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Pensieve header: Normally Ordered Exponentials at 1-Co in the t variables.

For pragmatic reasons, E[w, L, Q, P] means w‘1(1 +ew™ P) Exp[L +w! Q], where w is an e-free scalar, L is linear and
contains only ¢’'s and b’s, Q is a balanced quadratic in the u’s and the w’s and contains no ¢’s and b’s, and P is a balanced
quartic polynomial in the ¢'s, u's, and w’s, . E is also a casting operator: E[w™" (1 + € w™ P) Exp[L + w™" Q]| returns

E[w, L, Q, P], meaning E[G Exp[L + Q]] computes w= (G | e0)™' and returns E[w, L, w Q, w® 8¢G,].

DP[P_, x_»D,,y -Ds]1[f 1 :=
Total[CoefficientRules[P, {x, y}] /. ({m_,n_}->c ) =» cD[f, {a, m}, {5, n}]]

E /: Simplify[E[«~ , L _,Q , P_]1] := E[ExpandeTogether[~ /. b, = Log[t;]],

Expand[L], Expand@Together[Q /. b, :» Log[t;]], Expand@Together[P /. b, :» Log[t;]]];
E /: E[wl_, L1 ,Q1_,Pl 1=E[w2_,L2 ,Q2 ,P2 ] := (wl=w2A\L1l=L2AQ1=Q2AP1==P2);
E[G_. e™-] /5 FreeQ[G, e-] :=
With[{w = (G /. e ->e)‘1}, Simplify@E[w, F/.u_|W_ |a|B>0, wF/.c_ -0, v”d.G|];
E[G_] /; FreeQ[G, e-] := With[{w = (G /. e>0)"}, simplifyeE[w, 0, 0, w°d.G]];
E[& ] := E[Factor[&]];

E /: E[el ,L1 ,Q1 ,P1 |E[a2 ,L2 ,Q2 ,P2 ] :=
Simplify@E [wl w2, L1+L2, «2Q1+ w1 Q2, w2*P1+ w1*P2];

NO[u; , ¢j , R ]J[E[e_,L_,Q ,P 1] :=E[1,L/.¢c;>0, 47*Q/.u;-»0,0]

E[«®DP[s* +€P, cj_-> Dy, Ui » Dg| [ AU Y] /. ¥ 5Tt /.
{7_) acjl-, T eacJL/.bLﬁLog[tL]’ B - ol GUiQ});

NO[w; , €5 , kR 1[E[w ,L ,Q ,P 1] :=E[1,L/.c;»>0, 20 /. w;>0,0] (
]E[a/‘5 DP[a}4+eP, Cj > Dy, Wi > DB] [eeyﬁw’?”ck] /. e’ I‘] /. {7—) B¢, L, T » et/ -bumtogltl g, 41 a.,,l.q});

NO[w; ,u; , R J[E[w ,L ,Q ,P 1] :=With[{qg= (1-t:) vaB+vBus+vSEu W, +vaw},
E[1, L, 20 /. w; | u; >0, 0] (

]E[vw‘sDP[w4+eP, Wi - Dy, uj—>D,3] [eq] +ev5af1Aeq] /o {
v (1+ (te-1) 6)7,

A -2 (-1+1t) (azf.’>2+4a/.’>6 (1+(-1+t:) 6) +282 (1+ (-1+1t) 5)2) +
2
2 (1+ (-1+t) 5)2 (aB+6+ (-1+tr) 6?) c-B (1+2 (-1+1t) 6) (aB+26 (1+ (-1+tx) 8)) up+
2B6 (1+ (-1+t) 6)2ckuk—l/326 (243 (-1+ty) 6) Wi +a (aB+26 (1+ (-1+1t) 8)) we+
2
206 (1+ (-1+t;) 8)%come -2 (-1+1t,) 6% (aB+6 (1+ (-1+t:) 6)) upwe+28% (1+ (-1+1;) 6)2
oW - B (1+2 (-1+t,) 8) Wwi+ =26 (24 (-1+t) 6) W+ as?uew? - = (<1+1t,) 6% u2w?
2 2
} 7o {a» o (84,07 u;>0), B> (8,,0/.wi>0), 6> w8y,u,0}|]5
m[i ,j , Rk 1[Z ] :=Module[{x, vy},
Z // ReplaceAll[{bi ; - bre, ti|; = tee}] // NO[Wi, €5, X] // NO[wy, uj, y1 //
ReplaceAll[{cyy - Cx, Wj > Wy}] // NO[ui, cx, X] //

ReplaceAll[{Ci x = Ckry Ux)y = Urks Wy = Wrry byjy = brey Ty » tee}] // Simplify]

Done line
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Qa -F [eu1w1+ u2w3] 3
t1=Q0 // m[1, 2, 4]

5 3
E[l, 0, 2 Ug W3 -t Ug W3 + Ug Wa, —2u4w3+2c4u4w3—;uﬁw§+;t4uﬁw§—uﬁw3w4}

Qa = E[eu1w1+u3w2];

Q0 = E[Exp[Sum[a; ju;wj+1; 5b; ¢y, {i, 3}, {J, 3}11]

E[1, bicilis+bicalis+bicslyz+bycilyg+bycalyp+bycslyz+bscylsg+bscyls,+bscslss,
Up Wy ag,1+Ug Wpag,2+UpW3az,3+UzWypap 1+ UpWpap,2+UpW3a 3+ Us3Wyaz 1+ UszWpasz+ U3Wsas, s, 0]

Q0 = E[Exp[Sum[a; ju;wj+1; 5b;cy, {i, 3}, {J, 3}111]

E[1l, bicily1+bicylyo+bicslys+bycilyi+bycylyn+bycalyzs+bscyglss+bscy1ls,+bscsls s,
Up W1 @11 +UgWpa1,2+ U1 W3a1,3+UpWpap,1+UpWpap o+ UpWsaz 3+ U3Wgas 1+ U3Wpasp+ UsWzas,s, 0]
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SeedRandom[6] ;

Q0 = E [Exp [Sum[RandomInteger[{-2, 2}] u; w;j + RandomInteger[{-2, 2}] b; ¢j, {i, 3}, {j, 3}]11]
t1=Q0 // m[1, 2, 4] // m[4, 3, 5]

t2=0Q0 // m[2, 3, 4] // m[1, 4, 5]

13 = (t1 = t2)

E[1, —2b1C]_—bzC1+2b3C1+b2C2—b3C2+2b1C3+b2C3—b3C3, —U3Wq + 2 Uy Wy + U3 Wy +Ug W3 — Uy Wz, O]

1 2 4 4log(t 8Llog[t 16 Log(t S5usw 5usw 2 Us W
E[2+— 22 absibscs, 8Lloglts] - glts] glts] B[ts] >SUsWs >SUswWs 2Us 5
ot ts 2 2 ts 2 2 ts
8 cg 8 Cg 12 48 Cg 32 144 cs 76 240 cg 232 528 ¢ 464 1024 cg 704 1408 ¢
—— ——  — - —— - — — - - + + -—  —— ——— 4
e tE ot ot ot ot et ot ot ot ottt
1088 1824 cs 1472 2336¢cs 1360 2240cs 768 1344cs 240 448cs 32 64cs 4dusws
- - + + - - — ———— — — - — 4 -—
t £ t5 5 t2 @ o8 8 2 2 ottt
10 Cs5 Us Wg 4 Us Ws 8 C5 Ug Ws 6 Us Wsg 16 Cs5 Us Ws 42 uUg Ws 88 Cs5 Us Wg 108 us wg 52 Cg5 Ug Ws
+ - - - + + -
15 15 5 14 £ e e 112 £12
472 Us Wsg 48 C5 Ug Ws 864 us Wg 8 C5 Ug Ws 1912 ug ws 128 C5 Ug Ws 3728 us ws 600 C5 Us Ws
+ + + - + + - -
- - £19 110 t t t t
4528 us ws . 672 Cs5 Usg Wsg . 3192 ug Wsg ~ 64 Cs Us Ws B 1128 us Ws B 480 Cs5 Us Wsg . 16 uUs Ws . 464 Cs Us Ws .
tg g tg tg t3 t3 tg ts
128usws  192Csusws  32usws 32c5u5w5_3u§w§ 2u§w§_51u§w§+127u§w§_76u§w§+190u§w§_
t2 t2 t2 t2 tie 17 2tl6 2t15 ti4 1
163uZw?z 446uiw?z 1102 uZw?z 8@ uZwZ 194uZwZ 722uZwiZ 496uZwZ 128uZwZ 8uZw?z 8uiw? ]
- + - - + - + + -
£22 it 19 £ t t t6 8 t t2
1 2 4 4log[t 8log[t 16 Log[t S5usw S5usw 2Us W
E[2v 45 %, absibscs, 8Lloglts] - glts] glts] B[ts] >SUsWs >SUswWs 2Us 5
ot ts 2 2 ts 2 2 ts
8cs 8cs 12 48cs 32 144cs 76 248cCs 232 528cs 464 1024cs 704 1408 Cs
—— —— — - — - — —-— - + — - - —— ¢ ——— 4
ot ot 2 ot ot et ot ot ottt t
1088 1824 cs 1472 2336¢cs 1360 2240cs 768 1344cs 240 448cs 32 64Cs 4 UswWs
- - + + - - — ————  —— — - — 4 -—
t £ t5 5 2 ¥ o8 8 2 2 ottt
10 Cs5 Us Ws 4 Usg Ws 8 Cs5 Usg Ws 6 Us Wsg 16 C5 Us Ws 42 Us Ws 88 C5 Us Ws 108 us ws 52 C5 Us Wg
+ - - - + + -
15 15 15 £ £ e e 122 12
472 Ug Wsg 48 Cs5 Us Ws 864 Us Ws 8 Cs5 Ug Wsg 1912 ug ws 128 C5 Us Wg 3728 uUs Ws 600 C5 Us Wsg
+ + + - + + - -
£t it 119 10 t t t t
4528 Us Ws . 672 Cs5 Ug Wsg . 3192 ug Wsg ~ 64 Cs Usg Ws B 1128 us wsg B 480 Cs Ug Ws . 16 Us Ws . 464 Cs Ug Ws .
tg tg tg tg t3 t3 tg t3

128usws 192CsUsWs 32UsWs 32CsuUsws 3uZw? 2uZw? 51uZw? 127 uZw? 76 uiw? 190 ui wi
- - + - - + - + -

t2 t2 t2 t2 t18 ty 216 28 1 L
163uZw? 446uiw?z 1102uZwZ 8@ uZwz 194uZwZ 722uZwZ 496uZwZ 128 uZwZ 8uZw?z 8uiw? ]
- + - - + - + + -
ti? tit tie t2 t8 tl t8 t2 t? t2

True

Simplify[t3 /. bs » Log[ts]]

True

Rp[1, 2] Rm[4, 3]

IE[b1 Cy—-bgc3+ —1+eb1) ta W + (—1+@7b4) U4W3}
b, bs
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Rp[1, 2] Rm[4, 3] // m[1, 4, 1] // m[2, 3, 2]
E[0]

Rm[1, 2] Rp[4, 3] // m[4, 1, 4] // m[2, 3, 2]
E[0]

tl1=Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[3, 5,a] // m[1,6,b] // m[2, 4, c]

E[ ]

bZbp (Co+Cc) + (~1+e) by Us (Wp+We) +by (bEcc+ (—1+e®) upwc)

b, by

t2 = Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[1, 3, a] // m[2, 5, b] // m[4, 6, c]

E[ ]

bZbp (Co+Cc) + (~1+e) by Us (Wp+We) +by (bEcc+ (—1+e®) upwc)

b, by

tl = t2

True

t3 = Rm[12, 1] Rm[2, 7] Rm[8, 3] Rm[4, 11] Rp[16, 5] Rp[6, 13] Rp[14, 9] Rp[10, 15]

—1+e’b12> Ugp Wq (—1+<e’b8) Usg W5 (—1+<eb16) U1g Ws

]E[—blzcl—bgC3+b16C5—b2C7+b14C9—b4C11+b6C13+b19C15+ + + +
b12 bB b16
<—1+®_b2> U Wy <—1+®b”> U14 Wg (—1+(E_b4) Ug W11 (—1+(Eb6> Ug W13 (—1+(Ebw) U1g W15
+ + + + ]
b, b1a by be bie

t3 //m[1, 2, 1]

-1+ (E_bu) U1p Wq

E[—blzcl—bgC3+b16C5—b1C7+b14C9—b4C11+b6C13+b10C15+ b +
12
(—1+<Efb8> Ug W3 (—1+<Eb15> Ui W5 (—1+@7b1) Uq Wy (—1+@7b1) (—1+(€7b12) Uqo Wy
+ + - +
bg b16 b1 b12
(*1+‘Eb14> U14 Wo (*1+(E7b4> Ug W11 (*1+(Eb6> Ug W13 (*1+@b10) U19W15]
+ + +
b14 b4 b6 ble

t3// m[1, 2, 1] // m[l: 3, 1]

~l+e™®) ugw

IE[—bsC1—b12<31+bls<35—b1C7+b14<39—b4C11+b6C13+b19C15+ b +
8
e be (—1+@_b12> U1p Wq (—1+(Eb16) U1 W5 ebs (—1+<E_b1> Uz wy (—1+<E_b1> <—1+(E_b12> U1s Wy
+ + - +
b12 b16 b1 |912
(—1+<Eb“> U14 Wo (—1+@7b4) Uz W11 (—1+(Eb6> Ug W13 (—1+(Eb1°) U1@W15]
+ + +
b14 b4 b6 ble

Do[t3 =t3 // m[1, kk, 1], {kk, 2, 16}]; t3

e3P E[09)

1-4eP+8e2b-11e3% 18P 470 1 01

Rp[1, 2] Rp[3, 4] Rp[5, 6] // m[1, 4, 4] // m[4,5,5] // m[5, 2,2] // m[2,3,3] // m[3,6,6] //m[6,1, 1]
]E[B b]_ C1+‘(—)—17E73b] ulwl]

1

1+eb (71+eb1>
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