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Pensieve header: Computing and playing with $\rho_1$ in the language of perturbed Gaussian
Integration.

Programs

in[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\APAI"];
Once[<< KnotTheory™ ; << Rot.m];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/APAI to compute rotation numbers.

in[-1:= CCF[&_ ] := ExpandDenominator @ExpandNumerator@Together[&];
CF[& List] := CF/@&; CF[& EPD] := CF /@ &3
CF[&. ] := Module[{vs = Cases[&, (x|p) , »] U{X, P}, ps, c},
Total[CoefficientRules [Expand[£], vs] /. (ps_-c_) » CCF[c] (Timeseevs™)] |;
CF[eqp_EQP] :=CF /@eqp

m(-]:= EQP /:c_+EQP[Q_, P_] :=EQP[Q, CF[cP]];

mi-1= {P*s X'} = {m, €}; (2z_; )" = (2")4; vs_List* i= (v > V') /@vs;
Zip[&5] 1= &5
Zip;, ,s ;181 := (Collect[s // Zipgy, 2] /. f_. z% = (D[F, {Z*, dy1)) /.z*>e

in[-1:=  FLI[EQP[Q_, P_11 := FI[EQP[Q, P], Unione@Cases[Q, p , »], Union@Cases[Q, X , ©]];
FI[EQP[Q_, P_], ps_List, xs_List] := Module[{u, v},
A = Table[8,,,Q, {u, ps}, {v, xs}];
Factor [Det [A]™* Zip, . [P @ R "’5*] 11

0o Tests

in[-]:= POL[K_] := p@i[K, False]; p@i[Flip@K ] := p@i[K, True];
POi[K_, flip_] := MOdUIe[{CSJ ¢, n, s, i, j, k, vs, Q, Qp},
{Cs, ©} =Rot[K]; n = Length[Cs];
If[flip, Cs = Cs[All, {1, 3, 2}]; ¢ = -¢];
Q= -P2n:1Xanas Qp =05
Cases[Cs, {s_, i_, j_} =
(Q-=xi (Pi =T Pisa+ (T°-1) Pjua) + X5 (P5 - Pjaa) 5 QP -= S T X: (Pjaa - Pia) ) |5
EQP [Q, _T(Total[q;]+Total[Cs|IA11,1]]])/2 QP _
(Total[¢] + Total[Cs[All, 1]]) T(Total[q)]+Tota1[Cs[[A11,1]]])/2—1/2]

];
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n[-1-= K=Knot[8, 17];
Factor[dr (Alexander [K] [T]™") ]

KnotTheory: Loading precomputed data in PD4Knots'.

Out[-]=
(-1+T) T2 (1+T) (1-T+T?) (3-5T+3T?)
(1—4T+8T2—11T3+8T4—4T5+T6)2
ml-1:= K=Knot[3, 1]; {Cs, ¢} = Rot[K]; n = Length[Cs];
v ={lv =0};
writhe = TotaleCs[All, 1];
Do[Cs /. {{s_, k, J_} = AppendTo[v, 1v +=s], {s_, i_, k} > AppendTo[v, 1v -=s]}, {k, 2n}];
eqp = p@i[K];
eqpl = T CF[eqp /. Flatten@{{X;n.1 - P1> P2ns1 = X2ns1}>
Cs /. {s_Integer,i_, j_}» {x;»-T"Tp, s (1-7°) Tl p, 4+ 71 py,
xi»-TTp  + T p, p» TV x;, pj 5 T x}}]s
eqp2 = CF[p@i[FlipeK] /. T T];
FI /@ {eqp, eqpl, eqp2}
Out[-]=
(-1+T) (1+T) (-1+T) (1+T)  (-1+T) T2 (1+T)
{ (1-T+12)? ’ (1-T+12)? ’ (1-T+12)? }

inl-]:- CF[eqpl[1] - eqp2[1]]

out[e]=
(7]
il 1= CF[T? eqpl[2] +eqp2[2] ]
Out[]=
2 .3 3 2 2 3 3
3T+ T paXs -T ps Xy ~Tp1Xo+ TPsXg+ T p1 X3 - T p3 X3+ T pgX3-T py X3~
TP1Xa+ TPy Xg+ T2 p1Xs— T2 p3Xs — T2 psXs + T2 P Xs — T P1 Xg + T P3 X + T2 p1 X7 — T2 p7 X7
i - FI@EQP[eqpl[1], T eqp1[2] + eqp2[[2] ]
Out[e]=

0
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o7 Tests

nf-]:= Pe[s_, 1 _, J_1 :=
s (-1+2pixi-2pjxi+ (-1+T5) pipj X+ (1—T5) p§x%-2pipjxixj+2p§xixj)/2,'
Yilo s R.]1 = ¢ (1/2-ppXk) ;5
pli[K ] := pli[K, False]; pli[Flipe@K ] := pli[K, True];
pli[K_, flip_] := Module[{Cs, ¢, n, s, i, j, k, vs, Q, P},
{Cs, ©} =Rot[K]; n = Length[Cs];
If[flip, Cs = Cs[All, {1, 3, 2}]; ¢ = -0];
Q = —=X2n4+1 P2n+13
Cases[Cs, {s_, i, J }» (Q-=%; (Pi-T pisa+ (T°-1) psa) +X5 (P5 - Pja1) ) ]
P = Sum[r; @@ Cs[k], {k, n}] +Sum[y1[e[kl, k1, {k, 2n}];
CF@EQP[Q, P]

IE

mn[-1:= K =Knot[5, 2];
p1i[K]
Out[«]=
(=1+T) p2xq
“P3X3+Pa Xzt ————————
T T

p3xXa (-1+T) pgXa
EQP| -p1 X1 + P2 X1 — P2 Xz + . +

Ps Xa pP7Xe (-1+T) p1eXs
Pa Xg + ——— — Ps X5 + Pg X5 — Pg Xp + + - P7 X7 +Ppg X7 +
T T T
(=1+T) paxg Po Xg (-1+T) pe X10 P11 X1e
——— —PsgXg+ —PoXg+P1gXo+ ——————— —PieXie + —— —Pi1 X1,
T T T
(-1+T)pap7 X3 (1-T)pix; X (1-T) pix;
2 -py Xy +P7 Xy + + +P1Xg-P1 X1 Xg+P1PaXg Xg+t ————— +
2T 2T 2T
(<1+T) p1paxs (-1+T) pePoxg (1-T) p5xg
——— —PeXet+PoXeg+ + + P2 P7 X2 X7 —
2T 2T 2T
5 X (1-T)p3xg (-1+T) p3psxz
P7 X2 X7 + P3 Xg — Pg Xg — P3 X3 Xg + P3 Pg X3 Xg + + — P9 Xg +
2T 2T
, , (1-T) pixiy (-1+T) pspiexip
P6 P9 Xg Xg — Pg Xe Xg + P5 X19 — P5 X5 X19 + P5 P1o X5 X109 + g + ,T

in[-]:= Factor@Together [FI@pli[K]]

Out[«]=
(-1+T)*>T* (5-4T+5T?)

(2-3T+2712)°
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m[-1--= K=Knot[3, 1]; {Cs, ¢} = Rot[K]; n = Length[Cs];
v = {1v = 0}; writhe = TotaleCs[All, 1];
Do[Cs /. {{s_, k, J_} = AppendTo[v, 1lv +=s], {s_, i_, k} > AppendTo[v, 1v -=5s]}, {k, 2n}];
eqp = pli[K];
eqpl = CF [eqp /. Flatten@{{xz n+1 = P15 P2ns1 = X2ns1}s
Cs /. {s_Integer,i_, j_}» {x;» -T"p, 4 (1-1°) T p,,+ 70 py,
xi»-T"Tp 7T, p o T, p;i - 7= Xj}}]i
eqp2 = CF[pli[FlipeK] /. T T];
FI /@ {eqp, eqpl, eqp2}
Out[-]=
(-1+T)2T? (1+T7) (-1+T)2 (1+T?) (-1+T)2 (1+7?)

(- - - }

(1-T+T2)3 (1-T+T2)3 (1-T+12)°

ol 1~ CF[eqpl[1] - eqp2[1]]
out[e]=

w1~ CFleqpl[2] - eqp2[2]]
Out[~]=

1 2y 2.2 T2 » 1 2
—1+(1+T)p1x1—p4x1—Tp5x1+£(—T—T)p1x1+T p1p2x1+5(—1+T)p1p4x1+

NP

1
(1-T) Pixi+Tp1P5Xi—T2P2P5Xi+£ <—T+T2> P2 X3~ P1 Xz +P3Xo+ TPy X3 +P3X;—

1 1 1
PsXs = TPrXs+ (-1-7) pix§+T2p1p4x§+£ (-1+T) p3p6x§+5 (1-T) p2x3+

2 2 , 1 2\ 2.2 1 2
TpiprXx3-T P4P7X3+£(*T+T)p7X3+P4X4+£(1+T)P1X1X4*TP1P2X1X4*

1
P1p4X1X4+PAZ;X1X4*P1P5X1X4+TP2p5X1X4+5 (1-T) p2xg Xq + TPy Xs — Pa Xs —

1 1
Tp3x5+p5x5+£ (1+T) PiX2X5+p§X2X5—P1p3X2X5+£ (1-T) p3 X2 Xs — P2 Ps X2 Xs -
1 2 2,2 1 2,2 2 1 2 2,2
Tp1p6X2X5+Tp3p6X2X5+£<—T—T>p1X5+£(1—T)p2X5+Tp1p3X5+£(—T+T)p3X5+

1
(-1+T) P2P5X§+T2P1P6X§*T2P3P6X§*P1X6+p7X6+E (1+T) pi X3 Xe -

N

1
Tplp4X3X6’p3p6X3X6+péX3X6’p1p7X3X6+Tp4p7X3X6+£ (1-T) p5x3 X

in[-]-- FIQREQP[eqpl[1], eqpl[2] - eqp2[2]]
Out[e]=
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il-]- Monitor [sum = @; Do[

{Cs, ¢} = Rot[K]; n =Length[Cs];

v = {1v = 8}; writhe = Total@Cs[All, 1];

Do [

Cs /. {{s_, k, 7_} - AppendTo[v, 1v +=s], {s_, i_, k} :» AppendTo[v, 1v -=5s]}, {k, 2n}];
eqpl = CF[p1i[K] /. Flatten@{{Xan.1 > P1s Pans1 > X2ne1}s
Cs /. {s_Integer,i_, j_ }» {x;»-T"Tp, s (1-7°) Tl p, 71T py,
Xi» =T Tp  + Tl py, p o TV x;, py 5 TV x;}}]s

eqp2 = CF[pli[FlipeK] /. T T'];

sum += Simplify[eqpl[1] == eqp2[1]] A FI@eqpl == FIeeqp2,

{K, AllKnots[{3, 7}]}
] (K, sum}]; sum

Out[]=
14 True

in[-1~ Monitor [sum = @; Do

{Cs, ¢} = Rot[K]; n =Length[Cs];

v = {1v = 0}; writhe = TotaleCs[All, 1];

Do [

Cs /. {{s_, k, 7_} - AppendTo[v, 1v +=s], {s_, i_, k} > AppendTo[v, 1v -=5s]}, {k, 2n}];
eqpl = CF [P1i[K] /. Flatten@{{xz n+1 = P1s> P2n+1 2 X2ns1lds
Cs /. {s_Integer,i_, j_ }» {x;»-T"Tp, s (1-7°) Tl p, 71T p,,
Xi» =TT p 1+ T py, py s TV x;, pj» TV x;}}]s

eqp2 = CF[pli[FlipeK] /. T T'];

sum += Simplify[eqpl[1] == eqp2[1]] A FIQEQP[eqpl[1], eqpl[2] - eqp2[2]] == O,
{K, AllKnots[{3, 7}]}
] (K, sum}]; sum

Out[«]=
14 True

Palindromicity for p,

mil= CF[=(Xi (Pi - T* Pisr+ (T°-1) Pjar) + X5 (Pj - Pjea) ) /-
{Xj - -1 Pj:1 + (1 - Ts) T Pias + T Py, Xg » =T pia + T py, pi» T xy, p; - T Xj}]

Out[]=

TPy pras - T ply + T prpry - T7 Pij “P1Xi+P1iXi - P1Xj+T 7 (=1+T%) proy X5+ T 7 pag X5

imi-1- Q = CF@PowerExpand |- (X; (Pi-T° pisa+ (T°-1) pju1) + X5 (Pj-Pje1) ) /- {123, 31, ToT}]
Out[~]=
“PiXi+PriXi+T 7 (=1 +T°) prag Xy —pj X3+ T ° P1.j X5

in[-1:- Clear[s, i, j1; CF[s'1 ris, i, j1]

Out[e]=
} } s 2 E S 2,2 2
—2+DiXi—Pin+2 (—1+T)pipjxi+2 (1-T7) pj Xi - Pi P Xi Xj + Pj Xi Xj
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il - CFePowerExpand [Plus [
rals, 1, 31 7 {x5 5 =T pyaa+ (1-T°) T pia + T py,
Xi > =T pig + T py, ps > T7x, py» T8 x5},
-ris, j, i1 /. T Tt

1/s]

Out[«]=

1
plxi—pmxi—T’splxj+pixj+T’$p1+ixj—pjxj+£T’s<—1—Ts>pixixj—
2 1 -s s 2 -s
PiXin+P1P1+iXin+£T (1-T7) P1.i Xi X§+PiPjXiXj+T 7 P1P1igXi X5 -

TS } -2s s 2.2 E -s s 2,2 -s 2
P1+iP1+inXj+2T (1+T)P1Xj+2T (1-T") pi X5 - T 7 p1P1:i X3 +

;T“ (C10T9) PR s = T (L1 T5) i py - T2y iy i T2 s pruy 8
mi-1-= K=Knot[3, 1]; {Cs, ¢} = Rot[K]; n = Length[Cs];
v = {1lv = 0}; writhe = Total@Cs[All, 1];
Do[Cs /. {{s_, k, J_} = AppendTo[v, 1v +=s], {s_, i_, k} > AppendTo[v, 1v -=s]}, {k, 2n}];
eqp = p1i[K];
eqpl = CF [eqp /. Flatten@{{xz n+1 = P15 P2ns1 = X2ns1}s
Cs /. {s_Integer, i_, j_} = {x; - T p e (1-T1°) ™ p,, + TV p
xi » =TT p + T p, py 5 TV xy, py» T7VI0 x;}}]s
eqp2 = CF[pli[FlipeK] /. T T];
FI@QEQP[eqpl[1], eqpl[[2] - eqp2[2] ]
CF@EQP[eqpl[[1], eqpl[[2] - eqp2[2] ]
diff = CFePlus [Sum[

1

S(P1X1-P1+1X1-T_SP1XJ’+Pin+T_SP1+in-Pij+;T_S (-1-71°%) Pl X; Xj -

2 1 -s s 2 -s

PiXin+P1P1+iXin+;T (1-T%) pIi Xi X5+ Pi P5 X3 X5 + T° P1 Pa.j X5 Xj -

-s 1 -2s s 2,2 1 -s s 2,2 -s 2

T p1+ip1+jxixj+;T (1+T)p1xj+;T (1-T)pixj—T P1 P1.i X +

1 5 o2 2. 1 s 2 1-2s 2 125 2

;T (_1+T)p1+ixj+;T (=14 T%) pips X5 - T72° Py Prsi X + T72° Pras Praj Xj
/. Thread[{s, i, j} » Cs[k]l],

{k, n}]:
O Sum[y1[@[kD, k1, {k, 2n}]

]

CF[eqpl[2] - eqp2[[2] -diff /. (p | x)1 > O]
Out[«]=
%]
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out[e]=
EQP|-p1 X1+ TpaXy+ (1-T) ps X3 - P2 Xz +P3 Xz - P3 X3+ T psgXz+

(1-T) p7X3-PaXsg+PsXg+ (1-T) p3Xs - Ps Xs + T Pe X5 — Pg Xg + P7 Xe — P7 X7,

14 (147 1 2\ 2.2 12 2 1 2
-1+ (1+ )p1X1*P4X1*Tp5X1+2 (-T-T%) pixi+T p1p2X1+2 (=1+T) p1paxy+

(1-T) pﬁxi+Tp1p5xi—T2p2p5xi+E (-T+T2) p2x3 - p1X2+P3Xa+ TPy X3+ P3Xs-

N

1 1 1
p6x3—Tp7x3+£ (-1-72) pix§+T2p1p4x§+£ (-1+T) p3p6x§+£ (1-T) p2 x3 +

2 2 2 = 2y 2.2 1 2
Tpip7x3-T I94|97X3+2<—T+T>P7X3+P4X4+2(1+T)P1X1X4—TP1P2X1X4—

1
p1P4X1X4+p421X1X4*P1P5X1X4+szp5X1X4+£ (1-T) p2xqg Xq+Tp1Xs — Py Xs —

1 1
TP3X5+P5X5+£ (1+T) piX2X5+P§X2X5—P1P3X2X5+E (1-T) p X2 Xs — P2 Ps Xz X5 —

1 1 1
Tp1p6X2X5+Tp3p6X2X5+£(—T—TZ)D§X§+£(1—T)D§X§+TD1D3X§+£(—T+T2>p§X§+
2 12 2 12 2 1 2
(=1+T) p2psXs + T p1psXs - T P3P6X5—P1X6+p7xs+£(1+T)P1X3X5—

N R

1
TP1P4X3X6*P3P6X3X6+Péxaxs*P1P7X3X6+TP4P7X3X6+E (1-T) P§X3X6}

Out[e]=

1 1
(1+T) p1X1—p4X1—TP5X1+£ (-T-72) piX%+T2P1p2X%+E (-1+T) p1paxi+

1
(1-T) piXi+Tp1pSXi—T2pzsti+£ (-T+T%) p2x3 - p1Xa+P3Xa+ TPyXs+PsXs-

NP

1 1 1
P6X3*TP7X3+£ (-T-7%) PiX§+T2P1P4X§+£ (-1+T) P3P6X§+£ (1-T) pgx;+

2 12 » 1 2y 2.2 1 2
Tpip7x3-T P4P7X3+£ (-T+T%) p7X3*P1X4+p5X4+E (1+T) py X1 Xa—TPp1pPaXyXa-

1
P1p4X1X4+Pz2;X1X4—P1p5X1X4+TP2p5X1X4+5 (1-T) p2xg Xq + T p1 Xs - Pa Xs -

1 1
TP3X5+p5X5+E (1+7) pinxs+p§szs—p1p3szs+£ (1-T) p3 X2 Xs — P2 Ps Xz Xs —

1 1 1
TP1P6X2X5+TP3P6X2X5+£ (‘T—T2> PiX§+£ (1-T) P§X§+TP1P3X§+£ (‘T+T2) p3 X5 +

1
(-1+T) P2P5X§+T2P1P6X§*T2P3p6X§*P1X6+P7X6+E (1+T) p?x3Xe -

N

1
TP1P4X3X6—p3p6X3X6+péX3X6—P1P7X3X6+TP4P7X3X6+£ (1-T) p3x3 e

Out[«]=
-1+ paXg-PsXg
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in[-]:= Q

Out[e]=

“PiXi+P1iXi + T % (=1+T%) Py X5 - P X5+ T °Pr.g X5

in[-]:= Cs

Out[«]=
{{-1, 4, 1}, {-1, 6, 3}, {-1, 2, 5}}

in-1:= @ = x3 X; pj; fl = CF [0, O + 0 04, Q]
Table [FI[EQP[-pi Xy + TpaXs + (1 -T) psXg - P2 Xa+P3Xa —P3 X3+ TpPaXz+ (1-T) p7 X3 - PaXa+PsXg+
(1-T) p3s X5 - Ps X5 + T ps X5 = Ps X6 + P7 X6 = P7 X7, 111, {i, 7}, {3, 7}1 // MatrixForm
Out[«]=
2 2
2p5 Xi - Pi Pj Xi + P1.i Py X

Out[-]//MatrixForm=

0 0 0 0 0 0 0
0 0 0 0 0 0 0
2 (-1+T)2 2 (-1+T)2 2 (-1+T)2 2 (-1+T)3 2 (-1+T)3 9 0
- 2 - 3 - 3 3 3
(1-T+72) (1-T472) (1-7472) (1-7+72) (1-T472)
0 0 0 0 0 0 0
2(-1DH) T 2(-+DT* 21+ TP 2 (-L+D) T 2 (-1+T) T 2 0
(1-T+72)2 (1-T+72)3 (1-1+72)3 (1-T+72)? (1-T+72)3
0 0 0 0 0 0 0
0 0 0 0 0 0 0

ii-]- List @@ Expand [ (Xi + Xy + Xi,1 + X4,1) °]
Out[«]=

2 2 2 2
{Xi; 2 X3 X144 X1uis 2Xi X4, 2 X144 X5 X35 2 X4 X145 2 X141 X1435 2 X§ X149, X1+j}

iml-]- ders = FlatteneTable[{v, fo, f1} » CF[f10,f0 +f1fea,Q],
{v, {1, x3}}, {f0, List @@ Expand[ (x; +X3)*] }, {1, {Ps, P3}}]

Out[-]=
{{xi, x3, pi} > 2ps xs - pI xF +ps pros X3, {Xi, X3, P5} > 2Py Xs - Pi P X + Pr.i P5 X5,
{Xi, 2Xi Xy, Pi} ﬁzpixjfzpixixj*zpi P1+i Xi X5,
{Xi> 2Xi X5, Pj} > 2PjXj—2Pi PjXi Xj +2P1si P§ Xi X5, {Xi: X?: Pi} > -pi X§+Pi P1:i Xi,
{x15 %5, Py} > =PiP3 X§ + P15 X35 {Xg5 XE, Pi} > T (1 +T°) pspras X3 - piPy X5 + T ° s Prag X35
{X5, X3, p3} > T (=1+T°) prips Xi -3¢ + T7° py prj X3,
{X5, 2Xi X§, Pi} 2 2Pi Xi + T 5 (=2+2T%) pi P1.i Xs X5 -2 P31 P§ X3 X5 + 2T ° p3 P1.§ X3 X5,
(X5, 2X3 X4, P33 > 2P5 X5 + T2 (=24 27T%) proi P Xa X5 - 2P3 X5 X5 +2T7° Py prj X; X,
{X5, X3, Pi} > 2pi X3+ T° (=1 +T%) ps prus X5 - p1 3 X5 + T7° ps pr.j X5,
{%5, X3, P35} > 2p5 X3+ T° (=14 T%) proy py x5 - p3 x5 + T°° py pr.y x5}
in[-]:= Table[
Simplify@FI[EQP[-p1 X1+ Tpa Xy + (1-T) PsXg - P2 Xz +P3 X2 -P3Xa+TpgXs+ (1-T) p7 X3 - pg Xg +
PsXg+ (1-T) p3Xs - Ps Xs + T P X5 - Ps X6 + P7 Xg = P7 X7,
d/. {s-»-1,i-2, j»5}]], {d, Last /@ders}]
Out[-]=

{0,0,0,0,0,0,0,0,0,0,0, 0}
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in[-]-= Last /@ders
Out[e]=
2,2 2 2 2 2
{2pixi -~ pi X5 + Pi Pri X§s 2P3 X — P Pj Xi + P1ai Py Xi, 2Pi X5 - 25 Xi X5 + 2 Pi Pai Xi X,
2,2 2 2 2
2p§ X5 -2Pi PjXi X5 +2P1.i PjXi X5, —Pi X§ + Pi P1ai Xj» —Pi Pj X5 + P1+i P X5,

T (-1+T%) pipri X} -PiPy X + T opipry X, T° (-1+T%) pripyxd - p3x3 + T °pypryxi,

2piXg +T7° (=2+2T%) pi P1oi Xi X4 - 2Pi Pj Xi X5+ 2T7° pi P1.j Xi X4,
2pyxg + T (=2+2T°%) pros PjXs X5 - 25 X5 X5+ 2T py pa.g Xg X5,
2pi Xy +T7° (-1+T°) ps p1+iX§*Pi Py X§+T_S Pi P1+j X;:

2pyxg+T° (=1+T°%) pry pyx5 - p5 x5+ T° pyprg X5}

imi-1=  Module[{i, J, k},
AllMonomials[{}, O] = {1};
AllMonomials[{}, d Integer] /; d >0 := {};
AllMonomials[{v , vs }, d Integer] :=
Joinee Table[v’ " AllMonomials[{vs}, k1, {k, @, d}];
AllMonomials[vs List, {d_}] := Joinee Table[AllMonomials[vs, k], {k, @, d}];
Basis[js_List, m_] := Flatten@Outer[Times,

AllMonomials [Table[p;, {j, js}1, m], AllMonomials [Table[x;, {j, js}1, m]];
Basis[js _List, {m_}] := Flatten@Table[Basis[js, k], {k, @, m}];
GenericCombination[bas_, c_] := bas.Table[c;, {j, Lengthebas}];
GenericCombination[bas_, c_ki] 1= bas.Table[c,, , {j, Length@bas}];

]

in[-]:= Basis[{i, j}, 2]
Out[e]=
2,2 2 2,2 2 2 2,2 2 2,2
{pi Xi> PiXiXj, PiXj, PiPjXis PiPjXiXy, PiPjXj, PjXis PyXiXj, Pj Xj}

in[-]:= Table[Coefficient[r, b], {r, Last /@ders}, {b, Basis[{i, j, i+1, j+1}, 2]}] // MatrixForm

Out[+]//MatrixForm=

-1 © 00 0 00000 0 O 00 0 00000 1 0 00 (
O © 00 0 00000 -1 0 00 0 00©0O0O0 0 0 0 0 (
@ -2 00 0 00000 0 0 00 0 00000 0 2 0 0 (
O O 00O O 00000 0 -200 0 00000 0 0 0 0 (
@ © 00 -100000 0 0 00 0 00000 0 0 0 0 i
© © 00 0 00000 0 0 00 -100000 0 0 0 0 (
O © 00 O 00O0OOO -1 0 00 0 00OOOOT® (-1+T° 0 0 0 (
O O 00O O 00000 0 0 00O O 00000 0 0 00 (
O © 00 0 00000 0 -200 0 00000 0 T°(-2+2T%) 0 © (
O © 00 0 00000 0 ©0 00 0 00000 0 0 0 0 (
O 0 00 0 00000 0 0 00 -100000 0 0 0 0 T° (-
O © 00 0 00000 0 ©0 00 0 00000 0 0 0 0 (
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iml-1- vans = CF /@ (

out[e]=

RowReduce |
Table|
Coefficient[r, b] /. (p|x) -0,
{r, (Last /@ders) U {Xi.1 Pi1 * Xj.1 Pjs1 = Xi Pi = Xj Pj5 Xi,q Pi,q +X5,q P3,q - X5 p3 - %5 p}}s
{b, bas = Basis[{i, j, i+1, j+1}, 2] UBasis[{i, j, i+1, j+1}, 1]}

]

].bas

1
{Pi Xi + T (=1+T%) ps Prai Xi X§ = P1oi P4 Xi X5+ T°°p3 Praj Xy Xj+5T75 (-1+T%) p1.iPj X?*

=

*p§XJ+ET Pj P1.+g X 3: Py Xy + T (- 1+TS)P1+iijin—P;XinJrT*Spjpthin;

PiXE - PIi X3+ PIXS - Pl Xi gy PiPLiXt - PLiXG s+ T2 (2-2T°) pipriXg XJ'

2p1.i Py Xi X5~ 2T PiPag Xa Xy + T (1-T%) pros s X5 + 2p5 X5 = T7° Py prg X~ P1j X155
PiPiXs - T o piprgXs+ T2 (1-T%) plyxi  +T2% (-2+4T°-27T%%) piprixs xj+

T (-242T%) prapyxa Xy + T2 (2-27%) piprg XXy + T2° (<14 2T° - T2%) py s pyxf+
TS (72 27%) p5 X+ T72° (1-T%) pypry X3+ T7° (1-T°) pi 5 xi.5,

PLiPiXs - Topiprg Xi+T° (1-T°) piixi,  +T2° (-2+4T°-2T2%) psprs X; X +
ijxixj+T 25 (2-2T°) piPryXa X5 - 2T Py prag Xy X3+ T2% (=1+2T° - T2%) pys py X5 +
T® (-2+2T°%) pixj+T72° <1—TS> P P13 x2-+T*S (1-T°) pi.gyXigs

N

PIXE+ T 2% (1-T%) Py prg X3 - T pyprgxd + T2° (m1+2T°-T2%) p? ;X3 5 +

T35(2 6T +6T25 - 2T35) PiProi Xi X5+ T° (~2+27T%) pixg xy+
S( +4T572T25> pip1+inXj+T_25 (2*2T>pjp1+inXj

T35 (1-3T2+3T2° - T2%) pripy x5+ T2° (2-4T°+2T2°%) pixd +

T35 (-1+2T°-T2%) pyprg X+ T2° (-1+2T°-T2%) pi 5 xi 5,

PriiXeei+ T 5 (=1+T%) PiPrai Xi X5 - Prei Py Xi X5+ T °P3 Prag Xg X5+ T° (=1 +T%) pp,j pj X
2,2 -s 2 1 -s s 2 1 2 1 -s

Pj X5+ T 7 P5P1:j X3 + P14g X145 Pin+£T (*1+T)Pip1+in*EP1+inXj+£T Pi P1.j X

1 -s s 2 1 2,2 1 -s
ijj+£T (_1+T)p1+ipjxj_£pjxj+£T Pj P1.§ Xj»

1 1
PE X1 Xj — Pi P1oi Xi X§ + E T (-1+T%) ps pras X§—£ P1.i P X§+£ T7° psi P1.j X

1
'+7T Pj P1+j
2 J iX

N

1
Pi P§ Xi Xj = P1+i Pj Xi Xj+£T75 (-1+T°%) p1.i P X§’ Pi §

pi X5 - ps Proi X5, Pi Py X5 - Proi Py X }

in[-]:= Table[Simplifye

Out[«]=

FI[EQP[-p1 X1+ TpaXy + (1-T) Ps X3 -P2X2+P3 X2 -P3 X3+ TPgXz+ (1-T) p7 X3 - PaXg+PsXg+
(1-T) p3Xs - PsXs + T Ps Xs - P X6 + P7 Xe = P7 X7, d /. {s->-1,1i-2,j-5}]], {d, vans}]

{0, 0,0,0,0,0,0,0,0,0,0,0,0, 0}
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