
Pensieve header: Normally Ordered Exponentials at 1-Co in the t variables.

For pragmatic reasons, [ω, L, Q, P] means ω-11 + ϵω-4 PExpL +ω-1Q, where ω is an ϵ-free scalar, L is linear and 

contains only c’s and b’s, Q is a balanced quadratic in the u’s and the w’s and contains no c’s and b’s, and P is a balanced 

quartic polynomial in the c’s, u’s, and w’s, .  is also a casting operator: ω-1 1 + ϵω-4 PExpL +ω-1Q returns 

[ω, L, Q, P], meaning [GExp[L +Q]] computes ω = (G ϵ=0)
-1 and returns ω, L, ωQ, ω5 ∂ϵG,.

DP[P_, x_ → Dα_, y_ → Dβ_][f_] :=

Total[CoefficientRules[P, {x, y}] /. ({m_, n_} → c_) ⧴ c D[f, {α, m}, {β, n}]]

 /: Simplify[[ω_, L_, Q_, P_]] := [Expand@Together[ω /. bl_ ⧴ Log[tl]],

Expand[L], Expand@Together[Q /. bl_ ⧴ Log[tl]], Expand@Together[P /. bl_ ⧴ Log[tl]]];

 /: [ω1_, L1_, Q1_, P1_] ≡ [ω2_, L2_, Q2_, P2_] := ω1 ⩵ ω2 L1 ⩵ L2 Q1 ⩵ Q2 P1 ⩵ P2;

G_. ⅇ
F_
 /; FreeQ[G, ⅇ

_
] :=

Withω = G /. ϵ → 0-1
, Simplify@ω, F /. u_ w_ α β → 0, ω F /. c_ → 0, ω

5
∂ϵG;

[G_] /; FreeQ[G, ⅇ
_
] := Withω = G /. ϵ → 0-1

, Simplify@ω, 0, 0, ω
5
∂ϵG;

[ℰ_] := [Factor[ℰ]];

 /: [ω1_, L1_, Q1_, P1_] [ω2_, L2_, Q2_, P2_] :=

Simplify@ω1 ω2, L1 + L2, ω2 Q1 + ω1 Q2, ω24 P1 + ω14 P2;

NO[ui_, cj_, k_][[ω_, L_, Q_, P_]] := 1, L /. cj → 0, ω-1 Q /. ui → 0, 0 

ω-5 DPω4
+ ϵ P, cj → Dγ, ui → Dβⅇ

ⅇ-γ β uk+γ ck /. ⅇ
-γ

→ Γ
-1
 /.

γ → ∂cj L, Γ → ⅇ
∂cjL/.bl_⧴Log[tl], β → ω-1

∂ui Q;

NO[wi_, cj_, k_][[ω_, L_, Q_, P_]] := 1, L /. cj → 0, ω-1 Q /. wi → 0, 0 

ω-5 DPω4
+ ϵ P, cj → Dγ, wi → Dβⅇ

ⅇγ β wk+γ ck /. ⅇ
γ
→ Γ /. γ → ∂cj L, Γ → ⅇ

∂cjL/.bl_⧴Log[tl], β → ω-1
∂wi Q;

NO[wi_, uj_, k_][[ω_, L_, Q_, P_]] := Withq = 1 - tk ν α β + ν β uk + ν δ uk wk + ν α wk,

1, L, ω-1 Q /. wi uj → 0, 0

ν ω-5 DPω4
+ ϵ P, wi → Dα, uj → Dβⅇ

q
 + ϵ ν

5 ω-1
Λ ⅇ

q
 /. 

ν → 1 + tk - 1 δ
-1,

Λ → -
1

2
-1 + tk α

2
β
2
+ 4 α β δ 1 + -1 + tk δ + 2 δ

2
1 + -1 + tk δ

2
 +

2 1 + -1 + tk δ
2
α β + δ + -1 + tk δ

2
 ck - β 1 + 2 -1 + tk δ α β + 2 δ 1 + -1 + tk δ uk +

2 β δ 1 + -1 + tk δ
2 ck uk -

1

2
β
2
δ 2 + 3 -1 + tk δ uk

2
+ α α β + 2 δ 1 + -1 + tk δ wk +

2 α δ 1 + -1 + tk δ
2 ck wk - 2 -1 + tk δ

2
α β + δ 1 + -1 + tk δ uk wk + 2 δ

2
1 + -1 + tk δ

2

ck uk wk - β δ
2
1 + 2 -1 + tk δ uk

2 wk +
1

2
α
2
δ 2 + -1 + tk δ wk

2
+ α δ

2 uk wk
2
-
1

2
-1 + tk δ

4 uk
2 wk

2

 /. α → ω-1
∂wi Q /. uj → 0, β → ω-1

∂uj Q /. wi → 0, δ → ω-1
∂wi,uj Q ;

m[i_, j_, kk_][Z_] := Module[{x, y},

Z // ReplaceAll[{bi j → bkk, ti j → tkk}] // NO[wi, cj, x] // NO[wx, uj, y] //

ReplaceAll[{cx y → cx, wj → wy}] // NO[ui, cx, x] //

ReplaceAll[{ci x → ckk, ux y → ukk, wy → wkk, bx y → bkk, tx y → tkk}] // Simplify]

Done line
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Q0 = ⅇ
u1 w1+ u2 w3;

t1 = Q0 // m[1, 2, 4]

1, 0, 2 u4 w3 - t4 u4 w3 + u4 w4, -2 u4 w3 + 2 c4 u4 w3 -
5

2
u4
2 w3

2 +
3

2
t4 u4

2 w3
2 - u4

2 w3 w4

Q0 = ⅇ
u1 w1+ u3 w2;

Q0 = [Exp[Sum[ai,j ui wj + li,j bi cj, {i, 3}, {j, 3}]]]

[1, b1 c1 l1,1 + b1 c2 l1,2 + b1 c3 l1,3 + b2 c1 l2,1 + b2 c2 l2,2 + b2 c3 l2,3 + b3 c1 l3,1 + b3 c2 l3,2 + b3 c3 l3,3,

u1 w1 a1,1 + u1 w2 a1,2 + u1 w3 a1,3 + u2 w1 a2,1 + u2 w2 a2,2 + u2 w3 a2,3 + u3 w1 a3,1 + u3 w2 a3,2 + u3 w3 a3,3, 0]

Q0 = [Exp[Sum[ai,j ui wj + li,j bi cj, {i, 3}, {j, 3}]]]

[1, b1 c1 l1,1 + b1 c2 l1,2 + b1 c3 l1,3 + b2 c1 l2,1 + b2 c2 l2,2 + b2 c3 l2,3 + b3 c1 l3,1 + b3 c2 l3,2 + b3 c3 l3,3,

u1 w1 a1,1 + u1 w2 a1,2 + u1 w3 a1,3 + u2 w1 a2,1 + u2 w2 a2,2 + u2 w3 a2,3 + u3 w1 a3,1 + u3 w2 a3,2 + u3 w3 a3,3, 0]
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SeedRandom[6];

Q0 = [Exp[Sum[RandomInteger[{-2, 2}] ui wj + RandomInteger[{-2, 2}] bi cj, {i, 3}, {j, 3}]]]

t1 = Q0 // m[1, 2, 4] // m[4, 3, 5]

t2 = Q0 // m[2, 3, 4] // m[1, 4, 5]

t3 = t1 ≡ t2

[1, -2 b1 c1 - b2 c1 + 2 b3 c1 + b2 c2 - b3 c2 + 2 b1 c3 + b2 c3 - b3 c3, -u3 w1 + 2 u2 w2 + u3 w2 + u1 w3 - u2 w3, 0]
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True

Simplify[t3 /. b5 → Log[t5]]

True

Rp[1, 2] Rm[4, 3]

b1 c2 - b4 c3 +
-1 + ⅇb1 u1 w2

b1
+
-1 + ⅇ-b4 u4 w3

b4
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Rp[1, 2] Rm[4, 3] // m[1, 4, 1] // m[2, 3, 2]

[0]

Rm[1, 2] Rp[4, 3] // m[4, 1, 4] // m[2, 3, 2]

[0]

t1 = Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[3, 5, a] // m[1, 6, b] // m[2, 4, c]


ba
2 bb (cb + cc) + -1 + ⅇba bb ua (wb + wc) + ba bb

2 cc + -1 + ⅇbb ub wc

ba bb


t2 = Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[1, 3, a] // m[2, 5, b] // m[4, 6, c]


ba
2 bb (cb + cc) + -1 + ⅇba bb ua (wb + wc) + ba bb

2 cc + -1 + ⅇbb ub wc

ba bb


t1 ≡ t2

True

t3 = Rm[12, 1] Rm[2, 7] Rm[8, 3] Rm[4, 11] Rp[16, 5] Rp[6, 13] Rp[14, 9] Rp[10, 15]

-b12 c1 - b8 c3 + b16 c5 - b2 c7 + b14 c9 - b4 c11 + b6 c13 + b10 c15 +
-1 + ⅇ-b12 u12 w1

b12
+
-1 + ⅇ-b8 u8 w3

b8
+
-1 + ⅇb16 u16 w5

b16
+

-1 + ⅇ-b2 u2 w7

b2
+
-1 + ⅇb14 u14 w9

b14
+
-1 + ⅇ-b4 u4 w11

b4
+
-1 + ⅇb6 u6 w13

b6
+
-1 + ⅇb10 u10 w15

b10


t3 // m[1, 2, 1]

-b12 c1 - b8 c3 + b16 c5 - b1 c7 + b14 c9 - b4 c11 + b6 c13 + b10 c15 +
-1 + ⅇ-b12 u12 w1

b12
+

-1 + ⅇ-b8 u8 w3

b8
+
-1 + ⅇb16 u16 w5

b16
+
-1 + ⅇ-b1 u1 w7

b1
-
-1 + ⅇ-b1 -1 + ⅇ-b12 u12 w7

b12
+

-1 + ⅇb14 u14 w9

b14
+
-1 + ⅇ-b4 u4 w11

b4
+
-1 + ⅇb6 u6 w13

b6
+
-1 + ⅇb10 u10 w15

b10


t3 // m[1, 2, 1] // m[1, 3, 1]

-b8 c1 - b12 c1 + b16 c5 - b1 c7 + b14 c9 - b4 c11 + b6 c13 + b10 c15 +
-1 + ⅇ-b8 u8 w1

b8
+

ⅇ-b8 -1 + ⅇ-b12 u12 w1

b12
+
-1 + ⅇb16 u16 w5

b16
+
ⅇb8 -1 + ⅇ-b1 u1 w7

b1
-
-1 + ⅇ-b1 -1 + ⅇ-b12 u12 w7

b12
+

-1 + ⅇb14 u14 w9

b14
+
-1 + ⅇ-b4 u4 w11

b4
+
-1 + ⅇb6 u6 w13

b6
+
-1 + ⅇb10 u10 w15

b10


Do[t3 = t3 // m[1, kk, 1], {kk, 2, 16}]; t3

-
ⅇ3 b1 [0]

1 - 4 ⅇb1 + 8 ⅇ2 b1 - 11 ⅇ3 b1 + 8 ⅇ4 b1 - 4 ⅇ5 b1 + ⅇ6 b1

Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[1, 4, 4] // m[4, 5, 5] // m[5, 2, 2] // m[2, 3, 3] // m[3, 6, 6] // m[6, 1, 1]

3 b1 c1 +
1-ⅇ-3 b1 u1 w1

b1


1 + ⅇb1 -1 + ⅇb1
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