
eq0 = 2 -1 + ⅇ
y
 x y f6[x, y] - 2 -1 + ⅇ

y
 x y f6[x, z] + 2 -1 + ⅇ

y
 y2 f6[y, z] +

1

-1 + ⅇx -1 + ⅇy
2 -1 + ⅇ

y

2 x y f7[x, y] - 2 -1 + ⅇ

y

2 x y f7[x, z] +

-1 + ⅇ
x
 1 - ⅇ

y
+ y 2 -1 + ⅇ

y
 y f7[y, z] + y - 2 ⅇ

y y g4[y] + g8[y] +

ⅇ
y
8 y2 -1 + Cosh[y] g5[y] + 2 -1 + ⅇ

y
 g6[y] - g8[y] + h1[]

2 (-1 + ⅇy) x y f6[x, y] - 2 (-1 + ⅇy) x y f6[x, z] + 2 (-1 + ⅇy) y2 f6[y, z] +

1

(-1 + ⅇx) (-1 + ⅇy)
2 (-1 + ⅇy)2 x y f7[x, y] - 2 (-1 + ⅇy)2 x y f7[x, z] +

(-1 + ⅇx) 1 - ⅇy + y 2 (-1 + ⅇy) y f7[y, z] + (y - 2 ⅇy y) g4[y] + g8[y] +

ⅇy 8 y2 (-1 + Cosh[y]) g5[y] + 2 (-1 + ⅇy) g6[y] - g8[y] + h1[]

Simplify[eq0 /. z → 0]

-2 (-1 + ⅇy) x y f6[x, 0] + 2 (-1 + ⅇy) x y f6[x, y] + 2 (-1 + ⅇy) y2 f6[y, 0] +

1

(-1 + ⅇx) (-1 + ⅇy)
-2 (-1 + ⅇy)2 x y f7[x, 0] + 2 (-1 + ⅇy)2 x y f7[x, y] +

(-1 + ⅇx) 1 - ⅇy + y 2 (-1 + ⅇy) y f7[y, 0] + (y - 2 ⅇy y) g4[y] + g8[y] +

ⅇy 8 y2 (-1 + Cosh[y]) g5[y] + 2 (-1 + ⅇy) g6[y] - g8[y] + h1[]

{sol0} = Simplifyf6[x, y] /. Solveeq0 /. z → 0 ⩵ 0, f6[x, y]

-
1

2 (-1 + ⅇy) x y
-2 (-1 + ⅇy) x y f6[x, 0] + 2 (-1 + ⅇy) y2 f6[y, 0] +

1

(-1 + ⅇx) (-1 + ⅇy)
-2 (-1 + ⅇy)2 x y f7[x, 0] + 2 (-1 + ⅇy)2 x y f7[x, y] +

(-1 + ⅇx) 1 - ⅇy + y 2 (-1 + ⅇy) y f7[y, 0] + (y - 2 ⅇy y) g4[y] + g8[y] +

ⅇy 8 y2 (-1 + Cosh[y]) g5[y] + 2 (-1 + ⅇy) g6[y] - g8[y] + h1[] 

Simplify[eq0 /. f6[x_, y_] → sol0]

0

Series[sol0, {y, 0, 0}]

1 - h1[]

2 x y2
+
-1 + 2 g4[0] - 4 g6[0] + 2 g8[0]

4 x y
+

1

24 x
(1 + 24 x f6[x, 0] - 24 f7[0, 0] + 12 g4[0] - 12 g6[0] -

6 g8[0] + h1[] + 12 g4′[0] - 24 g6′[0] + 12 g8′[0]) + O[y]1
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Series[sol, {y, 0, 1}]

1 - h1[]

2 x y2
+
-1 + 2 g4[0] - 4 g6[0] + 2 g8[0]

4 x y
+

1

24 x
(1 + 24 x f6[x, 0] - 24 f7[0, 0] + 12 g4[0] - 12 g6[0] -

6 g8[0] + h1[] + 12 g4′[0] - 24 g6′[0] + 12 g8′[0]) -

1

24 ((-1 + ⅇx) x)
-24 f6[0, 0] + 24 ⅇx f6[0, 0] + 12 f7[0, 0] - 12 ⅇx f7[0, 0] - 7 g4[0] +

7 ⅇx g4[0] - 2 g6[0] + 2 ⅇx g6[0] + g8[0] - ⅇx g8[0] + 12 g4′[0] - 12 ⅇx g4′[0] - 12 g6′[0] +

12 ⅇx g6′[0] - 6 g8′[0] + 6 ⅇx g8′[0] + 6 g4′′[0] - 6 ⅇx g4′′[0] - 12 g6′′[0] + 12 ⅇx g6′′[0] +

6 g8′′[0] - 6 ⅇx g8′′[0] + 24 x f7(0,1)[x, 0] - 24 f7(1,0)[0, 0] + 24 ⅇx f7(1,0)[0, 0] y + O[y]2

Solve[-1 + 2 g4[0] - 4 g6[0] + 2 g8[0] ⩵ 0, g8[0]]

g8[0] →
1

2
(1 - 2 g4[0] + 4 g6[0])

sol1 = Simplifysol /. h1[] → 1, g8[0] →
1

2
1 - 2 g4[0] + 4 g6[0]

-
1

2 (-1 + ⅇy) x y
-2 (-1 + ⅇy) x y f6[x, 0] + 2 (-1 + ⅇy) y2 f6[y, 0] +

1

(-1 + ⅇx) (-1 + ⅇy)
-2 (-1 + ⅇy)2 x y f7[x, 0] + 2 (-1 + ⅇy)2 x y f7[x, y] +

(-1 + ⅇx) 1 - ⅇy + y 2 (-1 + ⅇy) y f7[y, 0] + (y - 2 ⅇy y) g4[y] +

ⅇy 1 + 8 y2 (-1 + Cosh[y]) g5[y] + 2 (-1 + ⅇy) g6[y] - g8[y] + g8[y]

Normal[Series[sol1, {y, 0, 1}]] /.

h1[] → 1, g8[0] →
1

2
1 - 2 g4[0] + 4 g6[0] // Simplify

-
1

48 (-1 + ⅇx) x
-48 (-1 + ⅇx) x f6[x, 0] + 48 x y f7(0,1)[x, 0] +

(-1 + ⅇx) 2 + 48 f7[0, 0] - 36 g4[0] + 48 g6[0] - 24 g4′[0] + 48 g6′[0] -

24 g8′[0] + y -1 + 48 f6[0, 0] - 24 f7[0, 0] + 16 g4[0] - 24 g4′[0] + 24 g6′[0] +

12 g8′[0] - 12 g4′′[0] + 24 g6′′[0] - 12 g8′′[0] + 48 f7(1,0)[0, 0]
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