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Pensieve header: A y-only solution, modding out by the g’s.

in[-1:= SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];
Once[<< KnotTheory™ ; << ../APAI/Rot.m];
TS =TS;
(@ *)* :=a *™"; (+ this is for cosmetic reasons only )
6i ,5 :=If[i=73,1,0];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/APAI to compute rotation numbers.
Lower Rank 2 Gassner: (Modified from Rank2Gassner.nb)

in[-]:= LR2G;_,; [&.] := Expand[& /. {e; »Te;+ (1-T) e;j, fi=»SFf; + (1-5) f;,
gi=»TSg;+ (1-TS) g;
+S(T-1)e;jfi+(S-1)Te;f;+ (S+T-25T) e;f;}1;
LR2G; ,; [&£ ] :=Expand[& /. {e;» The;+ (1-T") ej, fi oS F+ (1-57) 5,
gim» T s g+ (1-T7s?) g
=S (1-T ) ey Fi -T T (1-5TY) e fy e (ST o251 e 5}
bas =
{e1, ey, e3, 1, fy, f3, €11, e1f, €13, e3F1, e Fy, €3, e3f1, esfy, e3fs, 81, 825 83)5
(bas // LR2Gy,, // LR2G,,,) == bas
(bas // LR2Gs ; // LR2Gs,,) == bas
(lhs = bas // LR2Gy,, // LR2Gy,3 // LR2Gy,3) == (bas // LR2G,,3 // LR2Gy,3 // LR2Gy,,)

Out[e]=

True
out[e]=

True
Out[«]=

True
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in[-]:= Ry[S_, 1_, j_]1 :=TBD; (+ a sign (\'s)—dependent quadratic polynomial in gi.s, G205, 9305
and y.s,, where deg y.s=2 and o,B,ye{i,j}, with coefficients in z[T*},s*1]|. «)
CF[&_ ] := Factor@Together[£];

ALK ] := Module[{Cs, ¢, n, A, s, i, j, k, A, G, gEval, Y, yEval, c, A1},
{Cs, 0} =Rot[K]; n = Length[Cs];
A = IdentityMatrix[2n+1];

Cases[Cs, {s_, i, J_} = (A[I{i, GYs {i+1, J+1}] += ('QTS Ts_;l))];
A = T(-Total[e]-Total [CSTALLAID) /2 pat (A7 5
G = Inverse[A];
gEval[&s ] :=CF[& /. a " »a+1/.
{81,a ,5 »Glla, A1, 82,0 ,s » (Glla, B1 /. T>S), 8,4,z » (Gla, B1 /. T->TS)}];
Yla_, B, ».]1 :=Sum[{s, i, j} = c;
83,01 (57 (T7-1) 81,5, 82,10, + (S°=1) T"8a,1v,5 82,50, + (S +T° -2T5%) g,5, 4 82,5, ) »
{c, Cs}];

yEval[s 1 :=CF[&E /e Ya 5,y »YIa, A5 ¥11;
2n

2= )" Ri@@CsIKD - »° " KD (8a,k,k + B2,k + 83,k,k) 5
{Ay, A(A/.T>S) (A/.T-TS) A1} // yEval // gEval

E

Step-by-step Run-Through

in[-]:= CF[&_ ] := Factor@Together[&];

in[-]:= K= {
PD[X[4, 2, 5, 1], X[2, 6, 3, 5], X[6, 4, 7, 3]],
Knot[6, 2]
3011
out[e]=
PD[X[4, 2, 5, 1], X[2, 6, 3, 5], X[6, 4, 7, 3]]

in[-]1:= {Cs, @} = Rot [K]
Out[e]=

{{{1, 1, 4}, {1, 5,2}, {1, 3, 6}}, {0,0,0, -1,0, 0}}

In[+]:= N
A

Length[Cs];
IdentityMatrix[2n+1];

CaseS[Cs, {s_s 15 J_}» (AL{1, J}, {1+1, J+1}] += (_;s TS—:I.].))];
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in[-1:= A // MatrixForm

Out[-]//MatrixForm=

In[«]:=
Out[«]=
1-T+T?

T
in[-]:= G = Inverse[A];

G // MatrixForm

Out[~]//MatrixForm=

1 -T 0 0

0 1 -1 (<]
0 0o 1 -T
0 0o 0 1
0 0 -1+T 0
0 © ] (]
0 0o <] <]

-1+T © 0
%] %] %]
0 0 -1+T
-1 0 0
1 -T 0
0 1 -1
%] %] 1

A= T(-Total[w]—Total[Csl[All,l]]] )/2 Det [A]

T-T2+73 1 T-T2+73 1 T-T2+73
1-T+T? 1-T+T? 1-T+T?

9 1 1 T T T2
1-T+T2  1-T+T?  1-T+T?  1-T+T?

) ) 1 T T T2
1-T+T?2  1-T+T2  1-T+T?  1-T+T?

9 9 1-T 1 1 T
1-T+T?2  1-T+T?2  1-T+T?  1-T+T?

) ) 1-T T-T? 1 T
1-T+T2  1-T+T?2  1-T+T?  1-T+T?

7] 7] 0 7] 0 1

0 0 0 0 0 0

in[-]:= gEval[& ] :=CF[& /e a > a+l/.
{81, ,5 »Gla, A1, 82,0 ,s + (Glla, B1 /. T>S), 8,4,z = (Gla, B1 /. T->TS)}];

in[-]-= Clear[Y]

Yla_, B, »v.1:=Y[a, B, ] = Sum[{s, i, 3} =¢;

[y
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83,01 (S° (T°-1) 81,5, 82,5, 5 + (S°-1) T° 81,5, 82,5, » + (S +T°-27TS%) 81,5, 5 82,5, +) 5

{c, Cs}];

Column[MatrixForm /@ Table[Y[a, B, ¥1, {a, 3}, {B, 3}, {¥> 3}1]

out[e]=

n nunnu un nvun n v n

81,4',182,17,1 +
81,4,282,17,1 +
81,4,382,17,1 +
81,4',182,17,1 +

81,47,3 82,17,1 +
81,47,1 82,1 ,1 +
81,47,2 82,17,1 +
81,47,3 82,17,1 +
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1+S
1+S

1+S
1+S

1+S
1+S
1+S
1+S

S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST
S+T-2ST

T81,17,182,4,1+
T81,14,282,4,1+
T81,1+,382,4,1 +
Tg1,1°,182,4,1+

( ) (- )
( ) (- )
( ) (- )
( ) (- )
(=1+T) 81,4,282,15,1+ (-1+5) T81,1,282,47,1+
( ) (- )
( ) (- )
( ) (- )
( ) (- )

83,1,1 +
83,1,1 +
83,1,1 +
83,2,1+

81,4',1 82,47,1 (S ( )
(S ( )
(S ( )
(S ( )

83,2,1+ (S (-1+T) g
(S ( )
(S ( )
(S ( )
(S ( )

81,4%,2 82,47,1
81,4%,3 82,47,1
81,4%,1 82,4,1
81,47,2 82,4 1
Tg81,1,382,4,1+
Tg81,1,182,4,1+
T81,1,282,4,1+
T81,1+,382,4,1+

83,2,1 +
83,3,1 +

83,3,1 +

81,47,3 82,4",1
81,47,1 82,4',1
81,47,2 82,4",1

81,47,3 82,47,1) 83,3,1 +
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in[-]:= Column[MatrixForm /@ Table[Y[a, B, ¥] // gEval, {a, 3}, {B, 3}, {¥, 3}11]

Out[]=

7] (%} 7]
) o _(-1+5)°7
1-5+52
0 - S (-1+T)?  -S+82-T+25T-25°T+T?-25T%+25° T?
1-T+T2 (1-545%) (1-T+T?)
(%) 0
0 0 0
ST (-S-T+2ST)
06 (1-5+5%) (1-T+T?) (1-ST+S*T?)
0 0 0
0 0 0
2 0 ST (-S-T+2ST)

T (1-5+57) (1-T+T?) (1-ST+S2T?)

in[-]:= YEVAl[& ] :=CF[&E /v Yo 5,y »YIa, B, ¥1]

The g-Rules

ml-1- gRules; ; - i={
81,i,0 P 81,5+ T 80,5+ (1-T°) 81,50,05 B1,5,5 67,5 + 81,5,
gl,a_,i » T (gl,a,i* - éa,i‘) £ gl,a_,j > gl,a,j* - (1 - Ts) gl,a,i - 5a,j‘)
82,1, 61, s +S 82,15+ (1-57) 82,5, 45 82,5, 65,5 + 82,5,
82,0 ,i 9 S (82,0,i* = 8ayi*) s B2, ,5  B2,0,5" = (1 - 55) 82,a,i = 04,
83,i,5 61,5+ TS 83,i°,5+ (1-TS°) €3,5+,5 83,7,5 > 85,5 + 83,5,
83,0 ,i ™ TS (83,4,i" = 64,i*) s 83,0 ,7 > 83,0,5" - (1 - TSS) 83,a4,i = 04,5

}

In[«]:= (gS = Table[{gl,a,ﬁ) gZ,a,BJ g3,a,[3}_v {aJ 2n+ 1}; {B: 2n +1}])[[1 35 2) 1 35 2: 1 35 2]]
Out[«]=
{{{81,1,15 82,1,1}> {81,1,25 82,1,2} 1} {{81,2,15 82,2,1}» {81,2,25 82,2,2}}}

in[-]:= Cs

Out[e]=
{{1, 1, 4}, {1, 5, 2}, {1, 3, 6}}

mi-1- (gS /. gRUleSsequencesecspag) [1 55 25 155 2, 155 2]
Out[«]=
{{ {(1+T81,2,1+ (1-T) 81,4,1, 1 +S8z,10,1+ (1-5) 82,47,1},

{T81,17,2+ (1-T) 81,4,2, S82,17,2+ (1-S) 82,47,2} }»
_I-F[z == 1+: 1, 0] +81,2,1° _I'F[z == 1+: 1, @] +82,2,1°

{{ » < }, {81,2,25 82,2,2}}}

T
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imi-]- gEval[gs - (gs /. FlatteneTable [gRuleSsequenceeacs (€5 CS}])]

Out[-]=

{{{e, 0,0}, {0,0,0}, {0,0,0}, {0,0, 0}, {0, 0, 0},
{{0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {0,0,0},
{{0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0}, {0,0,0},
{{9, 0, 0}, {0,0,0}, {0,0,0}, {0,0,0}, {0,0,0},
{{9, 0, 0}, {0, 0, 0}, {0,0,0}, {0,0,0}, {0,0,0},
{{9, 0, 0}, {0, 0, 0}, {0, 0,0}, {0,0,0}, {0,0,0},
{{9, 0,0}, {0, 0,0}, {0,0,0}, {0,0,0}, {0,0,0},

The y-Rules

-

mi-1- yRules, ; ; :={

Yi,o,n P TS Vie, s, + (1-TS%) Vi, 0,, +

{0,
{0,
{0,
{0,
{0,
{e,
{e,

e},
9},
9},
0},
0},
0},
0},

{0,
{o,
{e,
{e,
{e,
{e,
{e,

03},
03},
03},
03},
031},
0}},
0}}}

2024-04-30 12:32:50

(55 (TS - 1) 81,5, B2,i*,» * (ss - 1) T° 81,15 82,7, 7 + (ss +T°-2 TSS) 81,7, gz,j+’7) ,

Vi v Y55,
X TS . 1-8° . .
Yo ,i,y ¥ Ya,it,y + 83,a,1 82,5%, 79

ya_,j,r_ b4 ya,j*,r - (1'TS) Ya,i,» = 83,a,i (Ss (TS - 1) 82,i*,y * (SS +T° - ZTSS) gZ,j*,y):

-S S
Ya 6,95 Va5, + (1-T°) 83,4, 81,5,45

Yo .5 Yars,5 = (1=57) Ya, 5,1 - 83,01 (T° (S°-1) 8a,i0,5+ (S +T°-2T5°) g1, 4,5)

}

In[-]1:= (yS = Table[yu,ﬁ,y) {a; 2n+1}, {B, 2n+1}, {¥,2n+1}])[1;;2,1;;52,1;; 2]

Out[e]=
{{{y1,1,15 Y1,1,2}5 {¥Y1,2,15 Y1,2,23 5 {{Y2,1,15 ¥Y2,1,2}5 {¥Y2,2,15 ¥2,2,2} }}
in[-]:= CS
Out[«]=

{{1, 1, 4}, {1, 5, 2}, {1, 3, 6}}
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Inf-]:= (ys /. yRulesSequence@@cS[[l]]) [l;52,13;2,1;; 2]
Out[«]=

{165 (14T gua 1800+ (-1+9) Tr,1,1 80,01+

(S+T-2ST) 81,4,182,4,1+STY1:,1,1+ (1 -ST) Yar 1,1, S (-1 +T) 81,4,182,17,2 +
(-1+S) Tg1,1+,182,4,2+ (S+T~-2ST) 81,4,182,4,2+STY1,1,20+ (1 -ST) Yar 1,2},

{S(-1+T) 81,4°,282,1,1+ (-1+5) T81,1-,282,4,1+ (S+T-25T) 81,4°,282,4,1 +
STY1,2,0+ (1-5ST) ¥ar,2,2, S (-1+T) 81,4,282,17,2+ (-1+5) Tg1,1,282,47,2+
(S+T-2ST) 81,4,282,4,2+5TY1,2,0+ (1 -5T) Yar,2,2}},

Y2,17,1 Y2,1°,2
{{ (1-5) 82,4-,183,2,1+ ! (1-5) 82,4-,283,2,1+ 7}

2

{ (1-T) 81,4",283,2,1 + )/2,% ’ YZ,Z,Z}}}

il YEval[ys - (ys /. yRuleSsequencesecsyay) | [15 15 1T
Out[e]=
S81,4,182,1,1-ST81,4,182,1,1 + T81,1,182,4,1 ~ST81,1,182,4°,1 ~ S 81,4",1 82,4",1 —
T81,4,182,4-,1+25T81,4,182,4,1 - S81,4°,182,1*,183,1,1 + ST 81,4°,1 82,1°,1 83,1,1 —
T81,1,182,4,183,1,1 +ST81,17,1 82,47,1 83,1,1 + S 81,4,1 82,4,1 83,1,1 + T 81,47,1 82,47,1 83,1,1 ~
25T81,4,182,4,183,1,1 ~S81,6",182,3,183,1,3+5ST 81,6°,182,3,183,1,3~ T 81,3,1 82,6°,1 83,1,3 +
STg1,3,182,6°,183,1,3+581,6",182,6°,183,1,3+ 1 81,6°,182,6,183,1,3-25T81,6°,182,6,183,1,3+
S81,2,182,2,183,1,5+ 1 81,2°,182,2,183,1,5 - 25T 81,2,1 82,2,183,1,5 ~ T 81,5',1 82,2",1 83,1,5 +
STgi,5,182,2°,183,1,5 - 5S81,2°,182,5,183,1,5 + ST 81,2,1 82,5,183,1,5 + 2T 81,4,1 82,17,1 83,17,1 —
S?T° 81,4',182,1,183,1,1+5S T? 81,1°,1 82,4",1 83,1°,1 — S?1? 81,1°,1 82,4",1 83,1°,1 —
S°T 81,4,182,4",183,1,1 -5 T 81,4',182,4",183,1,1 + 2 S?T? 81,4,1 82,47,183,1°,1 +
S*Tg1,6,182,3,183,1,3 S T 81,6',182,3,183,1,3+ST° 81,3,182,6,1 83,1,3 -
S*T%81,3,182,6',183,1,3 -5 T81,6,182,6,183,1,3- ST B1,6°,182,6',183,1°,3 +
25°T%g1,6,182,6,183,1,3 - S°T81,2,182,2,183,1,5 - ST° 81,2,182,2,1 83,1°,5 +
25°T%g1,5,182,2,183,1,5 + ST  81,5,182,2,183,1,5 -5 T° 81,5°,1 82,2°,1 83,1°,5 +
S®Tg1,2,182,5,183,1,5 S T°81,2,182,5,183,1,5 + S81,4',182,1°,183,4,1 - ST 81,4',182,1°,1 83,4",1
2T 81,47,182,17,1 83,47 ,1 + S?T? 81,4,182,1°,183,4,1+ 1 81,1",182,4,183,4,1 - ST 81,1,1 82,4",1 83,4",1 —
ST? 81,1°,1 82,4",1 83,47,1 + S?T? 81,1°,182,4°,1 83,4,1 — S 81,4",182,4",183,4",1 — 1 81,4,1 82,4",183,4",1 +
25T81,4,182,4°,183,4,1+ 2T 81,4,182,4°,183,4,1+5 T 81,4',1 82,4",1 83,4",1
25°T%g1,4,182,4,183,4,1+S81,6,182,3,183,4°,3-ST81,6,182,3,183,4,3 -5 T81,6,182,3,183,4,3+
S*T%g1,6',182,3,183,4,3+ T81,3,182,6,183,4,3- ST 81,3,182,6,183,2,3-ST°81,3,182,6°,183,4°,3 +
S*T%81,3,182,6',1 83,4°,3 - S 81,6',1 82,6°,1 83,4,3 ~ T 81,6°,182,6°,183,4,3+2S T 81,6°,1 82,6°,183,4°,3 +
S®Tg1,6,182,6,183,4,3+ST°81,6°,182,6°,183,4,3- 25T 81,6,182,6,183,4,3
Sg1,2,182,2,183,4,5 T81,2,182,2,183,4,5+25ST81,2,182,2,183,4,5+5 T 81,2,182,2,183,a°,5 +
ST’ 81,2°,1 82,2,1 83,4°,5 — 2 s?T? 81,27,182,2°,1 83,4,5 + T 81,5',1 82,2",1 83,4",5 —
STgi,5,182,2:,183,4,5-5 T 81,5',1 82,2°,1 83,4",5 + S 81,5',1 82,2°,1 83,4",5 +

2 2.2
S81,2,182,5,183,4,5-ST81,2,182,5,183,4,5 S T81,2,182,5,183,4,5+5 T 81,2,182,5,183,4,5
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mi - gEval@yEval[ys - (ys /. Flatten@Table[gRulessequenceeecs {Cs CS}]) ]

Oout[-]=
{{{o, 0, 0,0, 0, 0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0},

{0,090, 0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{o, 0, 0, 0, 0, 0, 0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0, 0,0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9,9,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{9, 9,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9, 9,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0, 0},
{0, 0,0,0,0,0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}},

{{9, 0,0, 0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0},
{0,090,90,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}},

{{o, 0, 9,0, 0, 0,0}, {0,0,0,0,0,0, 0}, {0,0,0,0,0,0,0}, {0,0,0,0,0, 0,0},
{0,090, 0,0,0,0,0}, {0,0,0,0,0,0,0}, {0,0,0,0,0,0,0}}}

Invariance of y,s, under remote R2s

in[-]1:= Clear[i, j1;
Cs = {{1, i, 3}, (-1, i", 3*}}
Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,a,i (S° (T°-1) 81,5-,8 82,i%,w + (S - 1) T° 81,1, 82,59 + (S°+ T° = 2TS%) 81,5, 82,5,%) 5
{c, Cs}]]
simplify[Z //. gRules, ; ;UgRules 4 ;. 5. /. _If > 0]

Out[e]=
{{1) i) J}J {_1) i+) J+}}
out[e]=
(S(-1+T) 81,4,882,i",y + (-1+S) T81,i",582,,4y+ (S+T-25T) 81,5,582,9",v) 83,a,1 +
1 1
(-1+7) 8Ly sBa,y  (-1+5) BLiveBu3y (1 1 2
+ + [* - *) 81,5',582,37,v| 83,a,1’
S T S T ST
Out[«]=
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In[«]:=

Out[«]=

Out[«]=

Out[]=

In[«]:=

Out[«]=

Out[]=

Out[e]=

Invariance of y,s, under remote R3s

Clear[i, j, k1;

Cs = {{1, i, j}, {1, i", k}, {1, §", k"}}

Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,0, (S° (T°-1) 81,5,582,i%,v * (S7-1) T° 81,1, 82,57,y + (S +T° - 2T5°) g1,5-,5 82,5",v) »
{c, Cs}]]

lhs = Simplify[Z //. gRules, ; ;UgRules, ;. , UgRules, . . /. _If - 0]

{{1, 1, 3}, {1, 1", k3, {1, 37, k'}}

(S(-1+T) 81,4,882,i*,y + (-1+5S) T81,i",582,,4y+ (S+T-25T) 81,5,582,5",v) 83,a,i +
(S(-1+T) 81,k,382,i*,y+ (-1+5) T81,i,382,k,y+ (S+T-2ST) 81,k ,582,k",y) 83,a,i* +
(S(-1+T) 81,k,882,5,v+ (=1+S) T81,5+,882,k,y+ (S+T=2ST) 81 k+,382,k",v) 83,0,5"

1

g ((5(=1+T) (Tgr,5,8- (=1+T) 81,k,5) (S82,i,v— (-1+5) Ba,k,y) +

(=1+S) T (Tgu,i,p— (-1+T) 81,k,8) (582,57, — (-1+5) G,k,y) +

(S+T-25T) (Tga,5+,8- (-1+T) 81,k,8) (582,5,v— (-1+5) 8,k*,%) ) 83,a,i +
ST ((-1+5) T81,i+,582,k,y +81,k,5 (S (=1+T) 85,4+ (S+T=-25T) a,k,4) ) 83,0, +
ST ((-1+5) T81,5,882,k,y *81,k*,5 (S (-1+T) 8,5,4+ (S+T=-25T) 8yk,y) ) 83,a,5)

Clear[i, j, kI;

Cs = {{1, j, k}, {1, i, k"}, {1, i", j"}}

Z = Module[{s, i, j}, Sum[{s, i, j} = c;
83,01 (S° (T°-1) 81,5+, 82,35+ (S°-1) T2 81,15, 82,5°,5 + (S° +T° = 27TS%) g1,5°,5 82,5°,v) »
{c, Cs}]]

rhs = Simplify[Z //. gRules, ; UgRules, ; . UgRules, ;. ;. /. _If - @]

{{1, 3, k}, {1, 1, k"3, {1, 1%, 371}

((S+T-2S5T) 81,k,382,k*,y+ (-1+S) T81,1+ g 82,k*,y+S (-1+T) 81,k,582,i",y) 83,a,i +
(S(-21+T) 81,k,382,5,y+ (-1+5) T81,5,382,k,y+ (S+T-2ST) 81,k ,582,k",v) 83,0, +
(S(-1+T) 81,9,882,iv,y+ (-1+S) T81,i~,882,5,y + (S+T-25T) 81,5+,382,5,v) 83,a,i"

1

e (ST ((-1+5S) T81,i+,382,5,v +81,9,8 (S (-1+T) 8,4,y + (S+T-25T) 83,5,y) ) 83,0,i +

(S (-1+T) Bri,s (SBa,iv,v - (-145) Ba,50,,) +

(-1+S) T (Tguiv,p- (-1+T) B1,5,8) Bakepy + (S+T-25T) Bk, s 8o,k ,v) Bain +
((-145) Tg15,5 82k, + Brkr,s (S (<14 T) o500,y + (S+T-25T) gak,,))
((-1+5T) gae1 +ST83,05) )
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In[«]:=

Out[]=

In[«]:=

out[e]=

out[e]=

In[«]:=

Out[e]=

Simplify[1lhs == rhs]

True

Setting up R;

bas = {yi,i,i» Yi,i,j» Yi,j,i» Yi,i,32 Yi.iris Yiriis Yi,i,is Yi,3,3}
len = Length[bas];
vars = Table[c, =0; ¢, =.; Cp, {p, 21en}]

Ri[1, i_, j_] := Evaluate[Sum[c, bas[p], {p, len}]];
Ry[-1, i_, j_] := Evaluate[Sum[Cien.p bas[pll, {p, Length[bas]}11];

{Yi,i,i> Yi,i,9» Yi,i,is Yi,i,3» Y5,i,i0 Yi,1i,90 Y5,3,i0 Yi,3,37)

{€1, C2, C3, C4, C5, Cg, C7, Cg, Co, Cipy C115 C125 C135 Ci14, Cis, Ci6)

Ri[-1, i", 7]

2024-04-30 12:32:50

Ci6 ¥7,7,7 + C15 ¥7,7,i* + C14 ¥7,i*,7 + C13 ¥7,i*,i* + C12Yi*,7,7 + C11 Yi+,7,i* + Cie Yi*,i*,7 + Co Yi+ i+ i
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Solving R2b

in[-1:= Clear[i, j];
eqn = Expand [Ry[1, i, j] +R4[-1, i*, 31 //.
gRules, ; ;UgRules , ;. 5 UyRules, ; jUyRules ; ;. 5+ /. {_If >0, g, - 0}]

Out[e]=
Cio Yi,ir,i* C11 Yir,iv,iv
Ci¥iv, i, i+ CoYir,iv,iv —~CeVYiv,iv,iv+——— —CuYir,iv,it ——_—  *
S T

C12 Yi~,i,iw C12¥i~,iv,i Ci2 Yirr,iv,i Cio Yi~,i,j*

C12 yi++,i+~,i++ - - + + CZ yiw}iﬂ,jH + -
S T ST )

C12 Yivr,itr,j7r Cr2Yivr,iv,j Ci1Yir,j,i Cr2Yiv,j,i Cr2Yivr, i

+ +C3Yiv, g, - + +

S ST T T ST

C12 Yitr, .5

Ca yi”,j'*,j” + T + Cs yj**,i”,i‘* - Co )/J-++,i+.,iH +ST Cq ijliﬁ,iw + C1g yj‘*,i”,i‘* —

Cio Yjir,i, i C11 Ygrr,iv, i
f + T Cqp Vi, i, it - STcCqg Yior,it, it + €11 Yo, i0e,i0 + Scqp Vi, a0, it - f -

Cq1o Yj**,i*',i” Ci2 yj”,i”,i*' C1o ijliﬁ,iw
ST C11 yj”,i**,i” + — S C12 yjf+)i++,if+ + - -T C12 yj”,i“,i*’ +
S T ST
STcy, Vi, i, i + STcy3 Vi, i, i + TCya Vi, a0, it - STcCyq Vi, i, i + S Cq5 Vi, i, i -
STcs Yjor,i,it + Cie Y, it, it — S cis Yjor,i,it — Tcis Yirr,iv,ic + STcie Yjor,ic,ic

Cig ¥Yi*,i, 3 C12 ¥j=,i,3~  C12¥Yj+,i~, 5+
Ce Yjrr,ivr,jv - + T Cip Yior,iv, g + Caa Y, iv, g - -
S S ST

TC1z Vi, i, + TCia Yitr,it,5 + Cie Yi'r, i, — T Cye Yir,it, g+ C7 Y, g, a0 + Sci1 Vi, go,i0 -

C11 Yqg+,j,i C12 Y, 4,1 C12 Y, 4,1
——— +*Cn2 Y5j,5,i — S C12 Yyrr, i + - +S Ci5 Yy, ,i +
T T ST

C12 ¥5,57,3

Ci6 Yi'r,j7,i" — S Cy6 Vi, go,it F C8 Y, 5,50 + C1a Y, 5, — ? +C16 Y§r,5, 5

In[-]:= covars = Cases[eqn, y , «]

out[e]=

(Vi i, iy Yir, i, its Yir, i, ity Yir, i, its Yirr, iz, ity Yir, i, itvs Yiv,iv,i7

Yi‘*,i“,i‘*: Yi‘*,i“,i‘*: yi~+)i++,i~+’ yi++)i++,j~+’ yi++)i++,j~+’ yi**)i++,j++’ yi+f)i++,j$+’

Yi’*,j**,i’*: Yi’*,j**,i’*: Yi’*,j**,i’*: Yi**,j**,i’*: Yi**,j**,j’*: yi“,j“,j“l Yj**,i**,i**: Yj**,i**,i**:

Yioriv,itts Yy, i, it Yior,iv,ics Yir,ar,ivs Yior,iv,its Yir,ir,its Yy, iv,ivs Yiro,it,its
Yj’*,i**,i’*: Yj’*,i**,i’*: Yj’*,i**,i’*: Yj**,i**,i’*: Yj**,i**,i’*: Yj**,i**,i**: Yj**,i**,i**: Yj**,i**,i**)
Yj‘*,i”,i‘*: Yj‘*,i”,i‘*: Yj'*,i”,i‘*: ijliﬁ,i-u ijliﬁ,i-u ijJiH,iH, yjﬁ’iﬁ,iw, yj“’iﬁ,iw,
Yj’*,i**,j’*: Yj’*,i**,j’*: Yj’*,i**,j’*: Yj**,i**,j’*: Yj**,i**,j’*: Yj**,i**,j**: Yj**,i**,j**: Yj**,i**,j**:
yj'*,i”,j'*l Yj'*,i”,j‘*: Yj'*,j”,i‘*: yjﬁljﬁ,ivu yjﬁljﬁ,iﬁj yjﬁljﬁ,iﬁ’ yjﬁljﬁ,iﬁ, yjﬁljﬁ,iﬁ,

yj‘*,j“,i‘*: yj‘*,j“,i‘*; yj‘*,j“,i‘*; Yj**,j“,i‘*; Yj**,j“,j‘*; yj**,j“,j**; Yj**,j“,j**; Yj**,j“,j**}
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in[-]:= Short[eqns = {eqn == @} [JUnion@Table[Coefficient[eqn, cv] == O, {cv, covars}], 5]

Out[~]//Short=
C12 Cie Ci12 Cp2
{C4+f =0, C+— -— +— =0, 5>,
ST S S ST

Cie
C5*C9+STC9+C1@*7+TC19*STC19+ <<19>> +SC15*STC]_S+C15*SC16*TC16+STC16 220,
S

cl@ Yi”,i’*,i“
Cy Yiv,iv, i + CoYiv,iv,i — Cip Yivr,iv, it + 75 - Ca1 Vi, i, i+

C12¥57,57,3"
<<85>> + Cg Yy, 0,5 + C12 Y, 9,50 - T +C16 Y§7,97, 5 = 0}

in[-1-= Short[{sol} = Solve[egns, vars], 5]

Solve: Equations may not give solutions for all "solve" variables.

Out[-]//Short=
C Co (1-T) caa C1 Co (1-5) cio
{{CZ - -

- - » €3> - - - )
-1+S -1+S (-1+S) T -1+T -1+T S (-1+T)
C1 Co Cio C11
Cq —> + - - B
(-1+S) (-1+T) (=1+S) (-1+T) S(-1+T) (-1+S) T
STcy STco T Ceg Scqy
<<3>>, C1p > — - + +

(<14S) (=1+T) (-1+S) (=1+T) -1+T -1+5S

(1*ST) Cq Cs (1*5) Cia (1*T) Cis (1*S*T+ST) Ci6
SNl L : : n
ST ST S T ST

in[]:= Short[sol /. (v_ »val_) = (v=CF[val])]

Out[-]//Short=
{ Tci+TcCg+Cy-TcCyq SC1+S «<1> «<1> «<1> -ScCqp «<1> -c;+ <«<15> }

) , <<4>>, - )
(-1+S) T S(-1+T) <«<1>> ST

inf-1-= Short[Ry[1, i, j], 5]

Out[-]//Short=
(Tca+Tcog+C11-TC11) Vi,i,j
C1¥i,i,i- -
(-1+S) T
(SC1+SC9+C19—SC19> y<<1>> <<1l>> <<<1>>) y<<1>>
+ + <<l> «<1l>»> <1l>»> - —m—m ™ -
S(-1+T) <«<1>> (-1+S) T

(-Sc1+S*Tcy-Sco+ <«<12> +S%Cy6+STCie-S* TCg) Yoo

+

S(-1+T)
1

CiissCiinT (-STc1+8 T ey -STeg+S° T2 Co-TCp+STCi+ST? Cip-S* T Cyo -
-1+ -1+

SC11+STC11+SZTC11*SZTZC11*STC16+SZTC16+ST2C16*SZT2C16> y],],]
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Solving R3

in[-1:= Clear[i, j, k];
lhs =
Expand[Rl[l, i, j1 +Rq[1, i*, k] +Rqe[1, J*, k™1 //. gRules, ; ;UgRules, ;.  UgRulesy ;. - U
yRules, ; ;UyRules, ;. UyRules, ;.\ /. {_If>0,8 6 , - 0}];
rhs =
Expand[Rl[l, j> k1 +Rq[1, i, k"] +R1[1, i*, 3*]1 //. gRules, ; ,UgRules, ; \- UgRules, ;. ;U
yRules, ;  UyRules, ; . UyRules, ;. ;5 /. {_If>0,g  -0}];
eqn = lhs - rhs

Out[e]=
Scy Tcy 25Tc Sco Tco 25Tcy (=)
- - + - - + - +
(-14S) (-1+T) (-1+S) (-1+T) (-14S) (-1+T) (-1+4S) (-1+T) (-145) (-1+4T) (-14S) (-1+T) (-145) (-14T)
S Cio €16 Yict*,k**, 50 S C16 Yictt kL5t 27T C16 Vit s k50 T C6 Vit k*+, 50" STCi6 Vi s k54
¥ - -
(-1+5) (-14T) (-145) S (-14T) (-145) (-14T) (-14S) (-1+T) (-1+5) S (-14T) (-1+S) (-1+T)
Full expression not available (original memory size: 0.5 MB) @

In[-]:= Vars = Union@Cases[eqn, C ©]
Out[«]=

{c1, Cs, Cg, C1p5 C11, C14, Ci5, Ci6}

il Short [
covars = Cases[eqn, c_. = (g1:8 , | ) (92:8 , , ) »glg2, »]1U
Cases[eqn, gf_, w] UCases[eqn, y_, =],
5]
Out[-]//Short=

<«<1>

;1= Short[eqns =
{eqn == @} JUnioneTable[Coefficient[eqn, cv] == @, {cv, covars}] /. {(g|y) , , - @}, 5]

Out[-]//Short=
Cq Cq 2¢Cq Cq Cq

{— - + + +— +
S (-1+S) (-1+T) S (-1+T) (-1+S)S(-1+T) T
2¢Cq 2¢q Cq Sc 2Cqq Ci1
_— - - + <«<44>> + - -
(-1+S)T ST  (-1+S)ST  (-1+S)T (-1+S)T> (-1+S)ST?
Scq1 C11 C11 2cyy
+ - - +
(-1+S) T2 (=1+4S) (-1+T)T®> (-1+S)S(-1+T)T*> (-1+9)T
C1u1 Scu 2¢cyy 2¢cpy
. _ + =0,
(-1+S)ST  (-1+S)T (-1+S) (-1+T) T (-1+S)S (-1+T) T
Sc <«<1>
- + <<15>> == 0, <«<19>>, <«<160>> + =0, <l> = 0}
(-1+5S) (<1>) <1>>
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in[-]:= Short[{sol} = Solve[eqns, vars], 5]

Solve: Equations may not give solutions for all "solve" variables.
Out[~]//Short=
{{Clﬁe, CS%STC14+STC15, Cgﬁe, Cla%e, C]_]_%e, Clsﬁe}}

mnf[-1:= Short[sol /. (v_ »val_) = (v =CF[vall)]
Out[-]//Short=
{0, ST (c14+C35), 0, 0, 0, 0}

in(-1:= Short[Rq[1, i, j], 5]
Out[~]//Short=

(7T2 Cia +ST? C14) Y5,i,5 (*52 c15+SZTC15) ¥ii,i
ST (Cia +C15) Yq,i,i - -
(-1+S) T S(-1+T)
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in[-]:= Clear[i, j, k];

Out[]=

lhs =

Expand[Rl[l, i, j1 +Re[1, i*, k] +Ry[1, 3, k"] //. gRules, ; ;U gRules, ;. , UgRulesy ;- U

rhs =

egn =

1

S4 T4

yRules, ; ;UYyRules, ;.  UyRules; j. \ /. {_If>0,8  , - e}];
Expand [Ry[1, j, k] +Ry[1, i, k"] +Ry[1, i*, 3" //. gRules, ;5 UgRules, ; \ U
gRules, ;. 5+ UyRules, j UyRules, ; . UyRules, ;. 5 /. {_If > 0}];
Simplify[lhs - rhs]

(-Scis (SPT? ((S-ST) gr,57,1 +T (S-ST+S (-1+T) gg 5,5+ +S (-1+T) Ga 50,4 + 2 5,1 +

Tg,5+,i —25T82,5+,i) ) 83,57,i~ +

(P12 - -T2 T - T - (1+5) ST gy i 50+ (-1+5) SPThgy 50 0 +

2 2 12 2 12 33 33
S Tgl,jﬂ)iﬁfs T gl,jMJinS T gl,j**,j**+s T gljjﬁ,j“fs T gl,j**,k***

3 4 2 2 2 2 12
S T gl,j“,k**"'s gl)kﬁ,iﬂ_s Tgl,kﬂji“_s Tgllkﬁ,jﬂ.;.s T 81,k +

3 52 2 4 3 14 33 3 14

S T gllkH, o+ ST gl,k**,j** -2S° 7T gl,k,njﬁ -S°7T gl,k*’,k** +S°T7T gl,k**,k’* —
2 12 2 13 3 2 13 2 +4

ST gz’iu,iu-}—s T gz,iuliu-{—zST gz’j4-,iu—zs T gZ’j‘.,iu_S T 82,4 ,i +
3 14 213 314 2 3

S°T 82,5 ,i — S T 82,5, + S T 82,5,5 + T 82,k ,i + 2T g2,k ,i" —

55T g, + 28" T g, - ST gk, 10 + 387 T g1 - 287 T ga i1 -
ST gak,5 +2° TP gy ,j + S T g,y -2 T gz,k*’,j**) 83,k,i +

ST? (-S? (-1+T) gre,5 + T (S2=S2T+S? (=1+T) gre,ie- + (-1+S) S (-1+T) g, 5,5 -

2 2

S 82,5,9 +S T 82,57,5 — 8Ba,k,i* +S8a,k,i — T 82,k,i +3ST 8ok ,iv —
2 2

25°Tga,k,i* +S8a,k,5+ +ST 8o kr,5+ —25°T gz,k*’,j**) ) g3,k”,j’*) +

Cia (S*T? (-ST+S*T- (-1+5)STgy,s,3++ST? (-S-T+2ST) g1,5 5+ - SBu,5,i~ +

STgyj i -S*T8,5,5 -ST g1,5,5- +3S2 T2 gy,5,5- +ST g1, 5,5 -
28T gy,50,5 - T8a5 10 +ST8y5 i +ST8B,5,5 -S T35 ) 83,51 -

(S°T -1 -T2 T - s* T4 (-145) S TP gy 305 + S TP (S+T-2ST) gy i i +

S 81,51 +SPTg1,57,0 - 357 Ty 5,0+ -S* Tgr, 50,0 - S T2 gy 5,10 +

25372 gy, 5,10 +35% T2 gy 50,0 - SP TP ga, 5,1 +25 TP gy g1 -3 TP gy 5 50 +
2T gy, 5,10 -2S> T gy, g i + ST Th gy, 5,0 ~ S TP g 50,50 + ST T g, 50,5 +
T8, 5k +S* TP 81,5,k -3 T g1, 5,k +S TP 81,5,k - S T g1 5k +
37T g1, 5k 25" T gy +SP Tgrie,1 + S TBuer, i - S T Bie 1 -
37T g1 +3S7 TP g1 - S T g1 - S TP gy e, 5 + 287 T gg e, 5 -
ST g, + S TP g5 - T g5 - S T g a0 e + S T a5 i +

ST ga,5+,i -S°Tga,5,i ~S° T 8,5 ,5 +S> T 85,5 +S T2 8,5 ke -

S T g5k + T 8ok ,i ~ST Bakr,i ~ST Bak,g +S° T2 8ok, +

2 14 314 314 4 -4
SET gk, - S T gk, 5 - S T goker i + ST T gz)kﬁ,kH) 83,k i +

SPT (=S (S (-1+T)-T) (-1+T)2 gy 3,4+ +T (-ST?+S?T> = (-1+5) ST gy 5 +

ST (-S-T+2ST) g5k +SBuk,i ~2ST8uk i +ST 81,1 - ST 81k, +
sT? 81,k,5° -T? 82,k, 5 +ST? 82,k,5° +ST? 82,k ,k -s*T? gz,k“,k")) gs,k“,j"))
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