 0}, {0, 0, 0}, {0, 0, 0}}
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Qu

Verifying the involutivity of S on products of triples:

With[{bas = CU /@ {y1, a1, X1}},
Table[HL@Simp[z1 x% z2 % 23 - S1 @S, [z1 x*% z2 x* z3]],
{z1, bas}, {z2, bas}, {z3, bas} ] ]

{{{e, 0,0}, {6,0,0}, {0,0,0}},
{{e, e, @}, {0, 0, 0}, {0, 0,0}}, {{0, 0,0}, {0,0,0}, {0,0,0}}}

Implementing Uye.n

With g=e"¢, A=e™"?, T =¢™2, and [f, g], :=fg - qgf, our algebra is Uycn=(t, y, a, X)/ R, where
R=([t, x1=0, [a yI=-vy, [x, ¥, =(1- T>A?)/h, [x, a] = -yx).

DeclareAlgebra[QU, Generators - {y, a, x}, Centrals -» {t, T}];

q=SS[e"*"]; (+T=SS[e” /2] ;)

B[agus Youl = =¥ Yous B[Xqu, aqu]l = -y QUex;

B[Xqus Youl = (q-1) QU@{y, x} + Oqu[SS[(1-T?e22") /1], {a}];

(Seyqu = 0qu[SS[-T2e"?y], {a, y}]|; S@aq = -aqu; S@xXq = Oqu[SS[-e"“?x], {a, x}];)
Si [QU, Centrals] = {t; » -t;, Ti - Ti'};

With[{bas = QU /@ {y, a, x}}, Table[{zl, z2} - Simp[zl %% z2 - z2 »% z1], {z1, bas}, {z2, bas}] ]

{{{Quly], Qulyl} > @, {QU[y], QU[al} > v QU[y], {QU[y], QU[x]} -
(-1+72) QU]
h
{{QUlal, QU[y]} » -¥QU[y], {QU[a], QU[a]} - @, {QU[a], QU[x]} - ¥ QU[x]},
(1-72) Qu[]
h
{QUx], QU[a]l} —» -¥QU[x], {QU[x], QU[x]} - @}}

1
-2T?eQUla] +2T?€?hQU[a, a] + |-yeh- —yzezth QUy, x]},
2

{{QUIx], QU[y]} - +2T?eQUla] -2T?ec?aQU[a, a] +

1
yeh+—=y?e?hn?| QUly, x],
2

Verifying associativity on triples of generators:

With[{bas = QU /e {y, a, x}},
Table [HL[z1 %% (22 #% 23) - (21 %% z2) #% 23] // Simp,
{z1, bas}, {z2, bas}, {23, bas} | ]

{{{0, 0,0}, {0,0,0}, {0,0,0}},
{{6, 0,0}, {06,0,0}, {0,0,0}}, {{0,0,0}, {0,0,0}, {0,0,0}}}
Verifying associativity on a “random” triple (~34 secs @ $ThD=5, $TeD=2):

With[{Z]- =QULy, y, a, a, X, x], z2=QU[y, a, x], z3 =QU[y, Yy, a, x]}, {
(rhs = (21 %% 22) %23 // Simp) // Short,
HL[z1 %% (22 %% 23) -rhs // Simp ]
}] 77 Timing
{32.625, {«<1>, 0}}

Verifying that S is an anti-homomorphism on QU:
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With[{bas = QU /@ {y1, a1, X1} },
Table[{z1, z2} » HL@Simp[S; [zl *% z2] - S1[Zz2] ** S1[z1]],
{z1, bas}, {z2, bas} ] ]

{{{QU[y1], QU[y1]} » @, {QU[y1], QU[a1]} - @, {QU[y1], QU[x1]} — @},
{{QU[a1], QU[y1]} —» @, {QU[a1], QU[a1]} » @, {QU[a1], QU[x1]} - @},
{{QU[x1], QU[y1]} - @, {QU[x1], QU[a1]} » @, {QU[X1], QU[X1]} - @}}

Verifying that Limp_0 QU = CU using a “random” product (~23 secs @ $TAD=5, $TeD=2):

with[{zl =CU[y, y, a, a, X, x], z2=CU[y, a, x], z3=CU[y, VY, a, x]}, {
Shor‘t[lhs =271 %% (ZZ * % 23) ] R
Short[rhs = (QUe@z1) »x ((QUeez2) ++ (QUeez3))],
Expand[Limit[rhs /. {QU-)CU, T- eﬁm}, a ->e] -1hs] // HL
}] // Timing

{34., {2 (82y*+16t ¥ €) CULY, ¥, ¥, X, X] + <107>> + CU[Y, ¥, ¥, ¥, <<5>>, X, X, X, X],
(-8T*y®e?+8T*y*€?) QULY, ¥, ¥, X, X] + <<489>> + (yeh+ «<1> ) QU[ «<1>], @}}

Implementing 6

theta

DeclareMorphism[C6, CU - CU, {y - -Xcy, @- -aws X -Ya}, {t--t, T>T7}];
DeclareMorphism[Qe, QU » QU, {y -» Oq[SS[-T*e?<?x], {a, x}],
a--aq, X 0u[SS[-T*e"?y], {a, y}]}, {t>-t, T>T?}]

Verifying involutivity on CU:

With[{bas = CU /e {y, a, X}},
Table[z » Co[z] » HL[Co[CO[Zz]]], {Z, bas}] ]

{CU[y] » -CU[x] - CU[y], CU[a] » -CU[a] »CU[a], CU[x] » -CU[y] - CU[x]}

Verifying that 8 is a multiplicative homomorphism on CU:

With[{bas = CU /e {y, a, x}},
Table[CO[zl % z2] -CO[z1] **x CO[z2] // HL, {zl1, bas}, {z2, bas}] ]

{{0, 0,0}, {6,0,0}, {6,0,0}}

Verifying involutivity on QU:

With[{bas = QU /e {y, a, x}},
Table[z -» Qo[z] -» HL[QO[QO[2]]1], {z, bas}] ]

_QU[x] €hQuU[a, X] e?n?QUia, a, x]

fQuiy] - - - - QU[y], QU[a] » -QU[a] - QU[a],
T T 2T
2 2 32 2 32 2 32
QUIx] - lﬂﬂ) Qry] « [ L. X8 ]QU[y,a] el B Al )
T T 2T T T 2T

Verifying that 6 is a multiplicative homomorphism on QU:

http://drorbn.net/AcademicPensieve/Projects/PPSA/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Projects: PPSA: Verification.nb 2018-02-11 11:18:44

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» HL[Simp[Q6[z1l »* z2] - Q6 [z1] *»*Q6[22]]1], {zl1, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} - @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} —» @, {QU[x], QU[x]} - @}}

The Asymmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.

ADeq

h 2 2 2

t _ 2
A1D$f=1eh(?'(a”)e) Cosh[n (ae+ﬁ_£)]_Cosh[h\/(t ye] rew | /
. Yeh
(Slnh[T] (aze+axe—at—w)) g

Scaling behaviour of AD$f:

HL@Simpli'Fy[A]D$'F = ((A1D$'F /. 7-)1) /. {e->)fe, ao>yla, wax'lw})]
True
HL@FullSimplify |
AD$F == ((A]D$'F /. 7—)1) /. {h > y*h,e»e/y, analy, to>y2t, w—»x"”w})]
True

ADeq

AD$w = ¥ CU[y, x] +€CU[a, a] - (t-ye) CU[a];

ADeq

DeclareMorphism[AD, QU - CU,
{a = dcyy X = CU@X, y-> §cu[ss [A]D$'F] s A= dcy, W~ A]D$w] * % yCU}]

Verifying that the asymmetric dequantizator is a homomorphism:

With[{bas = QU /e {y, a, x}},
Table[{z1, z2} -» HL[SimpT[AD [z1 %% z2] - AD [z1] *%x AD [z2]]], {z1, bas}, {z2, bas}] ]

{{{QU[y], QU[y]} » @, {QU[y], QU[a]} —» @, {QU[y], QU[x]} - @},
{{Qula], QU[y]} » @, {QU[a], QU[a]} » @, {QU[a], QU[X]} - @},
{{Qu(x], QU[y]} » @, {QU[x], QU[a]} » @, {QU[X], QU[X]} —» @}}

The Symmetric Dequantizator

Following pensieve://People/VanDerVeen/Dequant1.pdf.
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SDeq
i} o}
S]D$g=\/([Cosh[—\/t2+yzez+4em]—Cosh[;(t—(Za+7)e)]]/
2
(sinh[ﬂ] (t (2a+¥) -2a (a+v) e+2w)h/(27)));
2
Verify agreement with the formulas in pensieve://People/VanDerVeen/Dequant1.pdf:
Cosh[ﬁ(%+ea)]—€osh[ﬁ tz;Ez+ew]
{sp$P =
hSinh['ezﬁ] (w—ea2+ (t—e) a+t/2)
Simplify[SD$P == (SD$P /. {a—>-a-1, t--t})] // HL,
PowerExpand@Simplify[ (SD$P /. {n » ¥’ h, e »e /¥, a»a/y, t->y?t, o>y w}) =
SD$g (Sp$g /. {a--a-y, t--t})] // HL,
SD$Q = Simplify[sp$P /. {a-»>c-1/2}],
Simplify[SD$Q = (SD$Q /. {c—>-c, t->-t})] // HL,
simplify[SD$g = FullSimplify |
VSD$Q /. csa+1/2/.{n > ¥*h,ese/y, amal/y, toy2t, way3iw}]] /7 H
}
{-]]|cosh| ae+1 (—t+e)) n| - Cosh| 1 (t?+€e?) +ew n] Csch[ﬂ} /
2 4 2
t
((—Jra (t-€) 7aze+w) h] , True, True,
2
- [(4 cOsh[1 (t-2ce) n] —Cosh[lx/t2+ez+4ew h]) CSCh[g}]/
2 2 2
((4ctre-4c’e+4n) h)), True, True}
SDeq
SD$f = FullSimplify[e” (*/>¢® (Sp$g /. {a - -a, t>-t})];
SDeq
SD$w = ¥ CU[y, X] +e CU[a, a] - (t-ye) CU[a] -ty CU[] /2;
SDeq

DeclareMorphism[SD, QU » CU, {a - acy,
X - Scy [SS[SD$F], a » acy, @ -» SD$w] ** Xcy,
Yy - S [SS[SD%$g], a - acy, @ » SD$@] ** Ycu
}
Verifying the 8-symmetry:
Table[HL@SimpT[CO[SD[z]] = SD[QO[Zz]]1], {z, QU /@ {y, a, X}}]

{True, True, True}
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Verifying that the symmetric dequantizator is a homomorphism:
With[{bas = QU /e {y, a, x}},
Table[{z1l, z2} -» HL@SimpT[SD [zl x* z2] -SD [z1] **SD [z2]], {zl, bas}, {z2, bas}] ]

{{{QUly], QUly]} » @, {QU[y], QU[a]} » @, {QU[y], QU[X]} - @},
{{Qufa], QU[y]} —» @, {QU[a], QU[a]} —» @, {QU[a], QU[x]} — @},
{{QUx], QU[y]} —» @, {QU[x], QU[a]} -8, {QU[x], QU[x]} - @}}

R in QU.

Quesne’s formula:

Quesne

n 1-qg ka
€q ,n [X_] := e’\[ %

8 X_] = eq,¢1en [X
k=1k( i ] eq [x_] @g,$1en [X]

Table[Together@SeriesCoefficient[e,,s[x], {X, @, n}], {n, @, 5}]
1 1 1
{1) 1: B} 3 4
1+p (1+p) (1+p+pz> (1+p)2(1+p2> (1+p+pz)

1/((1+,o)2 (1+,oz) <1+p+pz> (1+,o+pz+p3+,o4))}

Table [HL@FunctionExpand [QFactorial[n, p] SeriesCoefficient[e,,s[x], {X, @, n}]], {n, @, 5}]
{1,1,1,1,1, 1}

QUIR;: ,; ]
QU[R:; ]

O[SS[e"™* eq[hy1X2] /. by >yt (ea1-ti)], Y1, a}is {32, Xa};5];
S;@QUIR;i,;];

QU[R3,4] // Short

(] - €h <«<1> . w<Ilom 4 A3 «<1> «<1> h3 QU[ag, ag, a4] ‘tg

Y 2+y? 63

Verifying R2 (~2 secs @ $ThD=4, $TeD=2):

QU[Ry,2 #*Ri%] /7 Simp // HL // Timing

(0.546875, QU[]}

Verifying R3 (~156 secs @ $ThD=4, $TeD=2):

{Short[1lhs = QU[Ry,, ** Ry,3 *% Rz,3]], HL@SimpT[lhs - QU[R,,3 ** Ry,3 #*Ry,,11} // Timing
a1

3712 1 314 1 3716
{11.3125, {QU[] + <<456>> +QU[Y1, Y1, Y1, X3, X3, X3] ;7;?7 T2+;h Tz—gh 5], 0}}
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The representation p

p@yCU=p@yqu= (2 g); p@acu=p@aQU= (; g);
P@Xcy = (g ;); p@Xqu=SS@(2 (1_e_YGZ)/(eh) );
ple”] := MatrixExp[p[511;

p[& ] =

10

(5 /. {to>ye, T>e®¥/?} /. (U:CU | QU) [u___] = Fold[Dot, (e :

), p/@U/@{u}])

Verifying that p represents CU and QU:

Table[p[zl #% z2] = p[z1].p[22] // SS // HL,
{U, {CU, QU}}, {z1, U /e {y, a, x}}, {z2, U/@{y, a, x}} ]
{{{True, True, True}, {True, True, True}, {True, True, True}},
{{True, True, True}, {True, True, True}, {True, True, True}}}

The Classical Logos CA
Lemma 3C. To degree k,
Qoy(eM+5X+0YX | xy) = Quy(v e emny+xoy) CA(€, v, y, a, x, n, &, 8) | y ax), with
v=_"1 +t6)‘1 and where CAk(€, v, v, a, x, n, &, ) is a fixed polynomial of degree at most 4 k in
Y, \/; , X, n, &, with scalar coefficients.
Comment. Even better, log(C/\) is of degree at most 2 k+ 2 in said variables.
eqn = p[efxcu] .p[en)'cu] o= p[edYCu] .p[ec (tcul] -Zeacu)] .p[ebxcu]
({(leven& ve&), {en, 1)) = {{e ", be " v}, {de " e, e’ +bde " ye}]
sol = Solve[Thread[Flatten /@eqn], {d, b, c}][1] /. C[1] » ©
n & Log{ ! }

1
b - , C—> wene
l+yené Y €

{de ,
l+yené

Proof of Lemma 3C. We know that Qsy(e2**Y | xy) = Qy(e®!*ay-2€ca+bx | y ax), with

_n 4 Log[1+yené] . .
{d—) Teyene b- Teyene’ €7 e } Expanding in € we get

Qeu(@* " | xy) = Qou(Ac(g, M) e?*EX 18 | yax) = Qu(A(0x, 0y) €™V #7181 | yax) and so
Qu(eny+EX+5yx | xy)= O(/\e(ax, oy) %90 ghy+&x-nét | yax) = (D(,\E(ax’ dy) v @/ (-tEmny+Ex+by x) | yax).
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Logos
SS.[&.] := Block[{e}, Collect[Normal@Series[&, {e, ©, $TeD}], €, Together]];
(* Shielded e-Series =x)
CA[tl ,y1 ,a1 ,x1_, 1, 71, &_] :=Module[
{eqgn, d, b, c, sol, A, q, v, &, n},
eqn = p[efxcu] .p[eﬁﬂu] - p[ed}’cu] .p[ec (tcur] -25350)] .p[ebxcu];
sol = Solve[Thread[Flatten /@eqn], {d, b, c}]1[1] /. C[1] » O;
A = Simplify[e 7V ¢X et ss [et+dy-2ecarbx/ so1]];
q = e ((tEmmyrExssyx
Collect[vq™DPcyp,,up, [A1[A] /. v (1+t5)7", e, simplify] /.
{t->tl,y-»>yl,a-»al,x-»>x1, §-» <1, n-» 71}

s
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CA[t, y, a, x, §, n, 6]
1 1

+

1+t6 24 (1+ts)°

e? (48a2 (1+t5)4(252 (1+t6)%+46 (1+t8) (x6+n) (Y6+&) + (x6+1)2 (y6+§)2) -
24ay(1+t6)4(252 (1+t6)2+46 (1+t6) (x6+1m) (yo6+&) + (x6+n)? (y6+§)2) -
48ayy (1+t6)° (x5+n)

(662 (1+t6)2+66 (1+t68) (x6+n) (Y6+&) + (x6+1)2 (y6+§)2) +24yy? (1+t06)°
(X5 +1) (662 (1+té>2+66 (1+t6) (x6+1m) (yo6+&) + (x6+1)? (y6+§)2) —48axy
(1+t6)3 (Y& +&) (652 (1+t6)2+66(1+t6) (XE5+1M) (YE+E) + (XxE+1n)2 (y6+§)2) +
2ax7? (1+106)° (y6+6) (667 (1+16)2+66 (1+t6) (x6+m) (y5+8) +
(x6+m)? (y6+8)2] +12y2 ¥ (1+16)% (x641)?
(1252 (1+t6)2+86 (1+t8) (x6+7m) (Y6+&) + (xE5+m)? (yo+&)2] +12x* 2
(1+t6)2(y6+§)2(1262 (1+t5)2+86<1+t5) (XE+M) (YE+E) + (xE+m)2 (y&+&)?
24aty (1+t6)? (653 (1+t6)°+186% (1+t6)% (x5+n) (Yo +&) +
96 (1+t68) (xE+m2 (yo+&)2+ (x5+1)3 (y6+§)3) -
8t (v+tyo)? (663 (1+t6)°+186% (1+t6)% (x65+n) (Yyo+&) +
96 (1+t6) (x6+m2 (yo+&)2+ (x6+n)3(y6+§)3)+
24xy(y+ty6)2(663 (1+t6)°+186% (1+t6)% (x5+n) (yo+&) +
96 (1+t6) (x6+m)?* (yo+&)%+ (x6+1)° (yo+¢) )

2(x6+n) (YyS+E) +

12tyy? (1+t6) (x6+7) (2453 (1+t6)%+3606% (1+1t5)
126 (1+t6) (x6+m2 (yo+&)2+ (x6+m)> (yo+8)?) -
R2txy? (1+t6) (y6+¢) (2453 (1+t6) +366% (1+ té)z (X5+1) (Y6+E&) +
126 (1+t8) (x6+m)2(yo+&)2+ (x6+n)> (y6+&) )+
31242 (2454 (1+t6)*+966% (1+t6)° (x5+n) (yo+&) +726% (1+t6)?
(x5+m)2 (y6+£)2+166 (1+t5) (x6+m)> (yo+6)%+ (x6+n)4(yé+§)4)) .
;e<4a(1+t5)2<(t+xy> &24nE+s (Leynexe))+
2 (1+t6)°
y(2t?6*+4t2 8% (6-xy&*+ng) -2 (yn (o (2+y77>+77§)+x 5 (2y*6°+3y6E6+E%) +
x (3y? 62r]+4y6(6+n§>+§(26+r]§>)) t(3x*y*6*-46nE-n* &+
4xy&® (3+yn+xe) + 62 (-2+y*n*+axE+x2 e ray (exno)))))
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{short[1lhs = O¢y[SS[e” (F*71V*&*N ], {x, y}], 5], HL[1lhs ==
Ocy[SS[elY (Exsny*oxy-them ca[t, y, a, X, B E, hn, B8] /. v > (1+ht5)‘1], {y, a, x}]]}
{(1-ton+t?6*n*+tys*en’-tnéEn®-
e -3tyslen’ -2ty el +2t?6nEn’ +2tysengn®) CU[] +
(26en-4te’en®-2ys°e?h®+2enén’+6t°6°en’ + 12ty s’ e’ h’ -
8tsen&n®-4yse’nEn’) CUlal +
(En-2t6en®-2yv6eEn®+328° €N’ +9tyslecn’+6y26°e*en’-tnéen’-yen&n?)

1 1
CU[X] + <<24>> + = & n > CULy, ¥, ¥, X, X] + — 6> h3CULY, ¥, ¥, X, X, x], True}
2 6

CO and Swaps

Swaps from Pensieve://Talks/Toulouse-1705/DogmaDemo.nb and from
Pensieve://Talks/Sydney-1708/ExtraDetails@@.nb.

CdsO
SetAttributes[CO, Orderless];
CUueCo[specs___, E[L_, Q_, P_1] := Oq[SS[e'*®P], specs]
CcUecCo []E [fl t]_ dz, h til (etl - 1) Y1 X2, 1+e€ X1 yz] 5 {yl.’ X]_}]_, {Xz, da, yz}z] // Short
CU[] + «<27> +
<«<1> <«<1> 1 1
CULy1, Xx1] |-veh*ty+eftyen?t, + - +=ylernPtit,- —etrylenit t,
1, <«<1> 2 2
HL [p[e§CU@x] _p[eaCU@a] - p[eaCU@a] _p[ee’*“gcuawx] ]
True
sw

wai 535 [CO[{U’I___, Xi_ » aj,) rh___}s,,v more___, ]E[L_) Q_: P_] ]] .=
co[{Lh, aj, Xi, rh}s, more,
With[{q e Y *EX;+a aj},

E[L, e¥*&xi+ (Q/. Xi »8), e DPx,p,,a,50,[P1[e?]] /. {a-8aL, € 06x0}]]

co=CO[E[ntyia, Ati' (e -1) yiXy, 1+eX1Va], {V15 Xa}1s {X25 32, ¥2}2]

(—1+et1) lez Y1

CO [ {y1, X1}1, {X2, @2, Y2}2, E[B @z ty, » lrexiya]]

t1
SWy,,a, [CO ]

(Ei)/htl (*1+ (Etl) f’le Y1

CO [ {y1, X1}1, {@2, X2, Y2}2, E[B @z ty, . » lrexiya]]
1

With[{co = CO[{y1, Xa}1, {X2s 2, Y2}2, E[Rt1 2y, Bt" (€™ -1) y1X5, L4 ex1ya]]})s
HL[CU[co] = CU[co // SWy,,a,11]

True
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With[{co = CO[{y1, a1, Xa}1, {X25 325 Y2}2s
E[f (lutiar+lptia+ lntrar+ 1o thay), A (yin Xa Y1+ ¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 ¥2) »
l+e (1131+12az+P11X1Y1+p1zX1YZ+P21XZY1+P22X2)’2)]]}:
{CU[co] // Short, HL[CU[co] == CU[co // SWy,,a,11}

]

1 3 3 03 1 3 2 2 1 1 3 3 43
{CU[al, a;, a1, 1] |—eh” 159+ —en” 111 1t th + — <6 «<1> + —eh”1; 15, 85 +
2 6

<«<180>> + «<1>>, Tr‘ue}

SW

SWx, ,y; -k [CO[{Llh___, Xi , ¥j , rh___}s ,more___, E[L_, Q_, P_]]] :=
CO[{Lh, Yks aks Xks rh}s, more,
With[{d=v (Exe+nYe+ 66X Ye -t E1)},
E[L, g+ (Q/. Xi | y; @), e9DPy.p,,y,50, [P] [CALtes Yis ks Xks &5 15 81 €7]] /.
vo (1+t.8)7 /. {€5 (0x,0/-y;20), n> (8,,0/. % »0), 6 0y,y,0}]]

With[{co = CO[{x1, Y1}1, {X25 32, ¥2}2s
E[f (liatiay+1t28), B (11 Xa Vi +¥12 Xa Y2 + ¥21 X2 Y1 + ¥22 X2 V2) »
l+e (1232+p11X1y1+P12X1y2+P21XZY1+P22X2y2)]]}:
{CU[co] // Short, HL[CU[co] == CU[co // SWy, 2211}

]

{12 e?nd CU[y1, a1, a1, X1] yil + ?ez <<3>> ){i1+

«<158>> + CU[] (<<301>> +ePputitiyi, +4en?pnts ygz) B True}

The Quantum Logos QA

Goal 1: In QU, compute F=e™™ e® ™ ™.
First compute G = e* ye~¢%, a finite sum.

adx[& ] := Simp[QUex *x*x & - & *x QU@x];
G = Simp[NestList[adx, QUey, $TeD+1].Table[&"/k!, {k, 8, $TeD+1}]]
(e-T2¢)Qul]

1 3 1 5
+2T?e£QUial + (*ye§2—7T2Y6§2+ (*Yzezgz—*szzezéz] ﬁ] QUIx] +
n 2 2 4

4

1 7
QU[y] -2T?e2cnQUla, a] +3T2ye2&2nQUla, x] + (—yzezé——szzezgi‘] AQU[X, X] +
6 6
1 1
y€§h+—7r262§ﬁ2] QUIY, x] + —¥? e E2n’ QULY, X, X]
2 2

G/.e—»0
(e-T2¢) QU]
h

+QU[y]

Now F satisfies the ODE 8, F = 8,(e”™ €"®) = —yF + FG with initial conditions F(n=0) = 1. We set it up
and solve:
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F = Sum[flji,j,k[n] Gl QU@{yi, aj, Xk},
{1, o, $TeD}, {i, @, 1}, {j, @, 1}, {k, @, Min[l, 21'i'j]}]

QU[] fe,0,0,6[n] +€QU[] f1,6,0,6[Nn] +€QU[X] f1,0,0,1[n] +€QU[a] f1,0,1,0[N] +
eQU[a, x] f1,0,1,2[n] +€QU[Y] f1,1,0,0[n] +€QU[Y, X] f1,1,0,1[1] +
€eQULy, al f1,1,1,0[17] +€* QU] F2,0,0,0[71] +€* QUIX] f2,0,0,1[N] +
€2 QUIx, x] 2,0,0,2[1] +€2QU[a] f2,0,1,0[n] +€2QU[a, X] f2,0,1,1[N] +
e?QU[a, X, X] f2,0,1,2[n] +€2QU[a, a] fa,0,2,0[n] +€>QU[a, a, X] f2,0,2,1[N] +
€?QUla, a, x, x] f2,6,2,2[1n] + € QUILY] f2,1,0,6[1] + € QUIY, X] F2,1,6,1[1] +
e>QUIY, X, X] f2,1,0,2[n] +€?QUIY, a] f2,1,1,0[n] +€*QUIY, a, X] f2,1,1,1[n] +
e?QUIy, a, X, X] f2,1,1,2[n] +€2QULy, a, al f2,1,2,0[n] +€*QUIy, a, a, X] f2,1,2,1[n] +
e>QUIY, y] f2,2,0,0[n] +€2QULY, ¥, X] f2,2,0,1[1] +€>QULY, ¥, X, X] f2,2,0,2[1] +
e?QUly, y, al fa,2,1,0[(n] +€2QULY, ¥, a, X] f2,2,1,1[n] +€*QULY, ¥, a, a] f2,2,2,0[7]

unowns = Cases[F, f [n], «]

{fe,0,0,0[1n], T1,0,0,0[711]5 f1,0,0,2[17] F1,0,1,6[1]5 F1,0,1,2[17]5 F1,1,0,0(1]5 F1,1,0,1[11]5 F1,1,1,0[77],
f2,0,0,0 (1115 f2,0,0,1[1]5 T2,0,0,2[1], T2,0,1,0[N]5 T2,0,1,2[N]5 f2,0,1,2[1]5 T2,8,2,6[1]5 F2,0,2,1[N],
f2,0,2,2[N15 T2,1,8,0(115 F2,1,0,1(N)5 f2,1,0,2[11]5 F2,1,1,6 (005 F2,1,1,1[1015 F2,1,1,2(115 F2,1,2,6[0 7,
f2,1,2,1[n15 f2,2,8,0 (1] T2,2,0,1[N]5 f2,2,0,2[11]5 F2,2,1,6 (015 F2,2,1,1[N]5 F2,2,2,0 (1]}

bas = Union @@ Table[e' Cases [Coefficient[F, e, 1], _QU, »], {1, @, $TeD}|

{QUH, €QU[], e*QU[], eQU[a], e*QU[a], eQU[x], e*QU[x], e QU[y], €?QU[y],
e?QUla, al, eQU[a, x], €QU[a, x], €2QU[X, Xx], €eQU[y, a], €2QU[y, a], e QU[y, x],
Y, X1, €2QU[y; vyl €2QU[a, a, XJ, eZQU[a, X, X1, €2QU[Y: a, al, 62QU[y; a, X,
Ys X5 X], €2QU[yJ y, al, €2QU[YJ Y, X], €2QU[a, a, X, XJ, 62QU[yJ a, a, xJ,
e?QUly, a, x, x], €*QUly, y, a, al, €2 QU[y, ¥, a, x], €2QU[y, ¥, X, x] |

Short[eqns = Flatten[{ (Coefficient[F-QU[], #] /. n->8) =0,
Expand [Coefficient [Simp[F xx G- QU[y] x»F - 0,F], #]] = 0} & /@ bas]|, 8]

{—1 +fo,0,0,0[0] + € f1,0,0,0[0] +€>F2,0,0,0[0] == O,
¢fo0,0,0[n] T2 & fo,0,0,0 (7] L€ Efi,0,0,0[n] T2e&f10,0,007) L€ f1,0,0,1[7]

h h h h Jal
T?efi0,0,1[n] €2EFa0,0,0[n] T?€2EF5,0,0,0(7] . €2f5,0,0,1(7]
+ _ _
h h Jal h
T2e?f;,0,0,1 7]
. - fo,0,0,0 [N] — € F1,0,0,0' [N] ~€*F2,0,0,0' [N] =0, f1,0,0,0[0] =0,
Efi0,0,0[n] T2EF10,0,0[n]  Free,1[n] T Fie,6,1[7] ,
- + - -fi1,0,0,0'[17] = 0,
h h h Jal

f2,0,0,0[0] =0, <<53>, f;,,1,1[0] =0,
£f2,2,1,1(n] T2 Ef,2,1,1(0)

yE&hfi,1,00n0] -2y fa,1,2,1[0] + h - ; ~f3,2,1,1'[n] = 0,
Efa,2,0,2[n1  T2EF2,2,0,2(1] ,
t2,2,0,2[0] =0, ¥y &hfi1,0,1[n] -¥Tf2,1,1,2[Nn] + N - B -f2,2,0,2"[11] = @}
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Short[{sol} = DSolve[eqns, unowns, n], 8]

_n(-&T2g)

_nlere e [-1+T2) (-1+3T2) yn?e&?
{{fexe;e)e[r]] - e h k) 'Fl,e,e,e[n] - < ) ( ) ,
4n
1 _n(-&T2¢) 5 ) n(ere) "
froealnl o-"e o (<1437 yn e fuoaelnl 226 o T,

n (-6:12¢) n(-€:12¢)

1
f1,0,1,1[1] =0, f1,1,0,0[0] > *g@ (1437 yn*e, fire1(n] ek

1 n (-&:12€)

fi1,1,1,6[n] = 0, f2,0,6,0[n] >
288 h?

2018-02-11 11:18:44

ynéh,

e n <71+T2)72r72§2 (*977252+63T2r]2§2*

135T4n2 &2 +81T° 77252—4077§h+272T277é‘h—328T4n§h—36h2+180T2h2),

1 _nl-e1e)

e 1 Yn& (-3 +21T P -45T 2 &% 4

f2,0,0,1[N] = -
24 h

27T n?E*-10nEh+68T nEN-82T nEn-6hn%+30T2 1),
1 _nlemy
fo,002[0] > —e = ¥*n& (3nE-18T*ng+27T'nE+4n-28T%1),
24
1 n (-6+12¢)

fae0(n] > —e = TPyn?E* (NE-4TnéE+3TnE+4h-6Th),
2h
_n(-6T2¢) 5 ) 5
fr0,1,1[n] > - n TPyn& (-nE+3TnE-3n), f0,1,2[n] - O,
n (-£+12¢€)

fa,02,0(n] »2e = TPn& (TPné-h), f,0,2,1[1] >0, Fa0,2,2[1] >0,

1 n (-€+12¢)

e n Y2n2€(_3n2§2+211—202§2_

f2,1,0,0[N] = -
24 h

45T n* 2 +27Tn? 2 -10nEh+68T? nEn-82T nEh-6h" + 30T 1?),

1 _nlere

fo,,01[n] > —e = ¥Y¥néE(2n*E-18TPn* 2+ 12T > 2 +5nEh-21T nEh+2h?),

4
_n(-&T2g)

1 2 2 2
fz,l,e,z[n]e—ge o ¥Pn& (-nE+3T*ng-h)h,

_n(-&+T12¢)

fo,1,1,0[n] > -e  » TPyn*E(-n&+3TnE-3n),

n (-€+1%¢)

fa,1,1,1[n] »2e & TPyn?&rh, £3,1,1,2(0] >0, f2,1,2,0[1n] 20, f2,1,2,1[n] > O,

1 nlema 5 o5 2 4 2
f2,2,0,0[N] > —e n Y°n §<3r]§—18T néE+27T"n&E+4h-28T h),
24
1 (e s 5 )
fz,z,e,l[n]»—;e Y n*E(-n&E+3TPnE-h)nh,
1 n (-&:12¢)

f2,2,0,2[n] > —e = ¥n*&h%, f30,1,6[0] >0, f2,2,1,1[N] 50, f2,2,2,0[n] > 0}}

2

Union@Cases[sol, e-, o]

n (-&+T%¢)

(e
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FF = Collect[F /. sol /. {e- » 1, QU > Times}, e, Simplify]

1+ien§ (8aT2h+ (—1+3T2) ¥Yn ((—1+T2) §—2yh) +2Xyh (§—3T2§+2yh>) +
4n

e’n¢ (576a2T2 (Tzryg—h) n?+144aT?yh (6x§h2+
288 n?
(—1+3T2) n? & ((—1+T2) §—2yh) +2nh ((X—BTZX) §2+3yh+§(2—3T2+2xyh))> +

¥? (9 (1—3T2)2r73§ (§—T2§+2yh)2+24xh3 (2 (1—7T2) XE2+6yh+& (3—15T2+6xyh)) +
12 n h? (3 (1—3T2>2x2§3+6yh (1-5T>+2xyn) +
36(1+5T*+18xyh+4x*y*h*-6T? (1+7xyh)) +
2x&% (5+41T*+6xyh-2T (17+9xyh>)) _4n?n (9 (1-372)% (-1+T%) x &+
12 (-1+7T?) y*’h®+6yEh (-5-41T -6xyn+2T? (17+9xyh)) +
262 (-5+41T5-18xyh-3T* (25+36xyh) + T2 (39+9exyh)))))

{short[1hs = simpT@oq[SS[e” ¢**"V ], {x, y}], 5],
HL[1hs = SimpT@Oq [SS[e” (£x1y+(1-T) €7) (FF /. (£ >n &, n>anh)], {y, a, x}]]}

{ 1-tr;§h2_1t2n§h3 QU]+ (2engn*+2tenécn®)Quia) +
2
(€n+ (~tn&-yen&®)P’) QUIx]+ (nh+ (-tn*E-yen’&) n’) QUly] -

1
2e?nen®QUia, al+2en&?nQUla, x] + —E2R%2QUIX, x] +2en?ER3QU[yY, a] +
2
2 3 1 2 22 1 3 23
(nen*+yenen®) ULy, x] + =n*0*QULY, y] + — & 1> QUxX, X, X] +
2 6
1 2 23 1 2 3 1 323
—n&nQly, x, x] + —n*En’QILy, y, x] + = n’ B> QUly, y, y], True}
2 2 6

Logos
QA[T_,y1 ,a1 ,x1_, ¢l , 71, &_] :=Module[

{adx, G, F, f, unowns, bas, eqns, sol, A, q, v, &, n, t},

adx[&_] :=Simp[Xqu ** & - & ** Xl

G = Simp[NestList[adx, You, $TeD +1] .Table[§k/k 1, {k, @, $TeD+1}]];

F=sum[fy,;,5,[n] " Quefy’, al, x‘},

{1J 0: $TGD}J {iJ 0: 1}: {J: 0: 1}) {k, 0: Min[l: 21- i_j]}]3

unowns = Cases[F, f [n], »];

bas = Union ee Table[e' Cases [Coefficient[F, e, 1], _QU, «], {1, @, $TeD}];

eqns = Flatten[{ (Coefficient[F -QU[], #] /. n @) =0,

Expand [Coefficient [Simp[F % G -yqu ** F -9, F], #]] == 0} & /@ bas];

{sol} = DSolve[eqgns, unowns, n];

A = Collect([F /. sol /. {e- »1, QU - Times}, e, Simplify];

q =@ ((tEMmyrExssyx)

Collect[v g™ DPqyp,, 0, [A1[9] /. v > (1+105) Tyt (T*-1) /a, e, Simplify] /.
{y»>yl,a-»al, x-»>x1, §E-> <1, n-> 71}

|E

QA[TJ yJ a) XJ §J T]: 5]
h 1

+

(-1+T?)5+h 288 ((-1+T2) 5+n)°
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e?2nd (-48y? y? (x6+n)2ﬁ2<(—1+T2)6+h)4(—(x6+77> (y6+&) h-36((-1+T*) 65+n)) +
336 T2y?2y? (x 6 +n)2 A ((—1+T2)6+h>4(—(x6+77) (y6+& h-36((-1+T%)6+n)) -
48 x? y? (y6+§)2h2((—1+T2)6+h>4(—(x6+n) (y6+& h-36((-1+T%)6+n)) +
336 T2x%y2 (yo6+&)2 A ((—1+T2)6+h>4(—(x5+r;) (y6+&) h-36((-1+T%)6+n)) +
144 xy? ¥ (x5 + 1) (6—T26—h)5h2 (-(x6+m) (y6+&) h-26((-1+T?)6+h)) +
144 X2y y? (y6+€) (6—T26—h)5h2 (-(x6+m) (y6+&) h-26((-1+T*)6+n)) -
864aT?yy (x6+n) A ((—1+T2)6+h)5 (-(x6+n) (yo6+&) h-26((-1+T*)6+h)) -
72y¥? (x65+n) h ((-1+T2)5+h)5 (-(x6+m) (y6+&) h-26((-1+T*) 65+h)) +
360 T y y? (x6+n)h((—1+T2>6+h)5(—(x6+r]) (y6+&) h-26((-1+T%) 6+n)) -
864aT2xy(y6+§)ﬁ((—1+T2)6+h)5(—(x6+r]) (y6+&) h-26((-1+T%) 6+n)) -
72 x y? (y6+§)h((—1+T2)6+ﬁ)5(—(x6+r7) (y6+&) h-26((-1+T*) 6+n)) +
360 T2 x y? (y6+§)h((—1+T2>6+h)5(—(x6+r7) (yo+&) h-26((-1+T*) 6+n)) +
576 a>T? ((-1+T?) 5+h)6 (-(x6+n) (yo+&) h-6((-1+T*) 6+h)) -144xy¥*h
((-1+72) 6+n)° (- (x6+n) (y6+&) h-6 ((-1+T2) 6+h)) +576a2T* ((-1+T2) 5+n)*
((x6+r7)2 (Yy6+&)2n*+46 (x6+1n) (Yyo+&) h ((-1+T?) 6+h) +26 ((—1+T2>6+h)2) +
576 aT>y ((-1+T?) 6+h)4 ((x5+n)2 (y6+&)2n*+46 (x6+n) (yo+&) h ((-1+T*)6+h) +
262((—1+T2)5+h)2)—864aT4y<(—1+T2)6+h)4
((x6+r7)2 (Y6+&)2n*+46 (x6+1n) (Yyo+&) h ((-1+T?) 6+h) +26° ((—1+T2>6+h)2) +
36y ((-1+T?) 5+h)4((x5+n)2 (y6+&)2h*+46 (x6+n) (yo+&) h ((-1+T?)6+h) +
262((—1+T2)6+h)2)—216T2y2((—1+T2)5+h)4
((x6+77)2 (y6+&)2n*+46 (x6+n) (yo+&) h((-1+T*) 6+h) +26° ((-1+T2)5+h)2) +
180 T* ¥ ((-1+T1?) 6+h)4((x6+n)2 (yo+&)2n*+46 (x6+n) (yo+&) h ((-1+T*) 6+h) +
26 ((-1+T2) 6+n)?) +576aT xyyn ((-1+T2) 5+n)*
((x6+17)2 (Y6+E) 20 +46 (x5+1) (yo+&) h ((-1+T2) 5+h) +26° ((-1+T2)6+ﬁ)2) N
360Xy ¥’ h ((-1+T?) 6+h)4<(x6+r])2 (YO +E)2R2+46 (x65+1n) (y6+&) A
((—1+T2)5+h)+262(<—1+T2)6+h>2)—1512T2xyy2f1(<—1+T2)6+h)4
((x6+r7)2 (Yy6+&)2n*+46 (x6+1n) (Yyo+&) h ((-1+T?) 6+h) +26 ((—1+T2>6+h)2) +
1442 y* y* h? ((-1+T?) 6+h)4 ((x5+n)2 (YO +E)2R2+46 (x65+1n) (y6+&) h
((-1+T2) 65+n) +262 ((-1+T?) 6+h>2) ~288aT2yy (x6+n) (6-T26-n)’n
((x6+r7)2 (Y6+&)2h*+66 (x6+1) (Yyo+&) h ((-1+T?) 6+h) +606 ((—1+T2>6+h)2) +
864aT*yy (x5+n) (6-T26-n)’n
((x6+77)2 (y6+&)2n*+66 (x6+n) (yo+&) h((-1+T*) 6+h) +66° ((-1+T2)5+h)2) -
120y ¥ (X5 +1) <6—T26—h>3h ((x6+77)2 (Yy5+&)°h2+66 (x6+1n) (Y6+&) h
((-1+T2) 5+n) +662 ((-1+T?) 5+h)2) +816T2yy? (x5+1n) (6-T*6-n)’n
((x6+m2 (y6+E)2 M2 +66 (x6+n) (y6+&) h ((-1+T2) 6+h) +66% ((-1+T2) 6+1)?) -
984T yy? (x6+7) (6-T26-1n)’n
((x6+r7)2 (Y6+E) 202 +66 (x6+1) (y6+&) h ((-1+T2) 5+h) +66° ((—1+T2>6+h)2) -
288aT?xy (yo+¢&) (6-T26-n)’n
((x6+r7)2 (Y6+&)2h*+66 (x6+1) (Yyo+&) h ((-1+T?) 6+h) +606 ((-1+T2)5+h)2) +
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864aT4xy(y6+§) (6-T26-n)’n
((x6+77)2 (y6+&)2n*+66 (x6+n) (yo+&) h((-1+T*) 6+h) +66° ((-1+T2)5+h)2) -
120xy2 (y5+¢) (6-T26-n)’n
((x6+r7)2 (Y6+E) 20 +66 (x6+1) (yo+&) h ((-1+T2) 5+h) +66° ((—1+T2>6+ﬁ)2) N
816 T2xy2 (y&+¢&) (5—T26—h)3h ((x6+r7)2 (Y6 +E)2R2+668 (X5+1) (Y6+&) A
((-1+72) 6+n) +66% ((-1+T2) 6+n)?) -984T xy? (y6+&) (6-T26-n)’n
((x6+r7)2 (Y6+E) 202 +66 (x6+1) (y6+&) h ((-1+T2) 5+h) +66° ((—1+T2>6+h)2) .
144xy?y? (x5+n) B? ((-1+T2) 5+n)°
((x6+r7)2 (Y6+E)212+66 (x5+1) (yo+&) h((-1+T2) 6+h) +65° ((-1+T2)5+h)2) -
432T2xy?y? (x5 +n) B? ((-1+7T%) 6 +n)>
((x6+77)2 (y6+&)2n*+66 (x6+n) (yo+&) h((-1+T*) 6+h) +66° ((-1+T2)5+h)2) +
144x2yy? (y6+&) 2 ((-1+T2) 5+n)°
((x6+r7)2 (Y6+E) 20 +66 (x6+1) (y6+&) h ((-1+T2) 5+h) +66° ((—1+T2>6+ﬁ)2) -
432T2x2yy? (yo+ &) n? ((-1+T%) 6+n)°
((x6+r7)2 (Y6+E) 202 +66 (x6+n) (y6+&) h((-1+T2) 5+h) +66° ((—1+T2>6+h)2) +
36y2y? (x5 +n) 20 ((-1+T%) 5+n)?
(<X6+n)2(y5+§)2h2+86<x5+n (ys+&) ((—1+T2)6+h)+1262(<—1+T2)6+h)2)—
216 T2y2y2 (x6+ )22 ((-1+T2) 6+n)?
((x6+77)2(y6+§)2h2+86(x6+n)( 5+&)n ((—1+T2)6+h)+1262((—1+T2)6+h)2)+
324THy?y? (x6+m)? 0 ((-1+T%) 6 h>
((x6+r7)2(y6+§)2h2+86<x6+n) (ys+&) n ((—1+T2)6+h)+1262((—1+T2)6+h)2)+
36x2y% (yo+&)2n? ((-1+T2) 5+n)?
((Xc‘5+r7)2(y6+§)2h2+86<xé+n>( 5+&) A (<71+T2)6+h)+1262(<—1+T2)6+h>2)—
206 T2x* ¥ (y6+6)°n* ((-1+T%) 6 h>
((x6+r7)2(y5+§)2h2+86<x6+n ) (Y& +E) ((—1+T2)6+h)+1262(<—1+T2)6+h)2)+
324T4 X232 (y6+&)2n? ((-1+T2) 6+n)?
((x6+77)2(y6+§)2h2+86(x6+n) (yé+&)h ((—1+T2)6+h)+1262((—1+T2)6+h)2)+
36y y? (XS +1) (é—Tzé—ﬁ)h(—(xém) (yo+&)3n3-126 (x6+n)2 (y65+&)?%n?
((-1+T*)6+h) -366% (x6+n) (y6+&) h((-1+T?) 6+h)2—2463 ((—1+T2>6+h)3) -
252 T2y y? (x6+1) (6-T°6-h)h (—(x6+r])3 (y6+&)3n3-126 (x6+n)2 (yo6+&)2n?
((-1+7%) 6+n) -368% (x5+n) (y6+&) h ((-1+T%) 5+n)?-248° ((—1+T2)6+ﬁ)3) +
540 T*yy? (x6+7) (6-T?6-h)h (—(x6+r7)3 (yo6+&)3n3-126 (x6+n)2 (ys+&)2n?
((-1+7%) 6+n) -366% (x5+n) (yo6+&) h ((-1+T?) 5+n)?-248° ((—1+T2)6+h)3> -
324T°yy? (x6+7) (6-T26-h)h (—(x5+r7)3 (yo+&)3n3-126 (x6+n)2 (ys+&)2n?
((-1+T%) 6+h) -366% (x6+n) (y6+&) h ((-1+T?) 6+h)2—2463 ((—1+T2)6+h)3> +
36xy* (y6+¢&) (6-T°6-h)h (—(x6+77)3 (yo+&)3n3-126 (x6+m)2 (ys+&)2n?
((-1+T2) 6+n) -366% (x6+7n) (yo6+&) A ((-1+T%) 5+h)*-248° ((-1+T2)5+h)3) -
252 T2 xy? (y6+&) (6-T?6-h) h (—(x6+r])3 (yo+E)3n3-126 (x65+1n)?2 (yo+&)?n?
((-1+T2) 65+n) -366% (x6+7n) (yo6+&) A ((-1+T%) 5+h)*-248° ((—1+T2)6+h)3) +
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540 T4 xy2 (y 6+ &) (6—T26—h)h (—(x6+r7)3 (yo+E3R3-1268 (x5+1n)?2 (y&+&)2%n?
((-1+7%) 6+n) -366% (x5+n) (yo6+&) h ((-1+T?) 5+n)?-248° ((—1+T2)6+h)3> -
32T xy2 (y65+ &) (6—T26—h)h(—(x5+n)3(y6+§)3 128 (x5+1n)? (ys+&)2%n?
((-1+7%) 6+n) -366% (x65+n) (Yo+&) (( 1+ T2)6+h)2—2453((—1+T2)6+h)3>—
144aT2y<(—1+T2)5+h)2(—(x5+n) (yo+&)3 S (x5+m2(ys+&)?n?
((-1+T2) 5+n) -186% (x6+7) (yS&+¢) (( 1+T2)6+f1)2 653((-1+T2)5+h)3)+
576aT4y<(—1+T2)6+h)2(—(x6+77) (yo+¢&)?3 S (X6+n)2 (yo+&)2n?
((-1+T2) 5+n) -186% (x6+7) (y5+§) (( 1+T2)6+h)2—663((—1+T2)6+h)3)—
432aT67<(—1+T2)6+h)2(—(X6+77) (yo+&)3 5 (X6+m)2 (yo+&)2n?
((-1+T2) 5+n) -186% (x6+7) (y5+&) h ((_1+T2) s+n)*-66° ((-1+T?) é+ﬁ)3) -
4072((71+T2)6+h>2(*<X5+77)3(y5+§)3h3—96(X6+77)2(y6+§)2h2<(71+T2)6+h)7

1852 (x6+7) (y6+&) h ((-1+T2) 5+h)2—663 ((—1+T2> 5+n)?) +

312T2y2((—1+T2)6+h)2(—(X6+17) (yo+6)3 5 (X6+m)2 (yo+&)2
((-1+T?) 6+n) -186% (x5+n) (Yy6+&) h (( 1+ T2)5+f1>2—653<( 1+ T2)6+f1)3)—
600T4y2(<—1+T2)6+h)2(—(x6+n)3(yé+§) S5 (x6+m)2 (yé+&)2n
((-1+7%) 6+h) -186% (x6+n) <y5+§)h(( 1+ T2)6+h>2—653<( +T2)5+h)3)+
)

328T6y2(<—1+T2)6+h)2(—<x6+n)3(y6+§) S(XS5+m?2(ys+&)?
((-1+T*) 6+n) -188% (x6+n) (y6+§)h(<—1+T2)6+h) -653((-1+T2)5+h)3)—
144xyy2h((-1+T2)5+h)2(—<x5+n)3(y5+§)3h3—95<x5+n>2<y5+§)2h2
((-1+T2) 5+n) -186% (x6+7) (y5+&) A ((—1+T2)6+h)2—663((—1+T2)6+h)3)+
( x6+m3(yo6+8)3n03-96 (x6+m)?2 (yo+&)2A?
X5+n) (y&+&)h ((_1+T2)5+h)2-663((-1+T2)5+ﬁ)3)_

) (
720 T2 xyy2h ((-1+T2) 5+1)?
((-1+T?) 6+n) -188° (
864T4xyyﬁ((1+T2>6+ﬁ) ( (x5+m3(ys+&)3n3-96 (x6+n)% (ys+&)2n?
((-1+7)
4

92 ((x6+77) (yo+&)*n*+166 (x6+n)> (yo+&)°n® ((-1+T*) 6+h) +

5+ )—1862 (x6+m) (yo+&) B ((-1+T) 6+n0)%-68" ((-1+T2) 6+n)°) +

7282 (x5+m? (yo+&)2n? ((-1+T2) s5+n)%+

x5+m) (yo+&) n((-14T2) 6+n)>+2406% ((-14T2) 640)*) -

(y&+&)2n? ((71+T2> 6+h)2+

)
72T2y2( x6+m*(yo+&)*n*+166 (x6+n)> (yo+&)>n® ((-1+T?) 6+h) +
X6+r])

)

(
(
(
(
96 83 (X6 + 1 (y6+§)h<(—1+T2)6+f1)3+2464((—1+T2)6+h)4)+
198 T4 2( X6+m*(yo+&)*h*t+166 (x6+n)? (y6+&)>h® ((-1+T%) 6+h) +
7282 (x5+m2 (yo+&)2n? ((-1+T) 6+n)%+
(x6+m) (y6+&) B ((-1+T) 6+n)°+286% ((-1+T2) 5+n)*) -
216 TS 2( X6+m* (yo+E) nt+166 (x6+1)3 (yo+ €)1 ((-1+T2) 6+1) +
7282 (x5+m? (yo+&)2n? ((-1+T2) 5+n)%+
966° (x6+1n) (yo6+&) h((-1+T?) 5+h)3+2464(<—1+T2) 6+h)4) +

(

81T8y2( x6+m*(yo+&E)*n*+166 (x6+n)> (yo+&)>n® ((-1+T?) 6+h) +
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7262 (x54m)2 (yo+ &) h ((-1+72) 5+n)%+
96 5% (x5+7) (yo+&) h((-1+T2) 6+n)%+246% ((-1+T2) 6+h)4)) N
1

€ h? (ssaT2 ((-1+712) 6+h)2 (n€n+6 (1+yn+x&) h+6* (-1+T>+xyh)) +
4((-1+T12) 5+n)°
y(n§h2 ((-1+3T2) n ((_1+T2) §—2yf’7) +2xh (§—3T2§+2yﬁ)) +
(-1+T12) &% (-2+6T0-x2y*n?-2T* (7+4xyh) +T? (18+8xyh-5x>y*n*)) -
46°h (1-3T0+x?y*n?+T* (7+2xy (3+yn) h+2xX2y&n) +
T2 (-5-2xy (3+yn)h+x?yh (-2&+yn))) +
260 ((1-3T) y?*n*h+2n (£+3T'E€-4T*¢ (1+xyh) +yh (1-3T*+xyh)) +
X A ((x—3T2x) §2+2yh+§<2—6T2+2xyh))) -
h((1-4T243T) y?n?h+h (-2+3T* (-2+4xE+X2E) +4X (E+yh) +
X* (2+2yEh-4y*n®) -2T? (-4+x (86-6yh) +x* £ (26-5yh))) +2n
(-2 (-1+T?) € (1+3T*-2T? (2+xyh)) +yh (2+6T +xyh+T? (—8+5xyh))))>)

{short[1lhs = SimpT@Oq[SS[e” (¢**7V**N ], {x, y}], 5],

rhs = SimpT@0q [SS [
el (exemyroxy-(T*-1) €n) QA [T, y, a, X, h €, An, B8] /. v » (1+ (T2-1) 8)7], {y, a, x}];
HL[Simplify[lhs == rhs]]}

2

{(1—t5h+(—t 2

2

t3 6
+t262+t7/526—t7’]§] n?+ [——+t362—t363+2t27(526—
6

1
3t27/636+t7(262€2—2t7/263€2—t277§+2t2677§+2t7/6677§) h3)
2

QU]+ (26eh+ (2toe-4ts°e-2y6°e’+2en&) n+
(tPoe-6t?8°c+6t?8’c-8tys e’ +12tyo e’ +2teng-8tdené-4yoe’ng) n?)

1, .3 13,3
QU[a] + <«<25>> + =8 nh”QULY, ¥, ¥, X, X] + =8> h°QULY, ¥, ¥, X, X, X], Tr‘ue}
2 6

Stitching Direct

MatrixExp[ni p[CU@Y]].MatrixExp[a; p[CU@a]] .MatrixExp[&; p[CU@X]] .MatrixExp[n; p[CU@Y]].
MatrixExp[a; p[CU@a]] .MatrixExp[&, p[CU@x]] // Simplify // MatrixForm
e (1002) (14 yen,; &) ey (e &+ & (Lre’2yen &))
e®e (m+e™n (leyenmél)) lveyemé&+e’@ye (m+e’®n (Lyené&)) &

eqn = MatrixExp[n; p[CU@y]].MatrixExp[a; p[CU@a]] .MatrixExp[&; p[CU@X]] .
MatrixExp[n; p[CU@Y]] .MatrixExp[a; p[CU@a]] .MatrixExp[&; p[CU@X]] ==
e™°¥ MatrixExp[n0 p[CU@Y] ] .MatrixExp[a® p[CU@a]].MatrixExp[£0 p[CU@X] ]

([0 (€0 ermy e n £1), €0y Gy €¥y (€0 + &7 y e ma ) 2},
{eYaz (e”a16771+6r]2 (1+<e”‘17(6 N1 §1>),
lrefyemé+e’ @y (e emren (l+e’™yemé)) &)} =
{{eaeyﬂ(ete, eaeyﬂ(eteyéo}, {eaeyﬂ/ezee ne, ercre (1+e"e7/y(—:?70 5@)}}
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sol = Block[{e}, Solve[Thread[Flatten /@ eqn], {9, n9, a9, £0}]1]1[1]

. Solve: Inconsistent or redundant transcendental equation. After reduction, the bad equation is

Log[ey(a0+£ rO)} _ LOg[t‘?y a (eySubs(r\pt[«Z»] + glimes[«<2>] Ve & )] -=0.

- Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

. Solve: Equations may not give solutions for all "solve" variables.

{t@% L(_Log[eaey] n Log[ewfouﬂ{otz +(EYO(1+YO(2Y€ N2 §1]>)
Y €

neoe -

-y o l 1 Yo 1 Y oty o 1 Y o2 l Yoty oy 2 22 _
e 2+2<E Y€771§1+2fe Y€771§2+2<E Y€U2§2+26 Y eTmnaé1ée

1
N \/ ( (Fl-eMyem& - yen - yen e’y el nin, & §2>2 +
e @Y aR ye (LM E-mEi-e M yen - e’ S -e' N, &, -

27 yemm &1 & -’ R yen; &1 & -y ety n) £ &) ) ] ]/

1
+ e’ &+
2ye 2

(YG <§1+eya2 Sr+e’yen, §1§2)), £0 -

e ¥ * (

1 1 1
2 ey, & + 5 e’y &+ 5 ey enin £1& -

1
— (\/ ( (F1-eyemé& e Ryen &H-e"yen & -y el n, £ &) +
2y e

4 e 0viyoaryar y g (-eyal méi-méi-eMyenn&-e ey

Er-€' 2y & -2 R yen 18 -2 yen] & - e ®

726201ﬁ§§%§2>))”/ (€™ ni+ma+ e yenin &)l

eqn = MatrixExp[n; p[CU@y]].MatrixExp[a; p[CU@a]] .MatrixExp[&; p[CU@X]].
MatrixExp[n; p[CU@Y]] .MatrixExp[a; p[CU@a]] .MatrixExp[&; p[CU@X]] ==
TOMatrixExp[n@ p[CU@Y]] .MatrixExp[a@ p[CU@a]] .MatrixExp[£0 p[CU@X]]

(e (e rermiyem &), oy &y s @y [0 ey em &) &),
{er@ (e eni+en (1ve’yen&)),
lee’™yeméE+e’ @y (eMem+en (L+re’™yen 1)) &)} =
[{e®T0, ¥ Toy g0}, {eTOE 10, TO (14" yeno o) ]

sol = Block[{e}, Solve[Thread[Flatten /@eqn], {T0, n6, a0, £0}]11 011

- Solve: Inverse functions are being used by Solve, so some solutions may not be found; use Reduce for complete solution

information.

1 +e v +ye 3
{TO% T IN 1 2 11 7]2 1’

l+yemé l+vyemé

00 Log[e v (L+ven §1>2] L c0 e+ tyeEmé 52}

Y lyvyenmé
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E[L, Q, P] means e"“*? P, where L is linear in the a’s, Q is a combination of x;y;, and Pis a
perturbation polynomial. It should be interpreted via CO[E[ ...], {x1, a1, y1}, ...] (with some default for
direct interpretation), or likewise via QO[E[ ...], {x1, a1, y1};, --.]- In themselves, CO and QO should have
an interpretation in CU/QU by casting.
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