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Tingley: Elementary Construction of Lusztig’s Canonical Basis.
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[Ma1, Example 1.3.2]. A Hopf algebra over Q[q±1]:
〈1, X, g±1〉

/(
Xg±1 = q±1g±1X

)
,

with ∆ : (X, g±1) 7→ (X⊗1+g⊗X, g±1⊗g±1), ε : (X, g±1) 7→ (0, 1),
and S : (X, g±1) 7→ (−g−1X, g∓1). Has S 2 , 1.
Self-duality: Seed 〈g, g〉 = q−1, 〈X, X〉 = 1, 〈g, X〉 = 〈X, g〉 = 0
then 〈ga, g〉 = q−a; 〈ga, gb〉 = q−ab; 〈gaXgb, X〉 = q−a; 〈Xc, Xd〉 =

δcd[c]q−1!; 〈Xagb, Xcgd〉 = δac[a]q−1![d]q−b .

[CP, Definition-Proposition 6.4.3], Uh(sl2) in detail:

∆h(H) = H ⊗ 1 + 1 ⊗ H; ∆h(X+) = X+ ⊗ ehH + 1 ⊗ X+ (19;21)

S h(H) = −H, S h(X+) = −X+e−hH , εh(H) = εh(X+) = h (22)
∆h(X−) = X− ⊗ 1 + e−hH ⊗ X−; S h(X−) = −ehH X−, εh(X−) = 0 (23;24)

[CP, Proposition 6.4.6], The Uh ' U~h� isomorphism for sl2:
With Ω̄ = (H̄ + 1)2/4 + X̄−X̄+ = (H̄ − 1)2/4 + X̄+X̄−,

[CP, Proposition 6.4.8], R for Uh(sl2): With [n]q = (qn−q−n)/(q−
q−1) and [n]q! = [n]q · · · [1]q,

[Ma2, Example 18.8], the QG structure on a general SS g. Here
i’s are simple roots, µ’s are positive roots:

([Ma2] seems to have no universal R formula).
[CP, Theorem 8.3.9], the universal R for a general SS g:

[Ma2, Section 8], the quantum double: DA B A∗,op ⊗ A with
(φa)(ψb) B 〈S a1, ψ1〉〈a3, ψ3〉(ψ2φ)(a2b), R = Id ∈ A∗ ⊗ A ⊂
DA ⊗DA. What problem does it solve?
In QGverse, why start by deforming the co-product? And why
identify the two Cartans?
[ES, Section 3.3] For (g, [, ]) and r ∈ Λ2(g), δa B [r, a⊗1 + 1⊗a]
makes g a “coboundary” Lie bialgebra iff CYB(r) B [r12, r13] +

[r12, r23] + [r13, r23] is g-invariant. “Triangular” means CYB(r) =

0.

References.
[CP] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge Uni-

versity Press, 1994.
[ES] P. Etingof and O. Schiffmann, Lectures on Quantum Groups, Interna-

tional Press, Somerville, 2010.
[Ka] C. Kassel, Quantum groups, Springer-Verlag GTM 155, Heidelberg 1994.
[Ma1] S. Majid, Foundations of Quantum Group Theory, Cambridge Univer-

sity Press, 1995.
[Ma2] S. Majid, A Quantum Groups Primer, London Mathematical Society

Lecture Note Series 292, Cambridge University Press, 2002.

http://drorbn.net/AcademicPensieve/Projects/Agenda/
http://drorbn.net/AcademicPensieve/2017-03/
http://webpages.math.luc.edu/~ptingley/lecturenotes/Lusztig-basis.pdf
http://front.math.ucdavis.edu/math-ph/0305003

