Dror Bar-Natan: Academic Pensieve: Projects: HigherRank: NilpotentIntegration-240513-2.nb

In[«]:=

In[«]:=

In[«]:=

Pensieve header: A first implementation of nilpotent integration.

Initialization

SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\HigherRank"];

Once[<< KnotTheory™ ; << Rot.m];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/icbs24 to compute rotation numbers.

CCF[&_ ] := ExpandDenominator@ExpandNumerator@Together[£];
CCF[&_ ] := Factor[&];

CF[w_. & FE] :=CF[w] CF /@ &;

CF[& List] :=CF /@ &;

CF[sd_SeriesData] := MapAt[CF, sd, 3];

CF[&.] := Module[{vs = Cases[&, (x| Pp) , o] U{X, p, €}, ps, c},

2024-05-13 14:19:17

Total[CoefficientRules [Expand[£], vs] /. (ps_-c_) » CCF[c] (Timeseevs™)] |;

Integration

Using Picard Iteration!

E/:E[A ]E[B ] :=E[A+B]

$7 = Identity;

https://drorbn.net/AcademicPensieve/Projects/HigherRank/#MathematicaNotebooks
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in[-]:=  Unprotect[Integrate];
Integrate::sing = "How dare you ask me to integrate a singular Gaussian!";

jw_. E[L_]d(vs_List) := Module[{n, Le, Q, A, G, Z, e, A, a, b},
n = Lengthevs; Loe=L /. e » 0;
Q = Table[ (-Oyspay,vspop LO) /- Thread[vs » @] /. (p|X) - @, {a, n}, {b, n}];

If[ (A = CFeDet[Q]) == @, Message[Integrate::sing]; Return[]];
Z = CF@$x[L +vs.Q.vs /2]; G = Inverse[Q];
While[

n

1 n
e=CFe$n[(8:2) - = 3" 3"6la, bl ((Busgap,vsrer?) + (Busgap?) (Busgen?)) |5
a=1b=1

A
0=l=¢e, Z—=jedl)a
(]

s

PowerExpandeFactor [« (A (27)") /2] E[CF[Z /. A »1 /. Thread[vs - @]]]

|

Protect [Integrate];

Infe]:= j]E[i)in/z] d{x;}

Out[e]=
(-nYrE(0]

V2 A3

Inl]:= Jﬁ[-izxi/z]d{xg

Out[e]=
(-1)**E[0]

V2 Ax

i b
-1 ﬁ:[; v xad (o ) s 3} ] @0, )

out[e]=
E[0]

2+b%-acr

Inf-]:= j]E[-Axi/Z] d{x.}

out[e]=
E[0Q]

V2 A3
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Inf-]:= j]E[—xi/2+§x1] d{x;}

Out[e]=
2
]E[é
2

V2

[E—

1 b
il - ﬁE[-; O xad (o ) s xad + (60, €2} 00, 3} ] 00, )

Out[«]=

E [ c&i-2b& &+a 8l ]

2 (-b’+ac)

2+-b%*+acr

1 b
intof= T1 = le[—; O xad (o ) s xad + {60, 2} 00, X} | d0x0)

out[e]=
]E[_ (brac)xi &  x(b&ragy) ]
2a 2a a

Va 2 r

In[]:= jIld{xz}

Out[e]=
[ c&-2b& &ra s ]
IE —_— e
2 <7b2+a c)

2+-b%+acr

In[]:= JIE[§x+r7y+z (X-y) +x2] d{x, z}

out[e]=
TE[Yy (y+n+&)]

27

Integration of e-Series

Info]i= Block[{$7r = Nor‘mal[#+0[€]7] &})

JE[—X2/2+GX3/6] d{x}]

+— 4+
24 16 1152

V2

562  5¢&*  1105€°
E|
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Inle o= Block[{$7r = Nor‘mal[#+0[€]7] &},

fE[—¢2/2+e¢4/24] d{¢}]

Out[«]=

e € 11e*  17&*  619€°  709¢€°
]E78+7

+ + +
12 96 72 960 324

V2

Inf]:= Block[{$7r = Normal[# +0[e]®] &},

JE[px+ep2x] d{p, x}]

Out[e]=
iE[0]

27

In[-]:= Block[{$7r = Total@Select [MonomialList[#, {e, X, p}],

mon — And [
Exponent [mon, €] < 2,
Exponent [mon, x] == Exponent [mon, p]
]

18&},

JE[px+ax2p+ebx3 p’] d{p, x}]
Out[e]=

iE[-6be+342b%?]

27

Inf]:= Block[{$7r = Total@Select [MonomialList[#, {e, X, p}]1,

mon +— And[
Exponent [mon, €] < 4,
Exponent [mon, x] - Exponent [mon, p] < 3
]

18&},

fE[px+ax2p+ebp2x] d{p, x}]
Out[e]=

iE[-6abe+162a%b’e”-9072a% b’ €3

27
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In[-]:= Block[{$7r = Total@Select [MonomialList[#, {e, X, p}],

mon — And [
Exponent [mon, €] < 4,
Exponent [mon, x] - Exponent [mon, p] < 3 - Exponent [mon, €]
]

18&},

J]E[px+ax2p+ebp2x]dl{p, x}]

Out[e]=
iE[-6abe+162a%b’e?-90722a% b’ €3]

275t
In[-]:= MatrixForm@Table[
le [X1 P2+ Xz P3 + X3 P1+ & Xi +75 P31 d{X1, X2, X35 P15 P25 P3})

{4, 3}, (3, 3}]

Out[~]//MatrixForm=

1E[O] 1E[-7; & 1E[0Q]

N 83 N 83 N 813
1E[0] 1E[O] 1E[-73 &)

B 83 - 83 - 83

LE[-m &3] iE[0] iE[0]

N 83 N 83 N 83

The p; Integrand

Adopted from pensieve://Projects/APAIl/PerturbedGaussianintegration.nb.

mir= aqls_y i, 3_1 =% ((1-T°) piaa+ (T7-1) pyaa) s
rifs_,1_,3_1] :=
s (-1+2pixi-2p;x;+ (T -1) pip;x3+ (1-T°) p2x¢ - 2p; pj x: X5+ 2p% x; X;) / 2;
Yilo >, R.1 i=€ ¢ (1/2-X:p) ;5
pli[s_, i_, j_1 :=T"?E[-q[s, i, j] +ersi[s, i, j11;
Pli[y , k1 := T2 E[-X, (Pr - Pre1) +¥1[2, k113
P1i[End, k_] :=E[-XkPrl;
pli[K ] := Module[{Cs, ¢, n, c, k, &},
{Cs, ©} = Rot[K]; n = Length[Cs];
&=pli[End, 2n +1];
Do[& x= plieec, {c, Cs}];
Do[& *= pli[e[k], k1, {k, 2n}];
CFes
15
plvs[K_ ] := Unionee Table[{xi, pi}, {i, 2Crossings[K] +1}]
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in[-]:= p1li[Knot[3, 1]]

Out[«]=
) 1 1
T]E[—((P1—P2)X1)—(Pz—P3>X2—[(1—})P3+(—1+jl_)Ps X2 -
1 1 1
(P3 - Pa) X3*(P4*P5)X4*((*1+*)P2+{1**)p5) X4 —€ | = —PaXg| +
T T 2
E 2 E 2,2 E 2
26 1+2p1Xg-2pPsXa—-2Pp] X1 Xg+2P1PgXyXg- 1—_'_ P1 Xg - _1+T P1PaXg| - (Ps—Ps) Xs +
1 1 2 1, 2
56 1-2pyXy+2psX; - —1+j|_ P2 Ps X5 - 1—;_ P5 X3 + 2 P2 Ps X2 X5 = 2 P5 X2 Xs5 | -
1 1
(Ps—P7)X6—((—1+*)P4+(1—*)P7 Xe +
T T
} 2 ) 202 E 2
26 1+2p3Xe-2psXe—2P3X3Xe+2P3Pe X3 Xg — 1*1_ P3 Xg - *1+T P3 Ps Xg| — P7 X7

in[-]:= plvs[Knot[3, 1]]
Out[e]=
{P1s P25 P35 Pas Pss Pes P75 X1, X25 X3, Xa, X5, Xg, X7}

in[-1:= K =Knot[5, 2];
Block [{$x = Normal[# +0[e]?] &},
P1i[K] ]
Out[]=

S o (2 0 )
T]E[ ((P1-P2) X1) - (P2-P3) X2 1 . p3 + 1+T Ps| X2

1 1 1
(P3 - Pa) X3—(P4—P5>X4—[(—1+*)P2+[1—*)P5 Xg—€ | = —PaXg| +

T T 2
1 2 1y 5 1 2
;6 1+2p1Xg-2psXg-2Pp7XeXg+2P1PaXyXg- 1*;_ P1 X4 - *1+_*|_ P1Pa Xy

Xe — (P7 — Pg) X7 +

1 1
(Ps — Pe) X5 — (Pe — P7) X6 — [(1*_}J p7 + (71+jr) Pie

E } 2 E 2.2 2

26 1-2py X +2p7 Xy~ —1+T p2 p7 X5 - 1—_|_ P7 X3 + 2 P2 P7 X2 X7 — 2 p3 X3 X7 | -
1 1

(Ps—Ps)Xs—((—1+*)P4+[1—*)P9 Xg +
T T

1 2 1y, 1 2

;6 1+2p3Xg-2pgXg—2P3X3Xg+2P3Pg X3 Xg— 1*;_ P3 Xg - *1+_*|_ P3 Ps Xg| -

1
(Ps — P1e) Xo + € E*D9X9 +

E } 2 E 2.2 2
26 1-2pgXe+2PpgXe — —1+T Pe P9 Xg - 1—_|_ Pg Xg + 2 Ps Po Xe Xg — 2 Py Xg Xg | —
1 1 1 1
(p1a—l911)x10—((—1+*)p6+(1—*)p1l X1~ € |~ —~PreX1e| + — €
T T 2 2

1 1
(1+2PsXle*2P10X10*2P§X5X1e+2P5P10X5X10* (1*;J P X3 - (*1+fr] Ps P16 X3o

- P11 X11]
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in[-1:= K =Knot[5, 2];
Block[{$7r = Normal[# + 0[e]?] &},

Jpli[K] d (plvs@K)]

Out[«]=

T E [ (-1+T) (5-4T+57T%) ¢ ]

(2-37+272)?

2048 it (2-3T+2T2)

in[-1-= K=Knot[8, 19];
Block[{$7r = Normal[# + 0[e]?] &},

Jpli@Kdl (plvs@K)]

Out[]=

(-1+T)2 (14T%) (3+4T3437T%) ¢ }

iE|-
(1-T+T2)2 (1-T2,74)2

131072 7Y T° (1-T+T3-T5 +T6)

Concatenating edges

In[-]:= Block[{$7r = Normal[#+0[e]2] &},

lhs = j(]E [7ipi] p1i[@l, i] pli[@2, i +1]) d{Xi, Pi> Xi:1» pi+1}]

Out[]=
0l 2

T:"2 E[S € (-01-¢2) +pys 7is - € (91 +02) pa.s 7]

4 72
Inf]:= Block[{$7r = Nor‘mal[#+0[e]2] &},

lhs = j(]E["i Pi]l P1li[ol +¢2, i]) d{x;, Pi}]

Out[«]=
o 92

iT2" 2 E[S € (-01-02) +pri-€ (01+02) P

271
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Invariance Under Reidemeister 3b
In[]:= Block[{$7r = Nor‘mal[#+0[e]2] &},

lhs = J(]E [7rs pi + 775 p§ + 7 Pkl P1i[1, i, j] p2i[1, i+1, k] p2i[1, j+1, k+1]
pli[0@, i] p1i[@, j] p1li[0, k] p1i[0@, i+ 1] p1i[0, j+1] p1i[0, k+1])
d{xi, Xjs Xks Pis Pjs Prs Xir1s Xj+1s Xk+1s Pi+1s Pj+1s pk+1}]

Out[«]=
1

64 7°

3/2 3¢ 2 3 1 3 2
T E| -—+T p2+i7Ti+£T € P24i P24 7t (—711 + Tty = 2715) _ET € P2y 7t (=713 + Ty - 2715) +

Te p2+j (Tﬂifﬁj) pr2+j (*7Tj_+T7Tj_*7Tj) *; T€p§+k (7Ti+7Tj) (*JTiJrT]Ti*]TjJrT]ijzﬂk) +

1
— T2€p2+ip2+kﬂi (—7Ti+T7Ti—27Tj+2T7Tj—27Tk) +
2

1
€ Pa.k (Try =75+ 2T 75 = 2 7)) + Pauk (714 = Ty + 715 = Ty + 7k) —ETGqu P2.k

(ﬂ%—ZTH§+T2H§+2HiHj—4T7Ti7rj+2T27Ti7rj+H§—TH§+2H1HK—2T7T17TK+2NJ-Hk)]

Inf]:= Block[{$7r = Normal[#+o[e]z] &},

rhs = j(]E[ni pi + 75 pj + M px] p1i[1, j, k] p1i[1, i, k+1] p1li[1, i+1, j+1]
pli[@, i] p1i[@, j] p1i[O, k] p1i[0@, i+ 1] p1i[0@, j+1] p1i[0, k+1])

dl{xi: Xj: Xks Pis pj: Pks Xis1s Xj+1: Xk+1s Pi+1s pj+1: pk+1}]

out[e]=
1

64 7°

3/2 E 2 } 3 } 3_ 2
T °E|- 5 +T p2+i7Ti+2T € P2+i P2+j Ty (=714 + Tty — 2 714) —ZT €p57 (-7 + Ty —274) +

Te p2+j (T7Ti—7Tj) —Tp2+j (—7Ti+T7Ti—7Tj) —£T6p§+k (7Ti+7Tj> (—7Ti+T7Ti—7Tj+T7Tj—27Tk> +

1
— T2 € Pai Pouk /Ty (~7my + Ty =275+ 2Ty - 2m) +
2

1
€ P2k (Trmy—75+ 2Ty = 27mc) + Pask (714 = Ty + 715 = T oty + 7k) *;Tepzq P2:k

<7T§—2TJT§+T27T§+27T17TJ'—4T7(17Tj+2T27Ti7Tj+7T§—T7T§+27T17Tk—2T7(iJTk+27Tj7Tk>]
in[-]:= 1hs == rhs

Out[]=
True
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Invariance Under Reidemeister 2b
Inf-]:= Block[{$7r = Normal[# +0[e]?] &},
lhs =
j(lE [70i Pi + 715 Pj + €iv1 Xisa + §j41 Xj41] PL1[1, i, j] p1i[-1, i+1, j+1] p1i[@, i] p1i[0, j]

pli[@, i+1] pli[0, j+1]) d{x;, Xj5 Pis Pjs Xis1s Xji15 Pis1s pj+1}]

Out[«]=
E[Poi 7T + Posj 715 + T g E1bq + 714 14 = T 71y 14§ + 715 €144

16
Info]i= Block[{$7r = Nor‘mal[#+0[€]2] &})
rhs = j(lE [701 Pi + 7§ Pj + €141 Xia1 + €541 Xj41] 11[0, 1] p1i[0, j] pli[0, i+1] pli[@, j+1])

d{Xis X5 Pis Pjs Xi+1s Xj+1s Pis1s Pj+1}]

Out[e]=
E[P2.i 7T + P2+ 715 + 714 E14i + 775 €145 ]
16 7*
in[-]:= 1hs == rhs
Out[«]=
E[P2ei 7T+ P2ej 715 + T 7t E14i + 70 €14 = T 7 149 + 715 €145 E[P2si 7T + P2+ 715 + 714 €14 + 705 €145 ]

16 7* 16 74

Invariance Under R2c

. .—+_'_
it )t
o
AN
S- .
1

Inl- .= Block[{$7r = Normal[# +0[e]?] &},
lhs = I(E[ni Pi+ 7Pl pLE[-1, 1, J+1] p1i[1, i+ 1, j] plif0, i]

pli[@, j] p1i[0, i +1] p1i[1, j+1]) d{x;, Xjs Pis Pjs Xis1s X515 Pis1s Pj+1}]
Out[«]=

\/?E[—g + P2+i 7T+ P24 7Ty — € Payj 7Tj]

16 n*
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Inle o= Block[{$7r = Nor‘mal[#+0[€]2] &}:
rhs = J(]E[Ni Pi+ 75 P51 p1i[0, 1] pli[@, j] P1i[0, 1+1] p1i[1, j+1])

d{Xi> X5 Pis Py Xi+1s X415 Pis1s Pj+1}]
out[e]=

\/?]E[—E +P24i 7T+ P24j 7T — € P2yj ﬂj]

16 ¢

in[-]:= 1lhs == rhs

Out[«]=
True

Invariance Under R1l

i—i—k

? 1

Inf-]:= Block[{$7r = Nor'mal[#+0[€]2] &}J

lhs = I(E [7ipi]l P1i[1, i+1, i] p1i[0, i] p1i[1, i +1]) d{Xi, Pis Xi.1s pi+1}]

Out[]=
E[p2.i 7]

4 72
Inf-]i= Block[{$7r = Nor‘mal[#+0[€]2] &})

rhs = J(E[Ni Pi]l p1i[0, i] p1i[0, i +1]) dA{Xi, Pis Xi.1s Pi+1}]

Out[e]=
E[p2.i 7]

4 72

in[-]:= 1hs == rhs
out[e]=
True

Invariance Under R1r
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.

Rlr

Inf-]:= Block[{$7r = Nor'mal[#+0[€]2] &}J

lhs = I(E [ pi] P1i[1, i, i +1] p1li[@, i] p1i[-1, i +1]) A{Xi, Pis Xis1» pi+1}]

Out[~]=
E[p2.i 7]

4 72
Inf- ]i= Block[{$7r = Nor‘mal[#+0[€]2] &})

rhs = J(]E[ni Pil p1i[0, i] p1i[0, 1 +1]) d{Xi, Pi, Xi:1» Pi+1}]

Out[~]=
E[p2.i 7]

4 72

in[-]:= 1hs == rhs

Oout[-]=
True

Invariance Under Sw

__\
Swt 3

Inle Ji= Block[{$7r = Nor‘mal[#+0[€]2] &},
lhs = j(lE[ni ps + 73 P31 PLL[1, i, 3] p1i[-1, i] pLi[1, i+1] pli[-1, j] pli[1, J+1])

d{Xis Xj5 Pis Pj}]
Out[~]=
1 3e
— \EE[* +TP1ei 7 + T € Pryi i + € Py 7Ty +
452 2

1
- T€p1+i P1.+5 74 (—7Ti+T7Ti—27Tj) —ETepij VST (—7Ti+T7Ti—27Tj) +

P1.§ (7t = T7t3 +719) = P14i X141 — € P1ei X141 + P2+i X141 = P14j X145 = € P14j X145 + P2+ X145
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Inle o= Block[{$7r = Nor‘mal[#+0[€]2] &},

rhs = J(E[ni pi + 75 p;5] PLi[1, i, j] pli[@, i] pli[0, i+1] pli[0, j] pli[e, j+1])
d{xi, Xjs Pis pj}]
out[e]=

i\/?IE[E 1

1
—— +Tpri i+ — Tepriprgm (- +Tm-2m3) - —Tepijm (—m+ T -2my) +
4 52 2 2 2

€P1vg (T7ta = 713) +P1ej (Ui =TI +713) = Prai X14i + P2+i X144 = P14 X145 + P2+§ X145
in[-]:= 1hs == rhs
Out[e]=
1 3€e
— \/?]E[* + T P1si 75 + T €Pasi 7T + € Prag TTi +
4 72 2
1 2
£T€P1+i P17t (=7t + Ty = 2714) _£T€p1+jﬂi (=7t + Tty = 2715) +Pp1eg (s =Tty +715) =

1
P1+i X141 = € P1+i X144 + P2+i X141 = P1+j X145 = € P1+j X145 + P2+j X143

4 2

€ 1 1
\/?E{—* #TPri /= TePrPrgmy (- + Ty -27m5) - — Teplym (-m+ Ty -27m3) +
2 2 2

€P1j (T =74) +P1ej Ut = T 74 +719) = Prei X14i + P2+i X141 — P14§ X149 + P2+ X145

In[-]:= Block[{$7r = Normal[#+o[e]z] &},

lhs = j(]E [705 Pi + 705 P + iy Pisa + T4e1 Pier + Siv Xiv1 + 441 X442] 011[1, i, j] p1li[-1, i]

pli[1, i+1] pli[-1, j] p1i[1, j+1]) d{x;, Xjs Pis Pjs> Xis1s Xj+1s Pis1s pj+1}]
Out[]=
1 1
\/?]E{pzq (T oty +7t144) +£ TepoiPagrmy (- + Ty -275m4) -

16 n*

T 2 T 2 T T
€ P25 714 (-7 + Ty =27 j) +P2+j (g =Ty + Ui 7‘1+j) + Tty €104 + 70144 €101 + 71 §1+j -
T 1 T 2 T2 12 2T

T €143 + 715 E14§ + 14§ S14§ + = € Poui (*2 T4i = Tg €145 + T2 715 S04 - T 715 §1+j> +

£€P2+j (2775 - 27m5 - 27005 - T} €10y + T2 E0as = 2Tty 713 40y + 2T 705 1 -

1
2T 7% €105+ 4Ty 715 E1.5) +£6 (-1-27m003 €203 + 2T 13 €105 = 2775 E14j — 270005 1§ -

T73 &1 145 + T2 7d &1t 145 - 2Ty 715 €141 S5+ T 73 §i+j -1 §i+j +2 T 7y 7y §i+j> ]
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Inle o= Block[{$7r = Nor‘mal[#+0[€]2] &},

rhs =
j(]E [705 Pi + 715 P4 + 7i4q Pis1 + 75e1 Pje1 + Sis1 Xia1 + €541 X442] P11[1, i, j] p1i[0, i] p1li[0, i+1]

p1i[0, 31 p1i[0, j+11) A{Xs, X55 Pis Pys Xis1s Xju1s Pists Py} |

Out[e]=

1 1

\/?]E{pzu (T7ts +7144) +£ TepaiPajm (- + T —275) -

16 n*
£T€P§+j T (=7t + Totg = 2715) + Paayg (i = Ttg + 705 + 71149) + Tt E1.d + Tagd S1ad +

1
73 €14 = T7T3 E1ag + 5 Tepai i (=71 + Tt = 275) E1.g + 715 14§ + 714§ $145 +£ € P2+j

(2T =275 - Trf E1g + T2 €00y - 2T ms 713 €10y + 2T 5 E00y - 2 T2 75 E1,g + ATy 715 €1y +
1 2 2 2
56 (*1+2T7Ti €145 - 2715 149 — T 715 €141 €245 + T7 718 €144 €149 -
2T 7 7t Exvt Eaoj + T2 €2, -T2 2 €25+ 2Ty g §§+j)]

in[-]:= 1hs == rhs

Out[]=
1 1
\/?]E{qu (Trg +7t1,4) + — T €Payi Paug s (=7mg + Ty = 2715) —
16 7 2
ETGF’%@ T (=7t + Ty = 2705) + Payg (g = Ty + 705 + 70,q) + T S + aeg E1ai + 704 149 —
1 2 2 _2
T E14d + 715 €145 + 714§ €145 +£ € Paei (~27mas = T§ 1,5 + T2§ €105 - 2T 1y 71y E1.5) +
! 27 2 2 T2 T2 12 2T 2T 72 27202
2€p2+j< T3 =275 =271, = T Saa + 17775 103 — 2T 713 715 S5 + 75 €149 — 75 149 +
47T 7ty 714 §1+j) + ; € (—1 ~ 27101 S04 + 2Ty S0y~ 2715 €109~ 271149 10§~ T3 E101 S14g +
T2 €1t €10y - 2Ty s Sy + Tl €25 -T2rd &g+ 2 Ty €2,4) | =
1
\/?]E[pzu (Trg +7m144) + = T€Payi Pavj s (=713 + Ty = 2715) -
16 2

2
ETepzﬂ' 7 (=7t + Tty = 2719) + Pasg (7a = Ty + 715 + 7a,§) + Tty 1 + 7Maps 144 +

1
T €149 — T4 €14 + 5 Tepoi i (=7t + T = 2715) E1.g + 715 14§ + 7Ma4j S14g + 5 € P2+
(2T =275 - Tof €1g + T2 €005~ 2Tty 713 E0g + 2T 705 E0y - 2T 78 £y + ATy 71y €14 +
1

5 € (-1+2Tm €105 - 2715 E14j ~ TS €10t Eag + T2 €10t E1ag -

2T s 715 €40t E1ay + TG €15 - T2nd €5, + 2T 7y 75 €7 5) }
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