
Pensieve header: Normally Ordered Exponentials at 1-Co in the t variables.

For pragmatic reasons, [ω, L, Q, P] means ω-11 + ϵω-4 PExpL +ω-1Q, where ω is an ϵ-free scalar, L is linear and 

contains only c’s and b’s, Q is a balanced quadratic in the u’s and the w’s and contains no c’s and b’s, and P is a balanced 

quartic polynomial in the c’s, u’s, and w’s.

DP[P_, x_ → Dα_, y_ → Dβ_][f_] :=

Total[CoefficientRules[P, {x, y}] /. ({m_, n_} → c_) ⧴ c D[f, {α, m}, {β, n}]]

 /: Simplify[[ω_, L_, Q_, P_]] := [Expand@Together[ω /. bl_ ⧴ Log[tl]],

Expand[L], Expand@Together[Q /. bl_ ⧴ Log[tl]], Expand@Together[P /. bl_ ⧴ Log[tl]]];

 /: [ω1_, L1_, Q1_, P1_] ≡ [ω2_, L2_, Q2_, P2_] := ω1 ⩵ ω2 L1 ⩵ L2 Q1 ⩵ Q2 P1 ⩵ P2;

 /: [ω1_, L1_, Q1_, P1_] [ω2_, L2_, Q2_, P2_] :=

Simplify@ω1 ω2, L1 + L2, ω2 Q1 + ω1 Q2, ω24 P1 + ω14 P2;

NO[ui_, cj_, k_][[ω_, L_, Q_, P_]] := Withq = ⅇ
-γ

β uk + γ ck, Simplify

ω, γ ck + L /. cj → 0, ω ⅇ
-γ

β uk + Q /. ui → 0,

ⅇ
-q DP[P, cj → Dγ, ui → Dβ]ⅇ

q
 /. γ → ∂cj L, β → ω-1

∂ui Q

NO[wi_, cj_, k_][[ω_, L_, Q_, P_]] := Withq = ⅇ
γ
β wk + γ ck, Simplify

ω, γ ck + L /. cj → 0, ω ⅇ
γ
β wk + Q /. wi → 0,

ⅇ
-q DP[P, cj → Dγ, wi → Dβ]ⅇ

q
 /. γ → ∂cj L, β → ω-1

∂wi Q

NO[wi_, uj_, k_][[ω_, L_, Q_, P_]] := Withq = 1 - tk ν α β + ν β uk + ν δ uk wk + ν α wk, Simplify

ν
-1 ω, L, ν

-1 ω q + ν
-1

Q /. wi uj → 0, ν
-4

ⅇ
-q DP[P, wi → Dα, uj → Dβ]ⅇ

q
 + ω4

Λ /. 

ν → 1 + tk - 1 δ
-1,

Λ → -
1

2
-1 + tk α

2
β
2
+ 4 α β δ 1 + -1 + tk δ + 2 δ

2
1 + -1 + tk δ

2
 +

2 1 + -1 + tk δ
2
α β + δ + -1 + tk δ

2
 ck - β 1 + 2 -1 + tk δ α β + 2 δ 1 + -1 + tk δ uk +

2 β δ 1 + -1 + tk δ
2 ck uk -

1

2
β
2
δ 2 + 3 -1 + tk δ uk

2
+ α α β + 2 δ 1 + -1 + tk δ wk +

2 α δ 1 + -1 + tk δ
2 ck wk - 2 -1 + tk δ

2
α β + δ 1 + -1 + tk δ uk wk + 2 δ

2
1 + -1 + tk δ

2

ck uk wk - β δ
2
1 + 2 -1 + tk δ uk

2 wk +
1

2
α
2
δ 2 + -1 + tk δ wk

2
+ α δ

2 uk wk
2
-
1

2
-1 + tk δ

4 uk
2 wk

2

 /. α → ω-1
∂wi Q /. uj → 0, β → ω-1

∂uj Q /. wi → 0, δ → ω-1
∂wi,uj Q;

m[i_, j_, kk_][Z_] := Module[{x, y},

Z // ReplaceAll[{bi j → bkk, ti j → tkk}] // NO[wi, cj, x] // NO[wx, uj, y] //

ReplaceAll[{cx y → cx, wj → wy}] // NO[ui, cx, x] //

ReplaceAll[{ci x → ckk, ux y → ukk, wy → wkk, bx y → bkk, tx y → tkk}] // Simplify]

Q0 = [1, 0, u1 w1 + u2 w3, 0];

t1 = Q0 // m[1, 2, 4]

1, 0, 2 u4 w3 - t4 u4 w3 + u4 w4, -2 u4 w3 + 2 c4 u4 w3 -
5

2
u4
2 w3

2 +
3

2
t4 u4

2 w3
2 - u4

2 w3 w4

Q0 = ⅇ
u1 w1+ u3 w2;

Q0 = [Exp[Sum[ai,j ui wj + li,j bi cj, {i, 3}, {j, 3}]]]

[1, b1 c1 l1,1 + b1 c2 l1,2 + b1 c3 l1,3 + b2 c1 l2,1 + b2 c2 l2,2 + b2 c3 l2,3 + b3 c1 l3,1 + b3 c2 l3,2 + b3 c3 l3,3,

u1 w1 a1,1 + u1 w2 a1,2 + u1 w3 a1,3 + u2 w1 a2,1 + u2 w2 a2,2 + u2 w3 a2,3 + u3 w1 a3,1 + u3 w2 a3,2 + u3 w3 a3,3, 0]
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Q0 = [Exp[Sum[ai,j ui wj + li,j bi cj, {i, 3}, {j, 3}]]]

[1, b1 c1 l1,1 + b1 c2 l1,2 + b1 c3 l1,3 + b2 c1 l2,1 + b2 c2 l2,2 + b2 c3 l2,3 + b3 c1 l3,1 + b3 c2 l3,2 + b3 c3 l3,3,

u1 w1 a1,1 + u1 w2 a1,2 + u1 w3 a1,3 + u2 w1 a2,1 + u2 w2 a2,2 + u2 w3 a2,3 + u3 w1 a3,1 + u3 w2 a3,2 + u3 w3 a3,3, 0]

SeedRandom[6];

Q0 = [1, Sum[RandomInteger[{-2, 2}] bi cj, {i, 3}, {j, 3}],

Sum[RandomInteger[{-2, 2}] ui wj, {i, 3}, {j, 3}], 0]

t1 = Q0 // m[1, 2, 4] // m[4, 3, 5]

t2 = Q0 // m[2, 3, 4] // m[1, 4, 5]

t3 = t1 ≡ t2

[1, -2 b1 c2 + b2 c2 - b3 c2 + 2 b2 c3 + 2 b3 c3, u1 w1 - u2 w1 - u3 w1 - u1 w2 + 2 u2 w2 + u1 w3 + u2 w3 - u3 w3, 0]

1 +
1

t5
2
-

1

t5
+ 3 t5

2 - 5 t5
3 + 2 t5

4, 2 b5 c5, 3 u5 w5 +
3 u5 w5

t5
4

-
2 u5 w5

t5
3

- 3 t5 u5 w5 - t5
2 u5 w5 + t5

3 u5 w5,

118 - 374 c5 +
1

t5
8
-
2 c5

t5
8

-
3

t5
7
+
6 c5

t5
7

+
5

t5
6
-
12 c5

t5
6

-
5

t5
5
+
14 c5

t5
5

+
15

t5
4
-
40 c5

t5
4

-
45

t5
3
+
110 c5

t5
3

+
78

t5
2
-
212 c5

t5
2

-
84

t5
+
268 c5

t5
-

292 t5 + 768 c5 t5 + 540 t5
2 - 1396 c5 t5

2 - 634 t5
3 + 1784 c5 t5

3 + 635 t5
4 - 1860 c5 t5

4 - 1017 t5
5 + 2526 c5 t5

5 + 1810 t5
6 -

4074 c5 t5
6 - 2236 t5

7 + 5092 c5 t5
7 + 1935 t5

8 - 4560 c5 t5
8 - 1771 t5

9 + 3870 c5 t5
9 + 2403 t5

10 - 4582 c5 t5
10 - 2921 t5

11 +

5378 c5 t5
11 + 2312 t5

12 - 4300 c5 t5
12 - 1100 t5

13 + 2088 c5 t5
13 + 288 t5

14 - 560 c5 t5
14 - 32 t5

15 + 64 c5 t5
15 + 3190 u5 w5 -

590 c5 u5 w5 +
8 u5 w5

t5
10

-
2 c5 u5 w5

t5
10

-
20 u5 w5

t5
9

+
4 c5 u5 w5

t5
9

+
26 u5 w5

t5
8

-
2 c5 u5 w5

t5
8

-
18 u5 w5

t5
7

-
4 c5 u5 w5

t5
7

+
108 u5 w5

t5
6

-

20 c5 u5 w5

t5
6

-
326 u5 w5

t5
5

+
76 c5 u5 w5

t5
5

+
506 u5 w5

t5
4

-
92 c5 u5 w5

t5
4

-
470 u5 w5

t5
3

+
28 c5 u5 w5

t5
3

+
758 u5 w5

t5
2

-
84 c5 u5 w5

t5
2

-

1936 u5 w5

t5
+
396 c5 u5 w5

t5
- 3230 t5 u5 w5 + 280 c5 t5 u5 w5 + 2958 t5

2 u5 w5 - 20 c5 t5
2 u5 w5 - 4650 t5

3 u5 w5 + 504 c5 t5
3 u5 w5 +

7252 t5
4 u5 w5 - 936 c5 t5

4 u5 w5 - 7302 t5
5 u5 w5 + 176 c5 t5

5 u5 w5 + 5012 t5
6 u5 w5 + 940 c5 t5

6 u5 w5 - 3776 t5
7 u5 w5 -

924 c5 t5
7 u5 w5 + 4028 t5

8 u5 w5 + 498 c5 t5
8 u5 w5 - 3482 t5

9 u5 w5 - 1080 c5 t5
9 u5 w5 + 2004 t5

10 u5 w5 + 1900 c5 t5
10 u5 w5 -

970 t5
11 u5 w5 - 1648 c5 t5

11 u5 w5 + 500 t5
12 u5 w5 + 756 c5 t5

12 u5 w5 - 192 t5
13 u5 w5 - 176 c5 t5

13 u5 w5 + 32 t5
14 u5 w5 +

16 c5 t5
14 u5 w5 -

137

2
u5
2 w5

2 +
11 u5

2 w5
2

2 t5
12

-
19 u5

2 w5
2

2 t5
11

-
u5
2 w5

2

t5
10

+
14 u5

2 w5
2

t5
9

+
57 u5

2 w5
2

t5
8

-
179 u5

2 w5
2

t5
7

+
169 u5

2 w5
2

t5
6

-
20 u5

2 w5
2

t5
5

+

385 u5
2 w5

2

2 t5
4

-
1525 u5

2 w5
2

2 t5
3

+
904 u5

2 w5
2

t5
2

-
265 u5

2 w5
2

t5
-
871

2
t5 u5

2 w5
2 + 486 t5

2 u5
2 w5

2 + 512 t5
3 u5

2 w5
2 -

2551

2
t5
4 u5

2 w5
2 +

2201

2
t5
5 u5

2 w5
2 -

816 t5
6 u5

2 w5
2 + 1034 t5

7 u5
2 w5

2 - 1331 t5
8 u5

2 w5
2 + 1167 t5

9 u5
2 w5

2 - 638 t5
10 u5

2 w5
2 + 192 t5

11 u5
2 w5

2 - 20 t5
12 u5

2 w5
2 - 2 t5

13 u5
2 w5

2

Dror Bar-Natan: Academic Pensieve: Projects: OneCo-1606: NOE-1t.nb 2016-08-18 07:01:32

http://drorbn.net/AcademicPensieve/Projects/OneCo-1606/#MathematicaNotebooks



1 +
1

t5
2
-

1

t5
+ 3 t5

2 - 5 t5
3 + 2 t5

4, 2 b5 c5, 3 u5 w5 +
3 u5 w5

t5
4

-
2 u5 w5

t5
3

- 3 t5 u5 w5 - t5
2 u5 w5 + t5

3 u5 w5,

118 - 374 c5 +
1

t5
8
-
2 c5

t5
8

-
3

t5
7
+
6 c5

t5
7

+
5

t5
6
-
12 c5

t5
6

-
5

t5
5
+
14 c5

t5
5

+
15

t5
4
-
40 c5

t5
4

-
45

t5
3
+
110 c5

t5
3

+
78

t5
2
-
212 c5

t5
2

-
84

t5
+
268 c5

t5
-

292 t5 + 768 c5 t5 + 540 t5
2 - 1396 c5 t5

2 - 634 t5
3 + 1784 c5 t5

3 + 635 t5
4 - 1860 c5 t5

4 - 1017 t5
5 + 2526 c5 t5

5 + 1810 t5
6 -

4074 c5 t5
6 - 2236 t5

7 + 5092 c5 t5
7 + 1935 t5

8 - 4560 c5 t5
8 - 1771 t5

9 + 3870 c5 t5
9 + 2403 t5

10 - 4582 c5 t5
10 - 2921 t5

11 +

5378 c5 t5
11 + 2312 t5

12 - 4300 c5 t5
12 - 1100 t5

13 + 2088 c5 t5
13 + 288 t5

14 - 560 c5 t5
14 - 32 t5

15 + 64 c5 t5
15 + 3190 u5 w5 -

590 c5 u5 w5 +
8 u5 w5

t5
10

-
2 c5 u5 w5

t5
10

-
20 u5 w5

t5
9

+
4 c5 u5 w5

t5
9

+
26 u5 w5

t5
8

-
2 c5 u5 w5

t5
8

-
18 u5 w5

t5
7

-
4 c5 u5 w5

t5
7

+
108 u5 w5

t5
6

-

20 c5 u5 w5

t5
6

-
326 u5 w5

t5
5

+
76 c5 u5 w5

t5
5

+
506 u5 w5

t5
4

-
92 c5 u5 w5

t5
4

-
470 u5 w5

t5
3

+
28 c5 u5 w5

t5
3

+
758 u5 w5

t5
2

-
84 c5 u5 w5

t5
2

-

1936 u5 w5

t5
+
396 c5 u5 w5

t5
- 3230 t5 u5 w5 + 280 c5 t5 u5 w5 + 2958 t5

2 u5 w5 - 20 c5 t5
2 u5 w5 - 4650 t5

3 u5 w5 + 504 c5 t5
3 u5 w5 +

7252 t5
4 u5 w5 - 936 c5 t5

4 u5 w5 - 7302 t5
5 u5 w5 + 176 c5 t5

5 u5 w5 + 5012 t5
6 u5 w5 + 940 c5 t5

6 u5 w5 - 3776 t5
7 u5 w5 -

924 c5 t5
7 u5 w5 + 4028 t5

8 u5 w5 + 498 c5 t5
8 u5 w5 - 3482 t5

9 u5 w5 - 1080 c5 t5
9 u5 w5 + 2004 t5

10 u5 w5 + 1900 c5 t5
10 u5 w5 -

970 t5
11 u5 w5 - 1648 c5 t5

11 u5 w5 + 500 t5
12 u5 w5 + 756 c5 t5

12 u5 w5 - 192 t5
13 u5 w5 - 176 c5 t5

13 u5 w5 + 32 t5
14 u5 w5 +

16 c5 t5
14 u5 w5 -

137

2
u5
2 w5

2 +
11 u5

2 w5
2

2 t5
12

-
19 u5

2 w5
2

2 t5
11

-
u5
2 w5

2

t5
10

+
14 u5

2 w5
2

t5
9

+
57 u5

2 w5
2

t5
8

-
179 u5

2 w5
2

t5
7

+
169 u5

2 w5
2

t5
6

-
20 u5

2 w5
2

t5
5

+

385 u5
2 w5

2

2 t5
4

-
1525 u5

2 w5
2

2 t5
3

+
904 u5

2 w5
2

t5
2

-
265 u5

2 w5
2

t5
-
871

2
t5 u5

2 w5
2 + 486 t5

2 u5
2 w5

2 + 512 t5
3 u5

2 w5
2 -

2551

2
t5
4 u5

2 w5
2 +

2201

2
t5
5 u5

2 w5
2 -

816 t5
6 u5

2 w5
2 + 1034 t5

7 u5
2 w5

2 - 1331 t5
8 u5

2 w5
2 + 1167 t5

9 u5
2 w5

2 - 638 t5
10 u5

2 w5
2 + 192 t5

11 u5
2 w5

2 - 20 t5
12 u5

2 w5
2 - 2 t5

13 u5
2 w5

2

True

Simplify[t3 /. b5 → Log[t5]]

-1 + 2 t5 + 3 t5
2 - 7 t5

3 + 3 t5
4 u5 w5

t5 -1 + 2 t5
⩵ 0 &&

-1 + t5 -2 + 3 t5 u5 w5 -3 + u5 w5 - 11 t5
2 u5 w5 + 15 t5

3 u5 w5 + t5 (6 - u5 w5)

t5
⩵ 0
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Q0 = [1, Sum[li,j bi cj, {i, 3}, {j, 3}], Sum[ai,j ui wj, {i, 3}, {j, 3}], 0]

t1 = Q0 // m[1, 2, 4] // m[4, 3, 5]

t2 = Q0 // m[2, 3, 4] // m[1, 4, 5]

t3 = t1 ≡ t2

[1, b1 c1 l1,1 + b1 c2 l1,2 + b1 c3 l1,3 + b2 c1 l2,1 + b2 c2 l2,2 + b2 c3 l2,3 + b3 c1 l3,1 + b3 c2 l3,2 + b3 c3 l3,3,

u1 w1 a1,1 + u1 w2 a1,2 + u1 w3 a1,3 + u2 w1 a2,1 + u2 w2 a2,2 + u2 w3 a2,3 + u3 w1 a3,1 + u3 w2 a3,2 + u3 w3 a3,3, 0]

1 - t5
l1,2+l2,2+l3,2 a2,1 + t5

1+l1,2+l2,2+l3,2 a2,1 - t5
l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a3,1 + t5

1+l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a3,1 -

t5
l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a2,2 a3,1 + 2 t5

1+l1,2+l ⋯ 1⋯
+ ⋯ 1⋯ ⋯ 1⋯ l

⋯ 1⋯
+l3,2+l3,3

a2,2 a3,1 -

t5
2+l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a2,2 a3,1 - t5

l1,3+l2,3+l3,3 a3,2 + t5
1+l1,3+l2,3+l3,3 a3,2 +

t5
l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a2,1 a3,2 - 2 t5

1+l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a2,1 a3,2 + t5
2+l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a2,1 a3,2,

⋯ 1⋯ , ⋯ 1⋯ , 2 c5 t5
⋯ 1⋯ a2,1 - 2 ⋯ 4⋯ a2,1 + ⋯ 25 691⋯ + 2 ⋯ 7⋯ a3,3

2 

large output show less show more show all set size limit...

1 - t5
l1,2+l2,2+l3,2 a2,1 + t5

1+l1,2+l2,2+l3,2 a2,1 - t5
l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a3,1 + t5

1+l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a3,1 -

t5
l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a2,2 a3,1 + 2 t5

1+l1,2+l ⋯ 1⋯
+ ⋯ 1⋯ ⋯ 1⋯ l

⋯ 1⋯
+l3,2+l3,3

a2,2 a3,1 -

t5
2+l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a2,2 a3,1 - t5

l1,3+l2,3+l3,3 a3,2 + t5
1+l1,3+l2,3+l3,3 a3,2 +

t5
l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a2,1 a3,2 - 2 t5

1+l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a2,1 a3,2 + t5
2+l1,2+l1,3+l2,2+l2,3+l3,2+l3,3 a2,1 a3,2,

⋯ 1⋯ , ⋯ 1⋯ , 2 c5 t5
⋯ 1⋯ a2,1 - 2 ⋯ 4⋯ a2,1 + ⋯ 25 691⋯ + 2 ⋯ 7⋯ a3,3

2 

large output show less show more show all set size limit...

True

Rp[1, 2] Rm[4, 3]

b1 c2 - b4 c3 +
-1 + ⅇb1 u1 w2

b1
+
-1 + ⅇ-b4 u4 w3

b4


Rp[1, 2] Rm[4, 3] // m[1, 4, 1] // m[2, 3, 2]

[0]

Rm[1, 2] Rp[4, 3] // m[4, 1, 4] // m[2, 3, 2]

[0]

t1 = Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[3, 5, a] // m[1, 6, b] // m[2, 4, c]


ba
2 bb (cb + cc) + -1 + ⅇba bb ua (wb + wc) + ba bb

2 cc + -1 + ⅇbb ub wc

ba bb


t2 = Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[1, 3, a] // m[2, 5, b] // m[4, 6, c]


ba
2 bb (cb + cc) + -1 + ⅇba bb ua (wb + wc) + ba bb

2 cc + -1 + ⅇbb ub wc

ba bb


t1 ≡ t2

True
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t3 = Rm[12, 1] Rm[2, 7] Rm[8, 3] Rm[4, 11] Rp[16, 5] Rp[6, 13] Rp[14, 9] Rp[10, 15]

-b12 c1 - b8 c3 + b16 c5 - b2 c7 + b14 c9 - b4 c11 + b6 c13 + b10 c15 +
-1 + ⅇ-b12 u12 w1

b12
+
-1 + ⅇ-b8 u8 w3

b8
+
-1 + ⅇb16 u16 w5

b16
+

-1 + ⅇ-b2 u2 w7

b2
+
-1 + ⅇb14 u14 w9

b14
+
-1 + ⅇ-b4 u4 w11

b4
+
-1 + ⅇb6 u6 w13

b6
+
-1 + ⅇb10 u10 w15

b10


t3 // m[1, 2, 1]

-b12 c1 - b8 c3 + b16 c5 - b1 c7 + b14 c9 - b4 c11 + b6 c13 + b10 c15 +
-1 + ⅇ-b12 u12 w1

b12
+

-1 + ⅇ-b8 u8 w3

b8
+
-1 + ⅇb16 u16 w5

b16
+
-1 + ⅇ-b1 u1 w7

b1
-
-1 + ⅇ-b1 -1 + ⅇ-b12 u12 w7

b12
+

-1 + ⅇb14 u14 w9

b14
+
-1 + ⅇ-b4 u4 w11

b4
+
-1 + ⅇb6 u6 w13

b6
+
-1 + ⅇb10 u10 w15

b10


t3 // m[1, 2, 1] // m[1, 3, 1]

-b8 c1 - b12 c1 + b16 c5 - b1 c7 + b14 c9 - b4 c11 + b6 c13 + b10 c15 +
-1 + ⅇ-b8 u8 w1

b8
+

ⅇ-b8 -1 + ⅇ-b12 u12 w1

b12
+
-1 + ⅇb16 u16 w5

b16
+
ⅇb8 -1 + ⅇ-b1 u1 w7

b1
-
-1 + ⅇ-b1 -1 + ⅇ-b12 u12 w7

b12
+

-1 + ⅇb14 u14 w9

b14
+
-1 + ⅇ-b4 u4 w11

b4
+
-1 + ⅇb6 u6 w13

b6
+
-1 + ⅇb10 u10 w15

b10


Do[t3 = t3 // m[1, kk, 1], {kk, 2, 16}]; t3

-
ⅇ3 b1 [0]

1 - 4 ⅇb1 + 8 ⅇ2 b1 - 11 ⅇ3 b1 + 8 ⅇ4 b1 - 4 ⅇ5 b1 + ⅇ6 b1

Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[1, 4, 4] // m[4, 5, 5] // m[5, 2, 2] // m[2, 3, 3] // m[3, 6, 6] // m[6, 1, 1]

3 b1 c1 +
1-ⅇ-3 b1 u1 w1

b1


1 + ⅇb1 -1 + ⅇb1
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