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In U(T) ® U(H) conventions.
Simp[e ] :=
S[e_ ] :=
e/. (A B|Aa|ASB| A da| A daa) »MapAt[Simp, 1, 1];
AutoCollecting[A ] := (A /: [0, ___1 = 0;
A/ A[f, r 1 + Alg., r___ ] := A[Simp[f +4g],
A/ g *xA[f£ , r ] := A[Simp[g f], r]);
AutoCollecting /@ {B, a, 68,
UU /: UU[x ] +UU[y_ ] := UU[x+y];
UU /: a_*UU[x ] := UU[Expand[a x]];
UuU /: D[u UU, 1] :=
S[u/. (LA |Aa|ASB]| A da| A daa) »
MapAt[D[#, vs] &, A, 1]1;
b,=1; ca[f , i_, j_, k] := éaa[f, ¢, i, j, k];
ylf, j_, k1 :=dalf, j, k] -da[b; £, ¢, k];
yalf , 7.,k , 1 ,m] :=
baa[f, j, k, 1, m] -ca[b; £, k, 1, m];
K6 /: Ké;s :=KroneckerDelta[l, Length[Union[{is}]]];

Expand[] ; Generalities.

r];

Sa, Saa};

vs_

daa relations.
! OrderedQ[{7j, i}]1;

S[UU[& ]] :=UU[S[e /. Saa[f , i , j , k_, 1_] » Which|[

k===¢, 6aalf, ¢, 1, i, j] +Kéu;¥[£f, i, Jj],

(i ¢)V(i<kAj=1), ébaal[f, i, 7, k, 1],
k<iANj<1l, baa[f, k, j, i, 1] +ca[=fbi, 1, k, g]#*
ca[fb;, j, k, 1] +ca[-f£by, j, i, 1] +
ca[f by, 1, i, jl,

k<iNAJj 1, éa[-fb;, k, jl+déa[fby,, i, j] +
baal[f, k, j, i, j],

i<kAN1<j, baalf, i, 1, k, j] +ecal[=fb;, 1, k, 7]+
cal[fb; , j, k, 1] +ca[-fby, j, i, 1] +
ca[fbx, 1, i, j],

k<iAl<3j, baa[f, k, 1, i, j]
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i 2 j_ :=0OrderedQ[{i, j}]; i_<3j_:=

Definition of tm.

UU[e ] // tm[x , y , z ] := (rr =Replace[x|y- z];
S[UU[Expand[es /. {

alf , x, 7.1 » a[f, z, j] +7[6byf, z, j1,

alf_, y, j_1 » alf, z, jl,

dal[f , x|y, 7_]1 =» éal[f, z, ],

Saal[f , i, . , k , 1] »

daa[f, rr@ei, j, rr@k, 1]
} /. byy-b:111);

Definition of hm.
UU[e ] // hm[x , y , z ] := (rr =Replace[x|y- z];
S[UU[Expand[e /. {
alf , i, x|y] » a[f, i, z],
dal[f , i_, x|y] =» éa[f, i, z],
daal[f , i_, y, k., x] » daal[f, k, z, i, z],
Saalf , i , F , k , 1] » daa[f, i, rr@j,

1D

k,

Definition of Ats.
S[UU[Expand[e /. {

UU[& ] // hts[y , x ] :=
alf , i, j_ 1 » al[f, i, j] - K65, ¥[0p, £, i, y] -
K6:xKéj, (B[fby] -6al[f, ¢, y] -6B[bx 0y, £]),

dal[f , x, y] » 6al[f, x, y] -6B[fb,],

baal[f , i , 7 ,k , 1] »
daal[f, i, j, k, 1] +K6;x Kb, da[-b, £, k, 1] +
Kéix Ké;, (Ga[brEfix, jl =dalb, £50kmgl) +
Kby K6, (6albi £,7%71] = éalb, £70imd]) +
K6 Ké;, 6a[-b, £, i, j] -K&;xKb;1, 6B[bxby £] +
2 Kb,ixKb,51 6B[bxb, £]
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dm[x_, y_, z_]1[e_] := Definition of dm.
e // htS[X, Y] // tm[xl Vi Z] // hm[xr Y Z]

Renaming operations.
to[x List, y List][&_ ] := (rr = Replace[Thread[x - y]]-;
S[e /. b; »brei /. {
al[f , i, 7 1 » al[f, rrei, j],
da[f , i, j_ ] =» éa[f, rrei, j],
baal[f , i , F , k , 1]+ daa[f, rrei, j, rr@k, 1]
1)
to[x_, v 1[£.] := to[{x}, {y}]1[e];
ho[x List, y List][&e_] := (rr = Replace[Thread[x- y]];
S[e /. {
al[f , i , 7 ] » a[f, i, rr@j],
dal[f , i, j_ ] =» déa[f, i, rr@j],
baalf , i _, j , k , 1_]:+» baal[f, i, rr@j, k, rrel]
1)
ho[x , v ][] :=
do[x_ , v 1[e.] :=

ho[{x}, {v}1[e]’
€ // to[x, y] // holx, y];

tb[x_][UU[L_], UU[R ]] :=
S[UU[Expand[Distribute[pp[L, R]] /. {

pp[0, _.] » 0, pp[_, 0] » O,
PP[_B| _6B| _ba| _baa, _B|_6B| _da| _baal] -» 0,
pplu | u 6B | u da| u daa, v_al » -pplv, u]
Y} /. {
pplalf_, x, j_ 1, u]l » (u/. {

Blg_.]l » ¥[£0p,9, x, ],

a[g_l k_l l_] Ead Ya[fabxgl X, jl kl l] +

Definition of tb.

Kby (-¥alg 0y, £, k, 1, x, ] +
ca[fg, 1, x, j]l -calfg, 7, k, 1])\,

_ -0

o
pplalf_, j_, k.1, alg_, x, 1_1] /; j=l=x»

-ya[g0p, £, x, 1, j, k],

ppl_, _1 -0
11

rr@l]
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thb[x , y ]1[UU[L ], UU[R_]] :=
S[UU[Expand[Distribute[pp[L, R]] /. {

pp[0, _.] » 0, pp[_, 0] » O,

pPrPl[_B| _6B| _6a| _daa, _B|_6B| _ba]| _daa] -» 0,
ppl_a, _B| _68] » O,

pPPIBIf ], alg_, i_, j_11 = Kéy;¥[g0n, £, i, ¥],
pplalf_, i_, j_1, alg_, k_, 1_1]1 » Kby (

yalgOp, £, k, 1, i, j] +Kb.; (
¥[-br gbp, £, 1, j] Héa[brg O, Lidsnil -
ba[b; goy, £, k, jl -a[bx£g, i, j] +
alb; £g, k, jl +calfg, j, k, 1] -
ca[fg, 1, k, 31)),
pplalf_, i, 7.1, dalg_, k_, 1_1] »
Kéy: Kb, (=6alby £g, 1, jl+dalbitgukyil) ,
pplalf_, i_, 7_1, rm_, n_ 1] = Kéyi (
Kéy,; (-6aa[bxfg, i, j, m; n] +

daalg , k., 1_

baalb; fg, k, j, m, n]) +
K6, (- daalbmtigmkindyizng] +
baal[b; fg, k, 1, m, 7]) +
K61, (6a[bxbn £g, k, j]l -6a[brbnfg, x, 3]1)),
prP[_6B,
pplbalf , i_, j_ 1, alg_ , k_, 1.1] »
Kb Kb, (Fdalbptgrdnglsdalbi £ g, kpdil) /
rJ_,m , 0], alg , k, 111 »
Ké.: K6, (Béaalbrf g, i, j,lmmn] +

_al » 0,

ppléaalf , i_

daalb; fg, k, j, m, n]) + "K\( (VY
Kén KSy; (F0aalbatigmEnmsmmmn) + \(L Q
daalb,fg, i, j, k, n]) <
11
htb[x , v ][L_UU, R UU] := -thbl[y, x][R, L];

Definition of thb.

hb[y_][UU[LZ_], UU[R_]] :=
S[UU[Expand[Distribute[pp[L, R]] /. {

pp[0, _1 » 0, pp[_, 0] » O,
pr[_B|_68, _1 » 0,

ppl_, _B|_6B] » 0,

pp[_dba | _bdaa, _da | _daa] » O,
pplu_da | u daa, v_al] » -ppl[v, u]
Y /o A

pplalf , i_, y], u ]l » (u /. {

alg , j_, k.1 =
Kéyr (a[bj £g, i, y] -a[b; £g, j, k1) P\/
dafg_, j_, k] =

i, vyl -éa[b; £g, j, k1*/

K6, (6alby g, i
baalg , j_, k ,1_,m] »
K6, (6aal[b; £g, i, y, 1, m] -
daalb; £g, j, k, 1, m]) +
K6y, (6aalb; £ g, j, k, i, y] -
Saa[b; £g, j, k, 1, m])
.
_pp » 0
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Definition of hb.

Definition of db.
Using hihatity = hihotity = hihotat; — haohithtp = hohihty:
db[x ][u UU, v_UU] := Module[{t, h}, Plus]|
htb[x, x][u// to[x, t], v// ho[x, h]] // tm[t, x, x] //
hm[x, h, x],
tb[x] [u, v// ho[x, h]] // hm[x, h, x],
hb[x][u, v// to[x, t]] // tm[t, x, x],
thb[x, x][u// ho[x, h], v // to[x, t]] //
tm[t, x, x] // hm[x, h, x]]1];

bb[S List] := Module[{w, bar, t, n=0, i, k}, The bracket.
w=#2//do[S, bar /@ S];
Sum[t = db[S[k]][#1, w // do[bar[S[k]], S[kI]1]l:

Do[t =t // dm[bar[S[i]], S[il,
Do[t =t // dm[S[i]], bar[S[il],
{i, k+1, Lengthe@s}];
t, {k, Length@sS}] ] &
bb[S ] := bb[{5}]

S[il1,
S[il1,

{il 11 k_l}];

Recovery challenges.
AutoAd[bb[j, k], UUea[l, j, k]][UUea[l, O, k]]
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{
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6aa{2e 3 py (- Slnh[b |+by)

= R

AutoAd[bb[j, k], UU@a[l, j, k]] [UUe@a[l, O, j]]
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ct[s_ ] := ct[s, s]; ct[] = ct[0, O];

Definition of ct.

ct[h , t ][UU[L ], UU[R ]] := S[UU[Distribute[pp[L, R]] /. {

SnG[A_, _1[k_] := A[k]; Global Generalities.

SnG[

ppl_B|_68, .1 » 0,

pplalf_, i_, h], B[g_]] » B[fbi ((8p.9) /. b:>0)],

pplalf_, i_, h], alg_, t, j_]1] » a[f (g/.b:>0), i, jl,

pplalf_, i_, h]l, alg_, j_, k1] » a[fb; ((8p.9) /. b:>0), j, k],
pplalf_ , i_, h], balg , t, 7.1] » Sa[f (g/.b>»0), i, 7],

pplalf_, i_, h], balg_, j_, k.11 » ba[fb; ((8p.9) /. be>»0), j, k],
pplalf , i_, h], daalg , t, j_, t, k. ]]1 -» O,

pplalf , i_, h], baalg , t, j , k , 1_1] » Saal[f (g/.b.»0), i, 7, k, 1],
pplalf , i_, h], baalg , j , k , t, 1_1] +» baal[f (g/.b:>»0), j, k, i, 1],

pplalf_, i_, h], Saalg , j_, k_, 1_, m_ 1] » baa[fb; ((Op.9) /. be=>0), j, k, 1, m],
pplal__]1, _]1 » 0, pp[_ba | _baa, _6B|_dba| _daal] -» O,

ppléal[f_, i_, h], B[g_ 1] =» 6B[fb; ((8p.9) /. be>0)],

ppléalf , i_, ], a[g_, t, j_1] » éa[f (g/.bc>0), i, jl,

ppléalf_ , i_, b], alg_, j_, k_]] = éa[fb; ((8p.9) /. be>0), j, k],

pp[_ba, _] » 0, pp[baal_, _, h, _, h], _]1 » O,

ppléaalf , i_, h, j_, k.1, Blg_ 1] » 6a[fbi ((8.9) /. be>0), j, k],

pplbaalf , i , h, 7 , k1, alg , t, 1_]1] =» baa[f (g/.b:>»0), i, 1, j, k],
ppldaalf , i_, h, j_, k.1, alg_ , 1_, m_]] = baal[fb; ((Op.9) /. b:>0), j, k, 1, m],
ppléaalf , i_, j_, k_, h], B[g_1] =» 6a[fbi ((8b.9) /. be>0), i, jl,

ppl[Saalf , i , j , k_, h], alg , t, 1_]] +» baal[f (g/.b.>»0), i, 7, k, 1],
ppldéaalf , i_, j_, k_, h], alg_, 1_, m_]1] = Saa[fby ((p.9) /. be»0), i, j, 1, m],
ppl_daa, _] » 0}]];

_r @ ]1[0] = w; {E1,2,¢[1]1, E1,2,¢[21} /. t->0  Verifying the exponentiation.

Ej_,k_,t_ i= SnG[(’

E;

j—)UU[a[l, j, o] +6aalt, ¢, , 7, k] +

{UU[a[l, 1, »]], UU[a[l, 2, =]]}

Exponentiating an arrow.
{D[E1,2,¢[1], t], D[E1,2,£[2], t]}

{Uu[éaa[l, c, o, 1, 2] +

5 -1+etbj P
~tb
aa [ _-] r S0 Ky Ty w]"’ 5aa[7e’tbl, ¢, 2, 1, ] + Saa *i*eglr 1, 2, 1, Co]]l
1 1
- -tbj .
633[—%, i, k, 3, oo]], UU[a[etbl b1, 2, ] +a[-etP1by, 1, »] +
’ (-1 +etbi) b Sa[-etP1t by, 1, o] +Sale*P1 tbi by, ¢, ] +
k"UU[a[etbjr k, o] +a['7kr s °°] + SaaletP1t, 1, 2, 2, o] +Saal-e*P1tby, ¢, 2, 2, o] +
J
(~1+@tPi (1 tby))by baaletP1+etP1tby, ¢, 2, 1, »] +
éa[ 2 G °°]+ tb l et Plp,
b2 6aa[e T 21—, ¢, 0, 1, 2
1
tbi (_ ) - b b
6a[(1+e J(1+tb3))bk,¢,m]+ 6aa[ tb1 tb17%+et 1p, et 1tb2,1, 2,1, OOH}
b; b? b? by
~1l+et® (1-tb,)
6aa[ o r K,k °°] + {D[E1,2,¢[1], t] -bb[1l, 2][UU[a[l, 1, 2]], Ei,2,¢[1]],
j
1+etbj (_1+ tb-) D[El,Z,t[Z]r t] _bb[lr 2] [UU[a[ll 1/ 2]]/ E1,2,t[2]]}
J .
dany b2 e & {uu(o], VU[0]}
b;-e tPib;+b, +et?i (-1+ tb;) b
5aa[:’e ibj+by+e 7 ( + J) k,q:,k,j,oo]+
b3
b;+b tb;by; -et?i (b;+b
<5aa[]+ Kk EO Ok @ (b + k),g,oo,j,k]+
03
1
éaa[—
b3

e P (b; +e?tPj (b;+ (2 - tb;) by) -

e“®j (2bx+b; (2+tby))), j, k, 3,

wwealt, j, k1|

_lk_

=By ke



