
Arrow Diagrams and Lie Bialgebras - Program
Joint project of Louis Leung and Dror Bar-Natan.

Pensieve Header: This will be the final version of the programs to carry cout computations with arrow diagrams and Lie-bialge-
bra weight systems as in the PhD thesis by Louis Leung.

SetAttributes@Diag, OrderlessD;
Place@8ar<, 8i_, j_<D := 8Diag@ar@i, jDD, Diag@ar@j, iDD<;
Place@8ar, objs__<, 8i_, rest__<D := Flatten@Table@

Outer@Join,
Place@8ar<, 8i, 8rest<@@kDD<D,
Place@8objs<, Delete@8rest<, kDD

D,
8k, Length@8rest<D<

DD;
Place@8R6T<, 8i_, j_, k_<D :=

Permutations@8i, j, k<D �. 8i1_, j1_, k1_< ¦ Diag@R6T@i1, j1, k1DD;
Place@8R6T, objs__<, 8i_, rest__<D := Flatten@Table@

Outer@Join,
Place@8R6T<, 8i, 8rest<@@jDD, 8rest<@@kDD<D,
Place@8objs<, Delete@8rest<, 88j<, 8k<<DD

D,
8k, 2, Length@8rest<D<, 8j, 1, k - 1<

DD;
Diagrams@k_. * arD := Place@Table@ar, 8k<D, Range@2 kDD;
Diagrams@R6TD := Place@8R6T<, 81, 2, 3<D;
Diagrams@R6T + k_. * arD �; k > 0 := Flatten@

Place@ð, Range@2 k + 3DD & �� Permutations@Table@ar, 8k<D~Append ~R6TD
D;

Diagrams@R6T + k_. * arD �; k < 0 := 8<;
NormalizeDiag@diag_DiagD := Module@

8indices = Union �� HList �� diag �. ar ® ListL<,
diag �. Thread@indices ® Range@Length@indicesDDD

D;
R@Diag@lft___, R6T@i_, j_, k_D, rgt___DD := H

+NormalizeDiag@Diag@lft, ar@i, jD, ar@i + 0.5, kD, rgtDD
+ NormalizeDiag@Diag@lft, ar@i, jD, ar@j + 0.5, kD, rgtDD
+



+ NormalizeDiag@Diag@lft, ar@i, jD, ar@j + 0.5, kD, rgtDD
+ NormalizeDiag@Diag@lft, ar@i, kD, ar@j, k + 0.5D, rgtDD
- NormalizeDiag@Diag@lft, ar@i, kD, ar@i + 0.5, jD, rgtDD
- NormalizeDiag@Diag@lft, ar@i, j + 0.5D, ar@j, kD, rgtDD
- NormalizeDiag@Diag@lft, ar@i, k + 0.5D, ar@j, kD, rgtDD

L;
DimAArrow@m_D �; m < 2 := Length@Diagrams@m arDD;
DimAArrow@m_D �; m ³ 2 := Module@

8diags, rels, mat, rel, i<,
diags = Diagrams@m arD;
rels = R �� Diagrams@R6T + Hm - 2L arD;
mat = SparseArray@

Join �� Table@
rel = rels@@iDD;
8i, Position@diags, ðD@@1, 1DD< ® Coefficient@rel, ðD & ��

Cases@rel, diag_Diag, InfinityD,
8i, Length@relsD<

D,
8Length@relsD, Length@diagsD<

D;
Length@diagsD - MatrixRank@matD

D;
BasisAArrow@m_D �; m < 2 := Diagrams@m arD;
BasisAArrow@m_D �; m ³ 2 := Module@

8diags, rels, mat, rel, i<,
diags = Diagrams@m arD;
rels = R �� Diagrams@R6T + Hm - 2L arD;
mat = SparseArray@

Join �� Table@
rel = rels@@iDD;
8i, Position@diags, ðD@@1, 1DD< ® Coefficient@rel, ðD & ��

Cases@rel, diag_Diag, InfinityD,
8i, Length@relsD<

D,
8Length@relsD, Length@diagsD<

D;
diags@@

Complement@Range@Length@diagsDD,
Flatten@
Position@ð, 1, 81<, 1D & �� DeleteCases@

RowReduce@matD,
8Repeated@0D<

D
D
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D
D

D
DD

D

Next  challenge:  given a  diag generate  all  the  gl(N)-inspired equalities  and innequalities  cooresponding to it,  and  count the
solutions by counting permutations.

OrderTypes@0D = 88<<;
OrderTypes@1D = 881<<;
OrderTypes@l_ListD := Module@8nl, snl<,

H
snl = Union@nl = Append@l, ðDD;
nl �. Thread@snl ® Range@Length@snlDDD

L & �� Range@1 � 2, 1 � 2 + Max@lD, 1 � 2D
D;

OrderTypes@n_IntegerD := OrderTypes@nD = Join �� HOrderTypes �� OrderTypes@n - 1DL;
OrderTypes@n_Integer, 8<D := OrderTypes@nD;
OrderTypes@n_Integer, 88i_, j_<, rest___<D := OrderTypes@n, 88i, j<, rest<D = H

Print@"Computing ", "OrderTypes"@n, 88i, j<, rest<DD;
Select@
OrderTypes@n, 8rest<D, ð@@iDD < ð@@jDD &

D
L;

Clear@WglD;
Wgl@diag_DiagD := Wgl@diagD = ModuleA

8p, eq, ltheq, rule, l, indices, ineqs, i0, ot, res, n, k<,
p = Append@

diag �. ar@i_, j_D ¦ Sequence@eq@i, j - 1D, eq@i - 1, jD, ltheq@i - 1, iDD,
s@0D

D;
WhileA! FreeQ@p, eqD,
p = Ip

�. Cases@p, eq@i_, j_D ¦ Hi ® jL, Infinity, 1D
�. 8
eq@i_, i_D ® Sequence@D

<
M

E;
l = Length@indices = Union �� Cases@8p<, ltheq@i_, j_D ¦ 8i, j<, InfinityDD;
ineqs = p �. Thread@indices ® Range@lDD;
8i0< = Cases@ineqs, s@i_D ¦ i, 81<, 1D;

;
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8i0< = Cases@ineqs, s@i_D ¦ i, 81<, 1D;
ineqs = DeleteCases@ineqs, _sD;
res = Expand@Sum@

ot = OrderTypes@lD@@iDD;
Times@

HTimes �� ineqsL �. ltheq@i_, j_D ¦ Switch@
Order@ot@@iDD, ot@@jDDD,
1, 1,

0, 1 � 2,

-1, 0

D,
Binomial@k - 1, ot@@i0DD - 1D,
Binomial@n - k, Max@otD - ot@@i0DDD

D,
8i, Length@OrderTypes@lDD<

DD;
Function �� 8Hres �. 8n ® ð1, k ® ð2<L<

E;
RankWgl@m_D := Module@8v, n, k<,

v = Wgl@ðD@n, kD & �� Diagrams@m * arD;
MatrixRank@Table@

v �. 8n ® Random@D, k ® Random@D<,
8Length@vD<

DD
D

base = 10;

ij@alpha_IntegerD := IntegerDigits@alpha, base, 2D;
alpha@8i_, j_<D := base * i + j;

alpha@i_, j_D := base * i + j;

b@e@alpha1_D, e@alpha2_DD := b@e@alpha1D, e@alpha2DD = Module@
8i, j, k, l<,
8i, j< = ij@alpha1D;
8k, l< = ij@alpha2D;
If@j � k, e@alpha@i, lDD, 0D - If@i � l, e@alpha@k, jDD, 0D

D;
Unprotect@NonCommutativeMultiply D;
_ ** 0 = 0;

0 ** _ = 0;

Ia_PlusM ** w_RW := Hð ** wL & �� a;

e@alpha_D ** Ia_PlusM := He@alphaD ** ðL & �� a;

Ic_ * e@alpha_DM ** w_RW := Expand@c * He@alphaD ** wLD;
e@alpha_D ** Ic_ * w_RWM := Expand@c * He@alphaD ** wLD;
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e@alpha_D ** Ic_ * w_RWM := Expand@c * He@alphaD ** wLD;
e@alpha_D ** RW@D := RW@alphaD;
e@alpha_D ** RW@beta_, rest___D �; alpha £ beta := RW@alpha, beta, restD;
e@alpha_D ** RW@beta_, rest___D �; alpha > beta := Plus@

e@betaD ** He@alphaD ** RW@restDL,
b@e@alphaD, e@betaDD ** RW@restD

D;

CanonicalForm@W@DD = RW@D;
CanonicalForm@W@alpha_, rest___DD := Expand@

e@alphaD ** CanonicalForm@W@restDD
D;

CanonicalForm@SW@DD = RSW@D;
CanonicalForm@SW@alpha_, rest___DD := If@OrderedQ@8alpha, rest<, RSW@alpha, restDD,

If@Length@8rest<D £ 3,

CanonicalForm@SW@alpha, restDD = Expand@se@alphaD ** CanonicalForm@SW@restDDD,
Expand@se@alphaD ** CanonicalForm@SW@restDDD

D
D;

H*d for odd*L
CanonicalForm@SdW@DD = RSdW@D;
CanonicalForm@SdW@alpha_, rest___DD := If@OrderedQ@8alpha, rest<, RSdW@alpha, restDD,

If@Length@8rest<D £ 3,

CanonicalForm@SdW@alpha, restDD = Expand@sde@alphaD ** CanonicalForm@SdW@restDDD,
Expand@sde@alphaD ** CanonicalForm@SdW@restDDD

D
D;

H*Sp for symplecic*L
CanonicalForm@SpW@DD = RSpW@D;
CanonicalForm@SpW@alpha_, rest___DD := If@OrderedQ@8alpha, rest<, RSpW@alpha, restDD,

If@Length@8rest<D £ 3,

CanonicalForm@SpW@alpha, restDD = Expand@spe@alphaD ** CanonicalForm@SpW@restDDD,
Expand@spe@alphaD ** CanonicalForm@SpW@restDDD

D
D;

CanonicalForm@expr_D := Expand@expr �. 8w_W ¦ CanonicalForm@wD,
w_SW ¦ CanonicalForm@wD, w_SdW ¦ CanonicalForm@wD, w_SpW ¦ CanonicalForm@wD<D;

H* CanonicalForm@expr_D := Expand@expr �. 8
W@D ® RW@D,
W@alpha_, rest___D ¦ e@alphaD**CanonicalForm@W@restDD,

,
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W@alpha_, rest___D ¦ e@alphaD**CanonicalForm@W@restDD,
SW@D ® RSW@D,
SW@alpha_, rest___D ¦ se@alphaD**CanonicalForm@SW@restDD

<D; *L

UGL2@diag_DiagD := ModuleA
8PutAt, w<,
ExpandACanonicalFormA

Distribute@diag �.
ar@i_, j_D ¦ 1 � 2 PutAt@i, j, 11, 11D + PutAt@i, j, 12, 21D + 1 � 2 PutAt@i, j, 22, 22D

D �. d_Diag ¦ TimesA
Times �� Id �. _PutAt ® 1M,
I
w = Table@0, 82 Length@dD<D;
d �. PutAt@i_, j_, alpha1_, alpha2_D ¦ H

w@@iDD = alpha1; w@@jDD = alpha2

L;
W �� w

M
E

EE
E;

UGL2@expr_D := Expand@expr �. diag_Diag ¦ UGL2@diagDD;

UGL2BiAlg@diag_DiagD := ModuleA
8PutAt, w, i, j<,
ExpandACanonicalFormA

Distribute@diag �. ar@i_, j_D ¦ Expand@
PutAt@i, j, 12, 21D + 1 � 2 H

PutAt@i, j, 11, 11D + PutAt@i, j, 22, 22D
- h@1D PutAt@i, 11D - h@2D PutAt@i, 22D
+ h@1D PutAt@j, 11D + h@2D PutAt@j, 22D
- h@1D^2 * PutAt@D - h@2D^2 * PutAt@D

L
D

D �. d_Diag ¦ TimesA
Times �� Id �. _PutAt ® 1M,
I
w = Table@1, 82 Length@dD<D;
d �. 8

PutAt@i_, alpha_D ¦ Hw@@iDD = alphaL,
PutAt@i_, j_, alpha1_, alpha2_D ¦ H

w@@iDD = alpha1; w@@jDD = alpha2

L
<;

W �� DeleteCases@w, 1D
M

E
EE

E;
UGL2BiAlg@expr_D := Expand@expr �. diag_Diag ¦ UGL2BiAlg@diagDD;
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Clear@UGLnBiAlgD;
UGLnBiAlg@diag_DiagD := ModuleA

8allterms, s, LTAt, EQAt, CAt, m1, m2, dirs, coeff, k, ltpairs, w, allots, i, j<,
allterms = List �� Expand@HTimes �� diagL �. ar@p_, q_D ¦

LTAt@p, qD + 1 � 2 HEQAt@p, qD - CAt@pD + CAt@qD - CAt@DL
D;

s = SumA
dirs = allterms@@m1DD;
coeff = dirs �. I_CAt _EQAt _LTAtM ® 1;

k = 0;

w = Table@1, 82 Length@diagD<D;
ltpairs = 8<;
dirs �. 8

LTAt@p_, q_D ¦ H
w@@pDD = e@i = ++k, j = ++kD;
w@@qDD = e@j, iD;
AppendTo@ltpairs, 8i, j<D;

L,
EQAt@p_, q_D ¦ Hw@@pDD = w@@qDD = e@i = ++k, iD;L,
CAt@p_D ¦ H

w@@pDD = e@i = ++k, iD;
coeff *= h@iD;

L,
CAt@D^p_. ¦ Do@coeff *= h@++kD^2, 8p<D

<;
w = DeleteCases@w, 1D;
allots = OrderTypes@k, ltpairsD;
Sum@
ot = allots@@m2DD;
Times@

H* Binomial@n, Max@otDD, *L
n^Max@otD,
coeff �. h@i_D ¦ h@ot@@iDDD,
W �� w �. e@i_, j_D ¦ alpha@ot@@iDD, ot@@jDDD

D,
8m2, Length@allotsD<

D, 8m1, Length@alltermsD<
E;

If@Length@diagD £ 3,

UGLnBiAlg@diagD = CanonicalForm@Expand@sDD,
CanonicalForm@Expand@sDD

D
E;

UGLnBiAlg@expr_D := Expand@expr �. diag_Diag ¦ UGLnBiAlg@diagDD;

ArrowDiagramsAndLieBialgebras.nb  7



Clear@UGLnBiAlg0D;
UGLnBiAlg0@diag_DiagD := ModuleA

8allterms, s, LTAt, EQAt, CAt, m1, m2, dirs, coeff, k, ltpairs, w, allots, i, j<,
allterms = List �� Expand@HTimes �� diagL �. ar@p_, q_D ¦

LTAt@p, qD + 1 � 2 HEQAt@p, qD - CAt@pD + CAt@qDL
D;

s = SumA
dirs = allterms@@m1DD;
coeff = dirs �. I_CAt _EQAt _LTAtM ® 1;

k = 0;

w = Table@1, 82 Length@diagD<D;
ltpairs = 8<;
dirs �. 8

LTAt@p_, q_D ¦ H
w@@pDD = e@i = ++k, j = ++kD;
w@@qDD = e@j, iD;
AppendTo@ltpairs, 8i, j<D;

L,
EQAt@p_, q_D ¦ Hw@@pDD = w@@qDD = e@i = ++k, iD;L,
CAt@p_D ¦ H

w@@pDD = e@i = ++k, iD;
coeff *= h@iD;

L,
CAt@D^p_. ¦ Do@coeff *= h@++kD^2, 8p<D

<;
w = DeleteCases@w, 1D;
allots = OrderTypes@k, ltpairsD;
Sum@
ot = allots@@m2DD;
Times@

H* Binomial@n, Max@otDD, *L
n^Max@otD,
coeff �. h@i_D ¦ h@ot@@iDDD,
W �� w �. e@i_, j_D ¦ alpha@ot@@iDD, ot@@jDDD

D,
8m2, Length@allotsD<

D, 8m1, Length@alltermsD<
E;

If@Length@diagD £ 3,

UGLnBiAlg@diagD = CanonicalForm@Expand@sDD,
CanonicalForm@Expand@sDD

D
E;

UGLnBiAlg0@expr_D := Expand@expr �. diag_Diag ¦ UGLnBiAlg0@diagDD;

Coproduct@diag_Diag, l_D := Total@
T@

NormalizeDiag@ðD,
NormalizeDiag@Complement@diag, ðDD

D & �� Subsets@diag, 8l<D
D
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BasisAArrow@4D = 8Diag@ar@5, 1D, ar@6, 4D, ar@7, 3D, ar@8, 2DD,
Diag@ar@3, 2D, ar@6, 1D, ar@7, 5D, ar@8, 4DD, Diag@ar@4, 2D, ar@6, 1D, ar@7, 5D, ar@8, 3DD,
Diag@ar@4, 7D, ar@5, 2D, ar@6, 1D, ar@8, 3DD, Diag@ar@5, 2D, ar@6, 1D, ar@7, 4D, ar@8, 3DD,
Diag@ar@4, 3D, ar@6, 1D, ar@7, 5D, ar@8, 2DD, Diag@ar@4, 7D, ar@5, 3D, ar@6, 1D, ar@8, 2DD,
Diag@ar@5, 3D, ar@6, 1D, ar@7, 4D, ar@8, 2DD, Diag@ar@4, 5D, ar@6, 1D, ar@7, 3D, ar@8, 2DD,
Diag@ar@5, 4D, ar@6, 1D, ar@7, 3D, ar@8, 2DD, Diag@ar@1, 7D, ar@4, 2D, ar@6, 3D, ar@8, 5DD,
Diag@ar@1, 7D, ar@3, 6D, ar@4, 8D, ar@5, 2DD, Diag@ar@1, 7D, ar@3, 6D, ar@5, 2D, ar@8, 4DD,
Diag@ar@1, 7D, ar@5, 2D, ar@6, 3D, ar@8, 4DD, Diag@ar@1, 7D, ar@3, 8D, ar@5, 2D, ar@6, 4DD,
Diag@ar@1, 7D, ar@5, 2D, ar@6, 4D, ar@8, 3DD, Diag@ar@1, 7D, ar@2, 6D, ar@5, 3D, ar@8, 4DD,
Diag@ar@1, 7D, ar@4, 3D, ar@6, 2D, ar@8, 5DD, Diag@ar@1, 7D, ar@3, 5D, ar@4, 8D, ar@6, 2DD,
Diag@ar@1, 7D, ar@3, 5D, ar@6, 2D, ar@8, 4DD, Diag@ar@1, 7D, ar@4, 8D, ar@5, 3D, ar@6, 2DD,
Diag@ar@1, 7D, ar@5, 3D, ar@6, 2D, ar@8, 4DD, Diag@ar@1, 7D, ar@3, 8D, ar@4, 5D, ar@6, 2DD,
Diag@ar@1, 7D, ar@3, 8D, ar@5, 4D, ar@6, 2DD, Diag@ar@1, 7D, ar@4, 5D, ar@6, 2D, ar@8, 3DD,
Diag@ar@1, 7D, ar@5, 4D, ar@6, 2D, ar@8, 3DD, Diag@ar@1, 7D, ar@2, 8D, ar@5, 3D, ar@6, 4DD,
Diag@ar@1, 7D, ar@2, 8D, ar@5, 4D, ar@6, 3DD, Diag@ar@1, 7D, ar@3, 5D, ar@6, 4D, ar@8, 2DD,
Diag@ar@1, 7D, ar@4, 6D, ar@5, 3D, ar@8, 2DD, Diag@ar@1, 7D, ar@5, 3D, ar@6, 4D, ar@8, 2DD,
Diag@ar@1, 7D, ar@5, 4D, ar@6, 3D, ar@8, 2DD, Diag@ar@3, 2D, ar@4, 8D, ar@6, 5D, ar@7, 1DD,
Diag@ar@3, 2D, ar@6, 5D, ar@7, 1D, ar@8, 4DD, Diag@ar@4, 2D, ar@5, 3D, ar@6, 8D, ar@7, 1DD,
Diag@ar@4, 2D, ar@5, 3D, ar@7, 1D, ar@8, 6DD, Diag@ar@4, 2D, ar@5, 8D, ar@6, 3D, ar@7, 1DD,
Diag@ar@4, 2D, ar@6, 3D, ar@7, 1D, ar@8, 5DD, Diag@ar@2, 5D, ar@4, 8D, ar@6, 3D, ar@7, 1DD,
Diag@ar@2, 5D, ar@6, 3D, ar@7, 1D, ar@8, 4DD, Diag@ar@3, 4D, ar@5, 2D, ar@6, 8D, ar@7, 1DD,
Diag@ar@3, 4D, ar@5, 2D, ar@7, 1D, ar@8, 6DD, Diag@ar@4, 3D, ar@5, 2D, ar@6, 8D, ar@7, 1DD,
Diag@ar@4, 3D, ar@5, 2D, ar@7, 1D, ar@8, 6DD, Diag@ar@3, 6D, ar@4, 8D, ar@5, 2D, ar@7, 1DD,
Diag@ar@3, 6D, ar@5, 2D, ar@7, 1D, ar@8, 4DD, Diag@ar@4, 8D, ar@5, 2D, ar@6, 3D, ar@7, 1DD,
Diag@ar@5, 2D, ar@6, 3D, ar@7, 1D, ar@8, 4DD, Diag@ar@3, 8D, ar@4, 6D, ar@5, 2D, ar@7, 1DD,
Diag@ar@3, 8D, ar@5, 2D, ar@6, 4D, ar@7, 1DD, Diag@ar@4, 6D, ar@5, 2D, ar@7, 1D, ar@8, 3DD,
Diag@ar@5, 2D, ar@6, 4D, ar@7, 1D, ar@8, 3DD, Diag@ar@2, 6D, ar@4, 3D, ar@5, 8D, ar@7, 1DD,
Diag@ar@2, 6D, ar@4, 3D, ar@7, 1D, ar@8, 5DD, Diag@ar@2, 6D, ar@3, 5D, ar@4, 8D, ar@7, 1DD,
Diag@ar@2, 6D, ar@3, 5D, ar@7, 1D, ar@8, 4DD, Diag@ar@2, 6D, ar@4, 8D, ar@5, 3D, ar@7, 1DD,
Diag@ar@2, 6D, ar@5, 3D, ar@7, 1D, ar@8, 4DD, Diag@ar@2, 6D, ar@3, 8D, ar@5, 4D, ar@7, 1DD,
Diag@ar@2, 6D, ar@4, 5D, ar@7, 1D, ar@8, 3DD, Diag@ar@2, 6D, ar@5, 4D, ar@7, 1D, ar@8, 3DD,
Diag@ar@4, 3D, ar@5, 8D, ar@6, 2D, ar@7, 1DD, Diag@ar@4, 3D, ar@6, 2D, ar@7, 1D, ar@8, 5DD,
Diag@ar@3, 5D, ar@4, 8D, ar@6, 2D, ar@7, 1DD, Diag@ar@3, 5D, ar@6, 2D, ar@7, 1D, ar@8, 4DD,
Diag@ar@4, 8D, ar@5, 3D, ar@6, 2D, ar@7, 1DD, Diag@ar@5, 3D, ar@6, 2D, ar@7, 1D, ar@8, 4DD,
Diag@ar@3, 8D, ar@4, 5D, ar@6, 2D, ar@7, 1DD, Diag@ar@3, 8D, ar@5, 4D, ar@6, 2D, ar@7, 1DD,
Diag@ar@4, 5D, ar@6, 2D, ar@7, 1D, ar@8, 3DD, Diag@ar@5, 4D, ar@6, 2D, ar@7, 1D, ar@8, 3DD,
Diag@ar@2, 8D, ar@3, 5D, ar@6, 4D, ar@7, 1DD, Diag@ar@2, 8D, ar@4, 6D, ar@5, 3D, ar@7, 1DD,
Diag@ar@2, 8D, ar@5, 3D, ar@6, 4D, ar@7, 1DD, Diag@ar@2, 8D, ar@3, 6D, ar@4, 5D, ar@7, 1DD,
Diag@ar@2, 8D, ar@3, 6D, ar@5, 4D, ar@7, 1DD, Diag@ar@2, 8D, ar@4, 5D, ar@6, 3D, ar@7, 1DD,
Diag@ar@2, 8D, ar@5, 4D, ar@6, 3D, ar@7, 1DD, Diag@ar@3, 5D, ar@6, 4D, ar@7, 1D, ar@8, 2DD,
Diag@ar@4, 6D, ar@5, 3D, ar@7, 1D, ar@8, 2DD, Diag@ar@5, 3D, ar@6, 4D, ar@7, 1D, ar@8, 2DD,
Diag@ar@3, 6D, ar@4, 5D, ar@7, 1D, ar@8, 2DD, Diag@ar@3, 6D, ar@5, 4D, ar@7, 1D, ar@8, 2DD,

, ,
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Diag@ar@3, 6D, ar@4, 5D, ar@7, 1D, ar@8, 2DD, Diag@ar@3, 6D, ar@5, 4D, ar@7, 1D, ar@8, 2DD,
Diag@ar@4, 5D, ar@6, 3D, ar@7, 1D, ar@8, 2DD, Diag@ar@5, 4D, ar@6, 3D, ar@7, 1D, ar@8, 2DD,
Diag@ar@1, 8D, ar@5, 2D, ar@6, 4D, ar@7, 3DD, Diag@ar@1, 8D, ar@2, 6D, ar@4, 7D, ar@5, 3DD,
Diag@ar@1, 8D, ar@2, 6D, ar@5, 3D, ar@7, 4DD, Diag@ar@1, 8D, ar@4, 3D, ar@5, 7D, ar@6, 2DD,
Diag@ar@1, 8D, ar@4, 3D, ar@6, 2D, ar@7, 5DD, Diag@ar@1, 8D, ar@3, 5D, ar@4, 7D, ar@6, 2DD,
Diag@ar@1, 8D, ar@3, 5D, ar@6, 2D, ar@7, 4DD, Diag@ar@1, 8D, ar@4, 7D, ar@5, 3D, ar@6, 2DD,
Diag@ar@1, 8D, ar@5, 3D, ar@6, 2D, ar@7, 4DD, Diag@ar@1, 8D, ar@3, 7D, ar@4, 5D, ar@6, 2DD,
Diag@ar@1, 8D, ar@3, 7D, ar@5, 4D, ar@6, 2DD, Diag@ar@1, 8D, ar@4, 5D, ar@6, 2D, ar@7, 3DD,
Diag@ar@1, 8D, ar@5, 4D, ar@6, 2D, ar@7, 3DD, Diag@ar@1, 8D, ar@2, 7D, ar@3, 5D, ar@6, 4DD,
Diag@ar@1, 8D, ar@2, 7D, ar@4, 6D, ar@5, 3DD, Diag@ar@1, 8D, ar@2, 7D, ar@5, 3D, ar@6, 4DD,
Diag@ar@1, 8D, ar@2, 7D, ar@3, 6D, ar@4, 5DD, Diag@ar@1, 8D, ar@2, 7D, ar@3, 6D, ar@5, 4DD,
Diag@ar@1, 8D, ar@2, 7D, ar@4, 5D, ar@6, 3DD, Diag@ar@1, 8D, ar@2, 7D, ar@5, 4D, ar@6, 3DD,
Diag@ar@1, 8D, ar@3, 5D, ar@6, 4D, ar@7, 2DD, Diag@ar@1, 8D, ar@4, 6D, ar@5, 3D, ar@7, 2DD,
Diag@ar@1, 8D, ar@5, 3D, ar@6, 4D, ar@7, 2DD, Diag@ar@1, 8D, ar@3, 6D, ar@4, 5D, ar@7, 2DD,
Diag@ar@1, 8D, ar@3, 6D, ar@5, 4D, ar@7, 2DD, Diag@ar@1, 8D, ar@4, 5D, ar@6, 3D, ar@7, 2DD,
Diag@ar@1, 8D, ar@5, 4D, ar@6, 3D, ar@7, 2DD, Diag@ar@5, 2D, ar@6, 4D, ar@7, 3D, ar@8, 1DD,
Diag@ar@2, 6D, ar@4, 7D, ar@5, 3D, ar@8, 1DD, Diag@ar@2, 6D, ar@5, 3D, ar@7, 4D, ar@8, 1DD,
Diag@ar@4, 3D, ar@5, 7D, ar@6, 2D, ar@8, 1DD, Diag@ar@4, 3D, ar@6, 2D, ar@7, 5D, ar@8, 1DD,
Diag@ar@3, 5D, ar@4, 7D, ar@6, 2D, ar@8, 1DD, Diag@ar@3, 5D, ar@6, 2D, ar@7, 4D, ar@8, 1DD,
Diag@ar@4, 7D, ar@5, 3D, ar@6, 2D, ar@8, 1DD, Diag@ar@5, 3D, ar@6, 2D, ar@7, 4D, ar@8, 1DD,
Diag@ar@3, 7D, ar@4, 5D, ar@6, 2D, ar@8, 1DD, Diag@ar@3, 7D, ar@5, 4D, ar@6, 2D, ar@8, 1DD,
Diag@ar@4, 5D, ar@6, 2D, ar@7, 3D, ar@8, 1DD, Diag@ar@5, 4D, ar@6, 2D, ar@7, 3D, ar@8, 1DD,
Diag@ar@2, 7D, ar@3, 5D, ar@6, 4D, ar@8, 1DD, Diag@ar@2, 7D, ar@4, 6D, ar@5, 3D, ar@8, 1DD,
Diag@ar@2, 7D, ar@5, 3D, ar@6, 4D, ar@8, 1DD, Diag@ar@2, 7D, ar@3, 6D, ar@4, 5D, ar@8, 1DD,
Diag@ar@2, 7D, ar@3, 6D, ar@5, 4D, ar@8, 1DD, Diag@ar@2, 7D, ar@4, 5D, ar@6, 3D, ar@8, 1DD,
Diag@ar@2, 7D, ar@5, 4D, ar@6, 3D, ar@8, 1DD, Diag@ar@3, 5D, ar@6, 4D, ar@7, 2D, ar@8, 1DD,
Diag@ar@4, 6D, ar@5, 3D, ar@7, 2D, ar@8, 1DD, Diag@ar@5, 3D, ar@6, 4D, ar@7, 2D, ar@8, 1DD,
Diag@ar@3, 6D, ar@4, 5D, ar@7, 2D, ar@8, 1DD, Diag@ar@3, 6D, ar@5, 4D, ar@7, 2D, ar@8, 1DD,
Diag@ar@4, 5D, ar@6, 3D, ar@7, 2D, ar@8, 1DD, Diag@ar@5, 4D, ar@6, 3D, ar@7, 2D, ar@8, 1DD<;

se[1,i,j] stands for Aij;
se[2,i,j] stands for Bij;
se[3,i,j] stands for Dij.
Commutation relations come from http://katlas.math.toronto.edu/drorbn/bbs/show?shot=Leung-090227-132523.jpg
 

sbase = 10;

sij@salpha_IntegerD := IntegerDigits@salpha, sbase, 3D;
salpha@8t_, i_, j_<D := sbase^2 * t + sbase * i + j;

salpha@t_, i_, j_D := sbase^2 * t + sbase * i + j;

b@se@salpha1_D, se@salpha2_DD := b@se@salpha1D, se@salpha2DD = Module@
8d, t1, t2, i, j, k, l, s = 1<,
d@i_, j_D := If@i � j, 1, 0D;
8t1, i, j< = sij@salpha1D;

;
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8t1, i, j< = sij@salpha1D;
8t2, k, l< = sij@salpha2D;
If@t2 < t1, s = -1; 88t1, i, j<, 8t2, k, l<< = 88t2, k, l<, 8t1, i, j<<D;
8

8
d@j, kD se@1, i, lD - d@i, lD se@1, k, jD,
d@j, kD se@2, i, lD - d@j, lD se@2, i, kD,
d@i, kD se@3, l, jD + d@l, iD se@3, j, kD

<,
8
Null,

0,

d@j, lD se@1, i, kD + d@i, kD se@1, j, lD - d@j, kD se@1, i, lD - d@i, lD se@1, j, kD
<,
8
Null,

Null,

0

<
<@@t1, t2DD �. 8
se@2 3, i_, i_D ® 0,

se@2, i_, j_D �; i > j ¦ -se@2, j, iD,
se@3, i_, j_D �; i > j ¦ -se@3, j, iD

< �. se@tij__D ¦ s * se@salpha@tijDD
D;

Ia_PlusM ** w_RSW := Hð ** wL & �� a;

se@alpha_D ** Ia_PlusM := Hse@alphaD ** ðL & �� a;

Ic_ * se@alpha_DM ** w_RSW := Expand@c * Hse@alphaD ** wLD;
se@alpha_D ** Ic_ * w_RSWM := Expand@c * Hse@alphaD ** wLD;
se@alpha_D ** RSW@D := RSW@alphaD;
se@alpha_D ** RSW@beta_, rest___D �; alpha £ beta := RSW@alpha, beta, restD;
se@alpha_D ** RSW@beta_, rest___D �; alpha > beta := Plus@

se@betaD ** Hse@alphaD ** RSW@restDL,
b@se@alphaD, se@betaDD ** RSW@restD

D;

Clear@USOD;
USO@diag_DiagD := ModuleA

8allterms, s, LTAt, BDAt, EQAt, CAt,

m1, m2, dirs, coeff, k, ltpairs, w, allots, tc = 0, i, j<,
allterms = List �� Expand@HTimes �� diagL �. ar@p_, q_D ¦

LTAt@p, qD + BDAt@p, qD + 1 � 2 HEQAt@p, qD - CAt@pD + CAt@qD - CAt@DL
D;
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D;
s = SumA

dirs = allterms@@m1DD; H* "dirs" is "directions" *L
coeff = dirs �. I_CAt _EQAt _LTAt _BDAtM ® 1;

k = 0;

w = Table@1, 82 Length@diagD<D;
ltpairs = 8<;
dirs �. 8

LTAt@p_, q_D ¦ H
w@@pDD = se@1, i = ++k, j = ++kD;
w@@qDD = se@1, j, iD;
AppendTo@ltpairs, 8i, j<D;

L,
BDAt@p_, q_D ¦ H

w@@pDD = se@2, i = ++k, j = ++kD;
w@@qDD = se@3, i, jD;
AppendTo@ltpairs, 8i, j<D;

L,
EQAt@p_, q_D ¦ Hw@@pDD = w@@qDD = se@1, i = ++k, iD;L,
CAt@p_D ¦ H

w@@pDD = se@1, i = ++k, iD;
coeff *= h@iD;

L,
CAt@D^p_. ¦ Do@coeff *= h@++kD^2, 8p<D

<;
w = DeleteCases@w, 1D;
allots = OrderTypes@k, ltpairsD;
Sum@
ot = allots@@m2DD;
++tc;

CanonicalForm@Expand@Times@
n^Max@otD,
coeff �. h@i_D ¦ h@ot@@iDDD,
SW �� w �. se@t_, i_, j_D ¦ salpha@t, ot@@iDD, ot@@jDDD

DDD,
8m2, Length@allotsD<

D, 8m1, Length@alltermsD<
E;

Print@8tc, Length@sD<D;
If@Length@diagD £ 3, USO@diagD = s, sD

E;
USO@expr_D := Expand@expr �. diag_Diag ¦ USO@diagDD;
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spbase = 10;

spij@spalpha_IntegerD := IntegerDigits@spalpha, spbase, 3D;
spalpha@8t_, i_, j_<D := spbase^2 * t + spbase * i + j;

spalpha@t_, i_, j_D := spbase^2 * t + spbase * i + j;

b@spe@spalpha1_D, spe@spalpha2_DD := b@spe@spalpha1D, spe@spalpha2DD = Module@
8d, t1, t2, i, j, k, l, s = 1<,
d@i_, j_D := If@i � j, 1, 0D;
8t1, i, j< = spij@spalpha1D;
8t2, k, l< = spij@spalpha2D;
If@t2 < t1, s = -1; 88t1, i, j<, 8t2, k, l<< = 88t2, k, l<, 8t1, i, j<<D;
8

8
d@j, kD spe@1, i, lD - d@i, lD spe@1, k, jD,
d@j, kD spe@2, i, lD + d@j, lD spe@2, i, kD,
-d@i, kD spe@3, l, jD - d@l, iD spe@3, j, kD

<,
8
Null,

0,

d@j, lD spe@1, i, kD + d@i, kD spe@1, j, lD + d@j, kD spe@1, i, lD + d@i, lD spe@1, j, kD
<,
8
Null,

Null,

0

<
<@@t1, t2DD �. 8
H*spe@2 3,i_,i_D ® 0,*L
spe@2, i_, j_D �; i > j ¦ spe@2, j, iD,
spe@3, i_, j_D �; i > j ¦ spe@3, j, iD

< �. spe@tij__D ¦ s * spe@spalpha@tijDD
D;

Ia_PlusM ** w_RSpW := Hð ** wL & �� a;

spe@alpha_D ** Ia_PlusM := Hspe@alphaD ** ðL & �� a;

Ic_ * spe@alpha_DM ** w_RSpW := Expand@c * Hspe@alphaD ** wLD;
spe@alpha_D ** Ic_ * w_RSpWM := Expand@c * Hspe@alphaD ** wLD;
spe@alpha_D ** RSpW@D := RSpW@alphaD;
spe@alpha_D ** RSpW@beta_, rest___D �; alpha £ beta := RSpW@alpha, beta, restD;
spe@alpha_D ** RSpW@beta_, rest___D �; alpha > beta := Plus@

spe@betaD ** Hspe@alphaD ** RSpW@restDL,
b@spe@alphaD, spe@betaDD ** RSpW@restD

D;
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b@spe@alphaD, spe@betaDD ** RSpW@restD
D;

Clear@USpD;
USp@diag_DiagD := ModuleA

8allterms, s, LTAt, BDAt, BDdiagAt, EQAt,

CAt, m1, m2, dirs, coeff, k, ltpairs, w, allots, tc = 0, i, j<,
allterms = List �� Expand@HTimes �� diagL �. ar@p_, q_D ¦

LTAt@p, qD + BDAt@p, qD + BDdiagAt@p, qD + 1 � 2 HEQAt@p, qD - CAt@pD + CAt@qD - CAt@DL
D;

s = SumA
dirs = allterms@@m1DD; H* "dirs" is "directions" *L
coeff = dirs �. I_CAt _EQAt _LTAt _BDAt _BDdiagAtM ® 1;

k = 0;

w = Table@1, 82 Length@diagD<D;
ltpairs = 8<;
dirs �. 8

LTAt@p_, q_D ¦ H
w@@pDD = spe@1, i = ++k, j = ++kD;
w@@qDD = spe@1, j, iD;
AppendTo@ltpairs, 8i, j<D;

L,
BDAt@p_, q_D ¦ H

w@@pDD = spe@2, i = ++k, j = ++kD;
w@@qDD = spe@3, i, jD;
AppendTo@ltpairs, 8i, j<D;

L,
BDdiagAt@p_, q_D ¦ H

w@@pDD = spe@2, i = ++k, iD;
w@@qDD = spe@3, i, iD;
coeff *= 1 � 2;

L,
EQAt@p_, q_D ¦ Hw@@pDD = w@@qDD = spe@1, i = ++k, iD;L,
CAt@p_D ¦ H

w@@pDD = spe@1, i = ++k, iD;
coeff *= h@iD;

L,
CAt@D^p_. ¦ Do@coeff *= h@++kD^2, 8p<D

<;
w = DeleteCases@w, 1D;
allots = OrderTypes@k, ltpairsD;
Sum@
ot = allots@@m2DD;

;
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ot = allots@@m2DD;
++tc;

CanonicalForm@Expand@Times@
n^Max@otD,
coeff �. h@i_D ¦ h@ot@@iDDD,
SpW �� w �. spe@t_, i_, j_D ¦ spalpha@t, ot@@iDD, ot@@jDDD

DDD,
8m2, Length@allotsD<

D, 8m1, Length@alltermsD<
E;

Print@8tc, Length@sD<D;
If@Length@diagD £ 3, USp@diagD = s, sD

E;
USp@expr_D := Expand@expr �. diag_Diag ¦ USp@diagDD;

H*d for odd*L
sdbase = 10;

sdij@sdalpha_IntegerD := IntegerDigits@sdalpha, sdbase, 3D;
sdalpha@8t_, i_, j_<D := sdbase^2 * t + sdbase * i + j;

sdalpha@t_, i_, j_D := sdbase^2 * t + sdbase * i + j;

b@sde@sdalpha1_D, sde@sdalpha2_DD := b@sde@sdalpha1D, sde@sdalpha2DD = Module@
8d, t1, t2, i, j, k, l, s = 1<,
d@i_, j_D := If@i � j, 1, 0D;
8t1, i, j< = sdij@sdalpha1D;
8t2, k, l< = sdij@sdalpha2D;
If@t2 < t1, s = -1; 88t1, i, j<, 8t2, k, l<< = 88t2, k, l<, 8t1, i, j<<D;
8

8
d@j, kD sde@1, i, lD - d@i, lD sde@1, k, jD,
d@j, kD sde@2, i, lD - d@j, lD sde@2, i, kD,
d@i, kD sde@3, l, jD + d@l, iD sde@3, j, kD,
d@j, kD sde@4, i, iD,
-d@i, kD sde@5, j, jD

<,
8
Null,

0,

d@j, lD sde@1, i, kD + d@i, kD sde@1, j, lD - d@j, kD sde@1, i, lD - d@i, lD sde@1, j, kD,
0,

-d@j, kD sde@4, i, iD + d@i, kD sde@4, j, jD
<,
8
Null,

Null,
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Null,

Null,

0,

d@j, kD sde@5, i, iD - d@i, kD sde@5, j, jD,
0

<,
8
Null,

Null,

Null,

-sde@2, i, kD,
sde@1, i, kD

<,
8
Null,

Null,

Null,

Null,

sde@3, i, kD
<

<@@t1, t2DD �. 8
sde@2 3, i_, i_D ® 0,

sde@2, i_, j_D �; i > j ¦ -sde@2, j, iD,
sde@3, i_, j_D �; i > j ¦ -sde@3, j, iD

< �. sde@tij__D ¦ s * sde@sdalpha@tijDD
D;

Ia_PlusM ** w_RSdW := Hð ** wL & �� a;

sde@alpha_D ** Ia_PlusM := Hsde@alphaD ** ðL & �� a;

Ic_ * sde@alpha_DM ** w_RSdW := Expand@c * Hsde@alphaD ** wLD;
sde@alpha_D ** Ic_ * w_RSdWM := Expand@c * Hsde@alphaD ** wLD;
sde@alpha_D ** RSdW@D := RSdW@alphaD;
sde@alpha_D ** RSdW@beta_, rest___D �; alpha £ beta := RSdW@alpha, beta, restD;
sde@alpha_D ** RSdW@beta_, rest___D �; alpha > beta := Plus@

sde@betaD ** Hsde@alphaD ** RSdW@restDL,
b@sde@alphaD, sde@betaDD ** RSdW@restD

D;

Clear@USOdD;
USOd@diag_DiagD := ModuleA

8allterms, s, LTAt, BDAt, EQAt, CAt, LAt,

m1, m2, dirs, coeff, k, ltpairs, w, allots, tc = 0, i, j<,
allterms = List �� Expand@HTimes �� diagL �. ar@p_, q_D ¦

LTAt@p, qD + BDAt@p, qD + LAt@p, qD + 1 � 2 HEQAt@p, qD - CAt@pD + CAt@qD - CAt@DL
D;
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LTAt@p, qD + BDAt@p, qD + LAt@p, qD + 1 � 2 HEQAt@p, qD - CAt@pD + CAt@qD - CAt@DL
D;

s = SumA
dirs = allterms@@m1DD; H* "dirs" is "directions" *L
coeff = dirs �. I_CAt _EQAt _LTAt _BDAt _LAtM ® 1;

k = 0;

w = Table@1, 82 Length@diagD<D;
ltpairs = 8<;
dirs �. 8

LTAt@p_, q_D ¦ H
w@@pDD = sde@1, i = ++k, j = ++kD;
w@@qDD = sde@1, j, iD;
AppendTo@ltpairs, 8i, j<D;

L,
BDAt@p_, q_D ¦ H

w@@pDD = sde@2, i = ++k, j = ++kD;
w@@qDD = sde@3, i, jD;
AppendTo@ltpairs, 8i, j<D;

L,
LAt@p_, q_D ¦ H

w@@pDD = sde@4, i = ++k, iD;
w@@qDD = sde@5, i, iD;

L,
EQAt@p_, q_D ¦ Hw@@pDD = w@@qDD = sde@1, i = ++k, iD;L,
CAt@p_D ¦ H

w@@pDD = sde@1, i = ++k, iD;
coeff *= h@iD;

L,
CAt@D^p_. ¦ Do@coeff *= h@++kD^2, 8p<D

<;
w = DeleteCases@w, 1D;
allots = OrderTypes@k, ltpairsD;
Sum@
ot = allots@@m2DD;
++tc;

CanonicalForm@Expand@Times@
n^Max@otD,
coeff �. h@i_D ¦ h@ot@@iDDD,
SdW �� w �. sde@t_, i_, j_D ¦ sdalpha@t, ot@@iDD, ot@@jDDD

DDD,
8m2, Length@allotsD<

D, 8m1, Length@alltermsD<
E;

;
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E;
Print@8tc, Length@sD<D;
If@Length@diagD £ 3, USOd@diagD = s, sD

E;
USOd@expr_D := Expand@expr �. diag_Diag ¦ USOd@diagDD;
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