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Pensieve header: An attempt on the rank 2 ($sl_3$) Gassner representation.

mi-1= Gi_,j [£.1 := Expand[& /. {

e;metiejr (1-e")e;
Hs

bas = {e1, ez, e3};

lhs =bas // Gy,5 // Gy,3 // Gy,3;

rhs =bas // Gy,3 // Gy,3 // Gy,

Simplifye@Thread[lhs == rhs]

Out[-]=

t t t t ti+t ti+t
{el, e;-ete;+ete,, el—ele1+ele2—e”2e2+e1+2e3}

Out[«]=
True

mi-1- R2G;_,; [&.] := Expand[& /. {
e; et e+ (1 -
fioe®fj+ (1 -
g eigi e (1-e"") gi+ (a;) e (F5+cify) + (by) F; (e5+d;e)

I
bas = {e1, e,, e3, f1, fa, f3, €1 f1, e fy, €1 F3, e, 1, e, f5, e, f3, es 1, e3fy, €33, 81, 82, 83}
lhs = bas // R2Gy,, // R2Gy,3 // R2Ggy,3;
rhs = bas // R2G,,3 // R2Gy,3 // R2Gy,,
Thread[bas » Expand[lhs - rhs]] // DeleteCases[_ - @] // Column
diff = Simplify[Last[lhs -rhs] /. {a; »e® (-1+e"), b; »e" (-1+e®), (c|d) - -1}]
Table[Factor [Coefficient[diff, B] /. (e|f|g) - @], {B, bas}| // DeleteCases[@] // Column

et") e,
esi) fi,
e
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out[e]=
e, e1-eer+efey, er-efe rete e e e ey, fy, fi- €% fy e’ fy,
-Fl - (Esl -Fl + (Esl 'Fz - (ElerSZ 'Fz + (Esl+52 'F3, eq 'Fl, e, 'F]_ = (Esl e, 'Fl + (Esl e, 'Fz,
e, "F]_ = esl (S5 -Fl + (Esl e -FZ = eS“SZ e 'Fz + eS”SZ (551 'F3, e, 'F]_ = etl (S5 'Fl + etl e) -Fl)
e, 'F]_ - e51 (S5 'Fl - ®t1 e, 'F]_ + (Esl+t1 e 'F]_ + (Etl e, 'Fl - (Esﬁtl e) 'F]_ + esl e 'Fz - (Esl+t1 e, 'Fz + (Esl+t1 (S5} 'Fz,
e, 'F]_ - (Esl e 'Fl - (Et1 e, 'F]_ + (Esl+t1 e, 'F]_ + etl e, 'Fl - (Esl+t1 er 'F]_ + esl e 'Fz - (ES“SZ e -FZ - (Esl+t1 e 'Fz +
e51+sz+t1 e; 'Fz i e51+t1 e 'FZ B e51+52+‘t1 e, 'F2 4 esl+sz e; 'F3 -~ e51+52+t1 e; 'F3 i e51+52+t1 e 'F3,
e, 'F]_ - (Etl e 'Fl + etl e, 'F]_ - (Et1+tz e, 'F]_ + (Et1+t2 es -Fl.v
eq 'F]_ - (ES1 e, 'Fl - etl e, 'F]_ + es”tl e, 'Fl + (Etl e, 'Fl - (Esﬁt1 e, ‘F]_ - (Etlﬂ:Z e, 'Fl + ®31+t1+t2 e, 'Fl +
et1+t2 e -Fl _ esl+‘t1+tz e; 'Fl . (Esl e; -FZ _ esl+t1 e; -FZ 4 esl+‘t1 e, 'Fz _ esl+t1+tz e, -FZ N esl+t1+t2 e -FZJ
esfi-eMe;fi-elle f+e™Me firete,f-e e, f-e e, fp e e, Fy 4
et e f —etTh e f refe f, - e ey Fy — @St e fy + ¥ e fy 1 e e, f, -
esl+sz+t1 ey -FZ _ esl+t1+tz e, -FZ 4 esl+sz+t1+t2 e, 'FZ ¥ (esl+‘t1+t2 e; 'FZ _ esl+52+‘t1+‘t2 e; ,{:2 N
esl+sz e; 'F3 _ esl+sz+‘t1 e; 'F3 i (e51+52+‘t1 e, 'f:3 _ esl+52+t1+‘t2 e, 'F3 N esl+sz+t1+t2 e; 'F3,
st g1t+te 82,

dp €71 -Fl - (Esl dp €71 'F]_ = @tl dp €71 'F]_ + @Sl+tl dp €1 'F]_ + b2 e, -Fl - (Esl b2 (551 -Fl - (Etl bz (551 -Fl + esl+t1 bz e 'Fl +

gll a1c1e1f1+b1d1e1f1+b1e2f1+a1e1f2+g1—e Si+ts

ajcrefi+a, e fi-etayce;fr-ea,coef+esa,ce;f+bydie;fr+bydyeg Fy -

e bydye; fi-ebydye; fi+e™Mbydye; fi+ea e, fr-eMa e, fyebie, fy-e by e, fy 4
e"ayce,fi-eMay e, firebydye, Fi-e by dye, Fy e by esfy et by es fy -
e, esfrae  fr e ae  frrettbye ettt b, e FHretay e et a e eyt
etbydye; fa-e™Mbydyes For et ™Ma e e by dy ey fr+ et by e fy e a0 Fy 4

ti+t ti+t
gl i e g2 _ e51+52+ 1+t g2 + esl+sz+ 1+t gB}

Sp+ty Sp+ty

etaye  f3-eMa e fareta e, fyrg - e
out[e]=

g3 > -are;fi+eSa,e fr+etra e fp-e*™fa, e f-bye; f+eSihyey 1+
efbye; fi-etibye; fi—ay e Frredtay e frrettay e fr-esttra e F -
bydye; fi+eStbydye; fy+eftbydyeg fr-es™fbydye; 1 —efra,e, f+esttra, ey fp -
e bie,fi+e B bie,fi-eftayce, fr+res™Ma e, f —eftbydy ey Fp+
es*tip,dye; fr+etbiesfi-e™bie;f;—eftbyesf e’ tibyesf-e®a e F +
et gie fHh-etb e FHh+eSfbye  fy-eStaycpe; fh+estta,ce F -

et bz d2 (551 'Fz + (Esl+t1 bz d2 €4 -FZ + e a; €1 'F3 - (ESZthZ a; €1 'F3 - et dp €71 'F3 + eS“tl dp €1 'F3

Out[«]=

Out[]=

R2G; ; [&] := Expand[& /. {
e;»>Tie;j+ (1-T;) e, f5:55;F;+ (1-5;) 4,
8 »TiSigj+ (1-TiS:) g
+(S;+T;-25;T;) e; i +S; (Ti-1) e; F;+T; (5:-1) e;f;}]
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Out[«]=

Out[e]=

bas = {e1, e, e3, f1, fa, f3, e1f1, e1fy, e1F3, ey, e, f5, e, F3, es 1, e3fy, €33, 81, 82, 83}
lhs = bas // R2Gy,, // R2Gy,3 // R2G,,3;

rhs = bas // R2G,,3 // R2Gy,3 // R2G,,;

lhs == rhs

(e, e1-e1Ti+vepTy, en-e1TiveaTa-eTiTra+es Ty Ty, fi,
fi-f1S1+f2S1, f1-Ff1S1+F2S1-F2515,+F351S,, e1fy, exfi-e1f1S1+e1 125y,
el'F]_—el'F]_Sl+el'F2Sl—e1f25152+e1f35152, el'Fl—el'FlT1+62'F1T1,
el'Fl—el'F]_Sl+el'F251—el'F1T1+e2'F1T1+el'F151T1—ez'F]_S]T]_—el'FzslT1+92'FzslT1,
el'Fl—elflSl+el'F251—elfzslSz+el'F35152—el'FlTl+eZ'F1T1+e1f1$1T1—e2'F151T1—
el'F251T1+e2'F251T1+elf25152T1—e2'F25152T1—el'F35152T1+e2'F35152T1,
elfl—el‘FlTl+e2'F1T1—e2'F1T1T2+e3'f:1T1T2,
elflfel'FlSl+e1F2517e1'F1T1+e2'F1T1+e1F151T1—ezflslTlfel'FleT1+e2'F251T17
e2f1T1T2+e3'F1T1T2+ez'Fls]_T1T2*e3'F151T1T2*ez'FzslTszJreg,'FleTsz,
el‘Fl—el'Flsl+el'F2Sl—el'FleSz+e1'F35152—el'F1T1+e2'F1T1+el'F151T1—
ezflslTl—e1f251T1+e2'F251T1+e1'F25152T1—e2'F25152T1—el'F35152T1+
ez'FgSlSle—ez'FlTsz+e3'F1T1Tz+e2'F1$1T1T2—e3'F1$1T1T2—e2'F251T1T2+
e3frS1TaTo+e 12515 TiTr-e3 2515, TiTa-e,f35:1S:TaTa+e3f3515,T1 Ty, 81,
girerfiSi-erfuSirerfiTi-eyfiTi-2e;f1SiTa+eyfiSiTa+er F251T1-81S1T1+8251 Ty,
g1+e1'F1$1—e1'F251+e1'FZSlSz—el'F3SlSz+e1'F1T1—ez'FlTl—2e1'F1$1T1+e2'F1$1T1+
elfzslTl—g1$1T1+g251T1—e1f25152T1+e2'F25152T1+e1'F351$2T1—e2'F3$1$2T1+
EZ'FlTlTZ—631:1T]_TZ—EZ'F]_SlTlTZ+E3'F151T1T2+92'F251T1T2—E3'F251T1T2—
20,1515, T1Tr+e3 2SS, TiTo+e,f3S1STiTa-8515T1Ta+83515:T1 Ty}

True

Lower Rank 2 Gassner:

In[«]:= {Ej > T:i. Ej+ (1—Ti) e;, ‘FJ > S:i. 'Fj+ (1—Si) 'Fi,

Out[e]=

B> TiSigj+ (1-T1S;) gi+Si (Tyi-1)e; (Fj-F;) +T; (S1-1) 5 (ej-e3)} /. {i-3], -1}

{ej :»Tjei+ (lij) €5, £ HSj‘Fi+ (1—Sj) ‘Fj,
gi »TJSJg1+ (1—TJS]> g]+SJ (T]—l) €5 <'F1—‘FJ) +TJ (SJ—l) -FJ (el—ej)}
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in[-]:= LR2G; ,j [&.] := Expand[& /. {e; =» T e+ (1-T;) e;j, f; = S;f; + (1-5;) f;,
gi » Tj Sj gi + (1—Tj Sj) g
+e;f; (S;+T;-25;T;) +e;f; (-S;+5;T;) +e;f; (-T;+5;T;)1}1;
LR2G; ,; [&£ ] :=Expand[& /. {e;» Titei+ (1-T7') e, fi 0 S fi+ (1-57) 5,
gio» TS g+ (1-T5's7Y) gy +
e; 5 (S + T -2T71s7) wes f; (-5 + T S7) e f; (-1 + 5P T74) 1]
bas = {e1, e, €3, f1, fa, f3, €1F1, e Fy, €1 f3, €, f1, ey, €, f3, e3fy, esf,, e3f3, 81, 825 83}5
(bas // LR2Gy,, // LR2G, ) == bas
(bas // LR2Gs ; // LR2Gs,,) == bas
lhs = bas // LR2Gy,, // LR2Gy,3 // LR2Gy,3;
rhs = bas // LR2G;,3 // LR2Gy,3 // LR2Gy ,;
1lhs == rhs

Out[«]=
True

Out[«]=
True

Out[]=
True
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