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Uγε;~ conventions. “consolidate”
q = e

~γε , H = 〈a, x〉/([a, x] = γx) with
A = e

−~εa, xA = qAx, SH(a, A, x) = (−a, A−1,−A−1x),
∆H(a, A, x) = (a1 + a2, A1A2, x1 + A1x2)

and dual H∗ = 〈b, y〉/([b, y] = −εy) with
B = e

−~γb, By = qyB, SH∗(b, B, y) = (−b, B−1,−yB−1),
∆H∗(b, B, y) = (b1 + b2, B1B2, y1B2 + y2).

Pairing by (a, x)∗ = ~(b, y) (⇒ 〈B, A〉 = q) making 〈ylbi, a jxk〉 =

δi jδkl~
−( j+k) j![k]q! so R =

∑ ~ j+kykb j⊗a j xk

j![k]q! . Then U = H∗cop ⊗ H

with (φ f )(ψg) = 〈ψ1S −1 f3〉〈ψ3, f1〉(φψ2)( f2g) and
S (y, b, a, x) = (−B−1y,−b,−a,−A−1x),

∆(y, b, a, x) = (y1 + y2B1, b1 + b2, a1 + a2, x1 + A1x2).
With the central t B εa − γb, T B e~t/2 = A−1/2B1/2 get

[a, y] = −γy, [b, x] = εx, xy − qyx = (1 − T 2A2)/~.
Cartan: θ(y, b, a, x) = (−B−1T x,−b,−a,−A−1T−1y). (Suggesting
that it may be better to redefine y→ y′ = θx = A−1T−1y.)
At ε = 0, U~;γ0 = 〈b, y, a, x〉/([b, ·] = 0, [a, x] =

γx, [a, y] = −γy, [x, y] = (1 − e
−~γb)/~) with ∆(b, y, a, x) =

(b1 + b2, y1 + e
−~γb1y2, a1 + a2, x1 + x2) and θ(y, b, a, x) =

(−e~γb/2x,−b,−a,−e~γb/2y).
Working Hypothesis. (~, t, y, a, x) makes a PBW basis.
Casimir. ω = γyx + εa2 − (t − γε)a, satisfies. . .
Scaling with deg: {γ, ε, a, b, x, y} → 1, {~} → −2, {t} →
2, {ω} → 3.

Verification (as in Projects/PPSA/Verification.nb).
$TℏD = 3; $TϵD = 2; ϵ /: ϵ

d_.
/; d > $TϵD := 0;

(* $TϵD can't be ∞ at least because of Quesne. Can't be ≤

1 at least because of the explicit ϵ2 in S$g. *)

SetAttributes[{SS, SST}, HoldAll];

SS[ℰ_] := Block[{ℏ, ϵ}, (* Shielded Series *)

Collect[Normal@Series[ℰ, {ℏ, 0, $TℏD}], ℏ, Together] ];

SST[ℰ_] :=

Block{ℏ, ϵ},

CollectNormal@Seriesℰ /. Ti_ → ⅇ
ℏ ti2, T → ⅇ

ℏ t2
,

{ℏ, 0, $TℏD}, ℏ, Together ;

Simp[ℰ_, op_] := Collect[ℰ, _CU _QU, op];

Simp[ℰ_] :=

Simp[ℰ, Collect[Normal@Series[#, {ℏ, 0, $TℏD}],

ℏ, Expand] &];

SimpT[ℰ_] := Collectℰ, _CU _QU,

CollectNormal@Series# /. Ti_ → ⅇ
ℏ ti2, T → ⅇ

ℏ t2
,

{ℏ, 0, $TℏD}, ℏ, Expand &;

DPα_→Dx_,β_→Dy_[P_][λ_] :=

Total[CoefficientRules[P, {α, β}] /.

({m_, n_} → c_) ⧴ c D[λ, {x, m}, {y, n}]]

DeclareAlgebra[CU, Generators → {y, a, x}, Centrals → {t}];

B[aCU, yCU] = -γ yCU; B[xCU, aCU] = -γ xCU;

B[xCU, yCU] = 2 ϵ aCU - t CU[];

(S@CU@y = -yCU; S@aCU = -aCU; S@xCU = -xCU;)

Si_[CU, Centrals] = {ti → -ti};

DeclareAlgebra[QU, Generators → {y, a, x},

Centrals → {t, T}];

q = SSⅇγ ϵ ℏ
; (*T=SSⅇℏ t2;*)

B[aQU, yQU] = -γ yQU; B[xQU, aQU] = -γ QU@x;

B[xQU, yQU] = (q - 1) QU@{y, x} +

QUSS1 - T2 ⅇ-2 ϵ a ℏ
ℏ, {a};

S@yQU = QUSS-T
-2

ⅇ
ℏ ϵ a y, {a, y}; S@aQU = -aQU;

S@xQU = QUSS-ⅇ
ℏ ϵ a x, {a, x};

Si_[QU, Centrals] = ti → -ti, Ti → Ti
-1
;

DeclareMorphismCθ, CU → CU, {y → -xCU, a → -aCU, x → -yCU},

t → -t, T → T-1;

DeclareMorphismQθ, QU → QU,

y → QUSS-T
-1

ⅇ
ℏ ϵ a x, {a, x}, a → -aQU,

x → QUSS-T
-1

ⅇ
ℏ ϵ a y, {a, y}, t → -t, T → T-1

Can the AD and SD formulas be written so as to manifestly see
their lowest term in ε? This may allow more flexibility with $TεD.
Or perhaps better, these should be written in implicit form and
solved by power series.

A$f =
γ

ℏ
ⅇ
ℏ 

t
2
-(a+γ) ϵ

Coshℏ a ϵ +
γ ϵ

2
-

t

2
 - Coshℏ 

t-γ ϵ

2

2
+ ϵ ω 

Sinh γ ϵ ℏ

2
 a2 ϵ + a γ ϵ - a t - ω

;

A$ω = γ CU[y, x] + ϵ CU[a, a] - (t - γ ϵ) CU[a];

DeclareMorphism[A, QU → CU,

{a → aCU, x → CU@x,

y → CU[SS[A$f], a → aCU, ω → A$ω] ** yCU}]

S$g =

Cosh ℏ

2
t2 + γ2 ϵ2 + 4 ϵ ϖ  - Cosh ℏ

2
(t - (2 a + γ) ϵ)

Sinh γ ϵ ℏ

2
 (t (2 a + γ) - 2 a (a + γ) ϵ + 2 ϖ) ℏ/(2 γ)

;

S$f = FullSimplifyⅇℏ t2-ϵ a
(S$g /. {a → -a, t → -t});

S$ϖ = γ CU[y, x] + ϵ CU[a, a] - (t - γ ϵ) CU[a] - t γ CU[]/2;

DeclareMorphism[S, QU → CU, {a → aCU,

x → CU[SS[S$f], a → aCU, ϖ → S$ϖ] ** xCU,

y → CU[SS[S$g], a → aCU, ϖ → S$ϖ] ** yCU

}]

ⅇq_,n_[x_] := ⅇ^ 

k=1

n
(1 - q)k xk

k 1 - qk
; ⅇq_[x_] := ⅇq,$TϵD[x]

QU[Ri_,j_] := QUSSⅇ
ℏ b1 a2 ⅇq[ℏ y1 x2] /. b1 → γ

-1
(ϵ a1 - ti),

{y1, a1}i, {a2, x2}j;

QURi_,j_
-1

 := Sj@QU[Ri,j];

SetAttributes[C, Orderless];

CU@C[specs___, [L_, Q_, P_]] := CUSSⅇ
L+Q P, specs

ρ@yCU = ρ@yQU = 
0 0
ϵ 0

; ρ@aCU = ρ@aQU = 
γ 0
0 0

;

ρ@xCU = 
0 γ

0 0
; ρ@xQU = SS@

0 1 - ⅇ-γ ϵ ℏ(ϵ ℏ)

0 0
;

ρⅇ
ℰ_
 := MatrixExp[ρ[ℰ]];

ρ[ℰ_] :=

ℰ /. t → γ ϵ, T → ⅇ
ℏ γ ϵ/2

 /.

(U : CU QU)[u___] ⧴ FoldDot, 
1 0
0 1

, ρ /@ U /@ {u}
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SSϵ[ℰ_] :=

Block[{ϵ}, Collect[Normal@Series[ℰ, {ϵ, 0, $TϵD}],

ϵ, Together]]; (* Shielded ϵ-Series *)

CΛ[t1_, y1_, a1_, x1_, ξ1_, η1_, δ_] := Module

{eqn, d, b, c, sol, λ, q, ν, ξ, η},

eqn = ρⅇ
ξ xCU.ρ[ⅇη yCU] ⩵

ρⅇ
d yCU.ρⅇc t CU[] - 2 ϵ aCU.ρⅇb xCU;

sol = Solve[Thread[Flatten /@ eqn], {d, b, c}]〚1〛 /.

C[1] → 0;

λ = Simplifyⅇ-η y-ξ x+η ξ t SSϵⅇ
c t + d y - 2 ϵ c a + b x

/. sol;

q = ⅇ
ν -t ξ η+η y+ξ x+δ y x;

Collectν q-1 DPξ→Dx,η→Dy[λ][q] /. ν → (1 + t δ)-1,

ϵ, Simplify /. {t → t1, y → y1, a → a1, x → x1,

ξ → ξ1, η → η1}

;

QΛ[T_, y1_, a1_, x1_, ξ1_, η1_, δ_] := Module

{adx, G, F, f, unowns, bas, eqns, sol, λ, q, ν, ξ, η, t},

adx[ℰ_] := Simp[xQU ** ℰ - ℰ ** xQU];

G = SimpNestList[adx, yQU, $TϵD + 1].

Tableξk  k!, {k, 0, $TϵD + 1};

F = Sumfl,i,j,k[η] ϵ
l QU@yi, aj, xk, {l, 0, $TϵD},

{i, 0, l}, {j, 0, l}, {k, 0, Min[l, 2 l - i - j]};

unowns = Cases[F, f___[η], ∞];

bas =

Union @@ Tableϵl Cases[Coefficient[F, ϵ, l], _QU, ∞],

{l, 0, $TϵD};

eqns =

Flatten[

{(Coefficient[F - QU[], #] /. η → 0) ⩵ 0,

Expand[Coefficient[Simp[F ** G - yQU ** F - ∂ηF],

#]] ⩵ 0} & /@ bas];

{sol} = DSolve[eqns, unowns, η];

λ = Collect[F /. sol /. {ⅇ
_
→ 1, QU → Times}, ϵ,

Simplify];

q = ⅇ
ν -t ξ η+η y+ξ x+δ y x;

Collectν q-1 DPξ→Dx,η→Dy[λ][q] /. ν → (1 + t δ)-1
/.

t → T2 - 1ℏ, ϵ, Simplify /.

{y → y1, a → a1, x → x1, ξ → ξ1, η → η1}

;

SWxi_,aj_[C[{lh___, xi_, aj_, rh___}s_, more___,

[L_, Q_, P_]]] := C{lh, aj, xi, rh}s, more,

With{q = ⅇ
-γ α

ξ xi + α aj},

L, ⅇ
-γ α

ξ xi + (Q /. xi → 0), ⅇ
-q DPxi→Dξ,aj→Dα[P][ⅇ

q
] /.

α → ∂aj L, ξ → ∂xi Q

SWxi_,yj_→k_[C[{lh___, xi_, yj_, rh___}s_, more___,

[L_, Q_, P_]]] := C{lh, yk, ak, xk, rh}s, more,

With{q = ν (ξ xk + η yk + δ xk yk - tk ξ η)},

L, q + (Q /. xi yj → 0),

ⅇ
-q DPxi→Dξ,yj→Dη[P][CΛ[tk, yk, ak, xk, ξ, η, δ] ⅇ

q
] /.

ν → (1 + tk δ)
-1

/.

ξ → ∂xi Q /. yj → 0, η → ∂yj Q /. xi → 0, δ → ∂xi,yj Q

To do. • Consider renormalizing x and y. • Implement variable
swaps. • Implement mi j→k. • Implement E, RE, and the casts CU
and QU. • Reconsider the expansion of T and q in the hope of
improving speed.



Program (as in Projects/PPSA/Verification.nb).
Unprotect[NonCommutativeMultiply];

Attributes[NonCommutativeMultiply] = {};

(NCM = NonCommutativeMultiply)[x_] := x;

NCM[x_, y_, z__] := (x ** y) ** z;

0 ** _ = _ ** 0 = 0;

(x_Plus) ** y_ := (# ** y) & /@ x;

x_ ** (y_Plus) := (x ** #) & /@ y;

B[x_, x_] = 0; B[x_, y_] := x ** y - y ** x;

DeclareAlgebra[U_Symbol, opts__Rule] :=

Module{gp, sr, cp, CE, pow,

gs = Generators /. {opts}, cs = Centrals /. {opts} },

(#U = U@#) & /@ gs;

gp = Alternatives @@ gs; gp = gp gp_;

(* gen's pattern *)

sr = Thread[gs → Range@Length@gs]; (* sorting rule *)

cp = Alternatives @@ cs; (* cent's pattern *)

CE[ℰ_] := Collectℰ, _U,

Expand[#] /. ℏ
d_

/; d > $TℏD ⧴ 0 &;

Ui_[ℰ_] :=

ℰ /. {t : cp ⧴ ti, u_U ⧴ Replace[u, x_ ⧴ xi, 1]};

Ui_[NCM[]] := U[];

B[U@(x_)i_, U@(y_)i_] :=

B[U@xi, U@yi] = Ui@B[U@x, U@y];

B[U@(x_)i_, U@(y_)j_] /; i =!= j := 0;

B[U@y_, U@x_] := CE[-B[U@x, U@y]];

x_ ** U[] := x; U[] ** x_ := x;

(a_.*x_U) ** (b_.*y_U) :=

If[a b === 0, 0, CE[a b (x ** y)]];

U[xx___, x_] ** U[y_, yy___] :=

If[OrderedQ[{x, y} /. sr], U[xx, x, y, yy],

U@xx ** (U@y ** U@x + B[U@x, U@y]) ** U@yy];

U@{c_.*(l : gp)n_, r___} /; FreeQ[c, gp] :=

CE[c U@Table[l, {n}] ** U@{r}];

U@{c_.*l : gp, r___} := CE[c U[l] ** U@{r}];

U@{c_, r___} /; FreeQ[c, gp] := CE[c U@{r}];

U@{} = U[];

U@{l_Plus, r___} := CE[U@{#, r} & /@ l];

U@{l_, r___} := U@{Expand[l], r};

U[ℰ_NonCommutativeMultiply] := U /@ ℰ;

U[poly_, specs___] := Module[{sp, null, vs, us},

sp = Replace[{specs}, l_List ⧴ lnull, {1}];

vs = Join @@ (First /@ sp);

us = Join @@ (sp /. l_s_ ⧴ (l /. x_i_ ⧴ xs));

CE[Total[

CoefficientRules[poly, vs] /. (p_ → c_) ⧴ c U@(usp)

]] /. x_null ⧴ x

];

pow[ℰ_, 0] = U[]; pow[ℰ_, n_] := pow[ℰ, n - 1] ** ℰ;

U[ℰ_, ss___Rule] := CE@Total[

CoefficientRules[ℰ, First /@ {ss}] /.

(p_ → c_) ⧴

c NCM @@ MapThread[pow, {Last /@ {ss}, p}]];

Si_[c_.*u_U] :=

CE[(c /. Si[U, Centrals])

DeleteCases[u, _i] **

Ui[NCM @@ Reverse@Cases[u, x_i ⧴ S@U@x]]];



DeclareMorphism[m_, U_ → V_, ongs_List, oncs_List: {}] := (

Replace[ongs, (g_ → img_) ⧴ (m[U[g]] = img), {1}];

m[U[]] = V[];

m[U[g_i_]] := Vi[m[U@g]];

m[U[vs__]] := NCM @@ (m /@ U /@ {vs});

m[ℰ_] := Simp[ℰ /. oncs /. u_U ⧴ m[u]]; )

Si_[ℰ_Plus] := Simp[Si /@ ℰ];
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