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Pensieve header: Computing and playing with $\rho_1$ in the language of perturbed Gaussian
Integration.

Programs

in[-1:=  SetDirectory["C:\\drorbn\\AcademicPensieve\\Projects\\APAI"];
Once[<< KnotTheory™ ; << Rot.m];

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

Loading Rot.m from http://drorbn.net/APAI to compute rotation numbers.

in[-1:= CCF[&_ ] := ExpandDenominator @ExpandNumerator@Together[&];
CF[& List] := CF/@&; CF[& EPD] := CF /@ &3
CF[&. ] := Module[{vs = Cases[&, (x|p) , »] U{X, P}, ps, c},
Total[CoefficientRules [Expand[£], vs] /. (ps_-c_) » CCF[c] (Timeseevs™)] |;
CF[eqp_EQP] :=CF /@eqp

m(-]:= EQP /:c_+EQP[Q_, P_] :=EQP[Q, CF[cP]];

mi-1= {P*s X'} = {m, €}; (2z_; )" i= (2")y; vs_List* i= (v > V') /@vs;
Zip[&5] 1= &5
Zip;, ,s 181 := (Collect[s // Zipey, 2] /. f_. 2% = (D[f, {Z*, dy1)) /.z*>e

in[-1:=  FLI[EQP[Q_, P_11 := FI[EQP[Q, P], Unione@Cases[Q, p , =], Union@Cases[Q, X , ©]];
FI[EQP[Q_, P_], ps_List, xs_List] := Module[{u, v},
A = Table[8,,,Q, {u, ps}, {v, xs}];
Factor [Det [A]™* Zip, . [P @ R "’5*] 11

0o Tests

in[-]:= POL[K_] := p@i[K, False]; p@i[Flip@K ] := p@i[K, True];
POi[K_, flip_] := MOdUIe[{CSJ @, n, s, i, j, k, vs, Q, Qp},
{Cs, ©} =Rot[K]; n = Length[Cs];
If[flip, Cs = Cs[All, {1, 3, 2}T; ¢ = -¢];
Q= -P2n:1X2ne15 QP = 0;
Cases[Cs, {s_, i_, j_} =
(Q-=x; (Pi =T pisa+ (T°-1) pjaz) + X5 (P = Pjua) 3 QP == ST1x; (Pjaa - Pina) ) |5
EQP [Q, _T(Total[q;]+Total[Cs|IA11,1]]])/2 QP _
(Total[¢] + Total[Cs[All, 1]]) T(Total[q)]+Tota1[Cs[[A11,1]]])/2—1/2]

];
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n[-1-= K=Knot[8, 17];
Factor[dr (Alexander [K] [T]™") ]

KnotTheory: Loading precomputed data in PD4Knots'.

Out[]=
(-1+T) T2 (1+T) (1-T+T?) (3-5T+3T?)

(1—4T+8T2—11T3+8T4—4T5+T6)2

m[-1:= K=Knot[3, 1]; {Cs, ¢} = Rot[K]; n = Length[Cs];
v ={lv = 0};
writhe = TotaleCs[All, 1];
Do[Cs /. {{s_, k, J_} = AppendTo[v, 1v +=s], {s_, i_, k} > AppendTo[v, 1v -=s]}, {k, 2n}];
eqp = p@i[K];
eqpl = T CF[eqp /. Flatten@{{X;n.1 - P1> P2ns1 = X2ns1}»
Cs /. {s_Integer,i_, j_ }» {x;»-T"Tp, s (1-7°) Tl p, 4+ 751 p,,
xi»-TTp  + T p, p» TV x;, pj 5 T x}}]s
eqp2 = CF[p@i[FlipeK] /. T T];
FI /@ {eqp, eqpl, eqp2}

Out[]=
(-1+T) (1+T) (-1+T) (1+T) (-1+T) T2 (1+T)

(- o : )

(1-T+12)? (1-T+12)? (1-T+12)?

i1~ CFleqpl[1] - eqp2[1]]
Out[~]=
0

il 1= CF[T? eqpl[2] +eqp2[2] ]
out[e]=
2 .3 3 2 2 3 3
3T+ T paXs -T ps Xy ~Tp1Xo+ TPsXg+ T p1 X3 - T p3 X3+ T pgX3 T p7 X3~
TP1Xa+ TPy Xa+T?p1Xs—T> p3Xs — T2 psXs + T2 P Xs — TPy Xg + T P3 X + T2 p1 X7 — T2 p7 X7

i - FI@EQP[eqpl[1], T eqp1[2] + eqp2[[2] ]

out[e]=
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o7 Tests

nf-]:= Pe[s_, 1 _, J_1 :=
s (-1+2pixi-2pjxi+ (-1+T5) pipj X+ (1—T5) p?x%-zpipjxixj+2p§.xixj)/2,'
Yilo s k.1 := 9 (1/2-prX);
pli[K ] := pli[K, False]; pli[Flipe@K ] := pli[K, True];
pli[K_, flip_] := Module[{Cs, ¢, n, s, i, j, k, vs, Q, P},
{Cs, ©} =Rot[K]; n = Length[Cs];
If[flip, Cs = Cs[All, {1, 3, 2}]; ¢ = -0];
Q = -Xzn41 P2ns1s
Cases[Cs, {s_, i, J }» (Q-=%; (Pi-T pisa+ (T°-1) psa) +X5 (P5 - Pja1) ) ]

P =Sum[r;@eCs[kl, {k, n}] +Sum[y;[e[kl, k1, {k, 2n}1];
CF@EQP[Q, T (Total[v] +Total [CS[A11,1]]) /2 P]

[E

in[-]:= K =Knot[5, 2];
p1i[K]

Out[]=

X2 = (P3 — Pa) X3 -

p3 1
EQP{—((pl—pz) X1) - (Pz*?Jr (*1+j|_) Ps

1 Ps
1+ pyepa-—
T T

1 P9
M.
T T

p7 1
X4 - (Ps—Ps) Xs = [Pg—— + | -1+ — | P1o
T T

Xe = (P7 - Pg) X7 —

1 P11

Xg = (Pg ~ P1e) X9 - ((—1+jl_) Ps + P1o — — | X1e — P11 X11»

1 1
1+ 2 ps X1 — 2 P10 X106 — 2 P2 X5 X16 + 2 P5 P16 X5 X10 — [1*_}) pE x2q - [*1+er Psplexie)

1 1 1 ) 1 - 1 )
— [** +PaXg+— (1+2P1X4*2P4X4*2P1X1X4+2P1P4X1X4* (1**J P1Xg - (*1+*] P1PaXg| +
T3 2 2 T T
1 1 2 1y 5, 2
1-2pyx;+2p7X;— | -1+ p2p7X; - |1~ p7 X3 + 2 P2 P7 X2 X7 =2 P57 Xo X7 | +
2 T T
1 1 y 1 )
E(1+2p3X8_2p8X8_2p3X3X8+2p3p8X3X8_(1_}]p3xs_(_1+;]p3p8X8 - P9 Xg +
1 1 2 1y 5 2
5 1-2pgXe+2PpgXe - *1+T Ps Po Xg - 17T Ps Xg + 2 Ps Po Xe X9 — 2 Py Xe X9 | + P10 X10 +
1(
2

}

in[-1:= Factor@Together [FI@pli[K]]

Out[«]=
(-1+T)?>T (5-4T+5T?)

(2-3T7+2712)°
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mn[-1:= K=Knot[3, 1]; {Cs, ¢} = Rot[K]; n = Length[Cs];
v = {1lv = 0}; writhe = Total@Cs[All, 1];
Do[Cs /. {{s_, k, J_} = AppendTo[v, 1lv +=s], {s_, i_, k} > AppendTo[v, 1v -=5s]}, {k, 2n}];
eqp = pli[K];
eqpl = Trithe cF [eqp /. Flatten@{{xz n+1 = P15 P2ns1 = X2ns1ls
Cs /. {s_Integer,i_, j_ }» {x;»-T"Tp, s (1-7°) Tl p, , + 71T py,
Xi» =TT p e T py, pyo TV g, py o TVEI 1Y 5
eqp2 = CF[pli[FlipeK] /. T T];
FI /@ {eqp, eqpl, eqp2}

Out[e]=
(-1+T)%T (1+71?) (-1+T)%T (1+7?) (-1+T)%T (1+7%)

¢ - - }

(1-T+7%)° (1-T+7%)° (1-T+72)°

in[-]:= CF[eqpl[1] - eqp2[1]11]

Out[e]=

iml-J:= CF[eqpl[2] - eqp2[[2]]

Out[«]=
1 1
—T+(T+T2>p1X1—Tp4X1—T2p5X1+£(—TZ—T3>piXi+T3p1p2X§+E(—T+T2>p1p4xi+
1 1
;(T—T2>pﬁx§+T2p1p5x§—T3p2p5x§+£(—T2+T3)pgxi—Tplxz+Tp3x2+T2p1x3+Tp3x3f
2 1 2 13y 2.2 o3 » 1 2 2 1 2y 2.2

Tpexs-T p7x3+5(—T T pixs+ T p1p4x3+5(—T+T>p3p6x3+£(T—T)p6x3+
2 2 3 2 1 2 73y 2.2 1 2\ 2 2
T°piprx5-T p4p7x3+£(—T +T)p7x3+Tp4x4+£(T+T>p1x1x4—T P1 P2 X1 X4 —
TP1P4X1X4+TP421X1X4—TP1P5X1X4+T2P2P5X1X4+E(T—T2>P§X1X4+T2P1X5—TP2X5—
2 1 2\ 2 2 2y 2
TP3X5+TP5X5+£(T+T)P1X2X5+TP2X2X5*TP1P3X2X5+E<T*T)P3X2X5*TP2P5X2X5*
2 2 1 2 43y 2.2 1 2y 2.2 12 2 2 13y 2.2
T?P1Ps X2 Xs + T2 P3P Xa X5 + — (=T —T)p1x5+£<T—T)p2x5+T p1p3x5+£(—T +T°) p3 x5 +
1 1
E(—T+T2)p2p5x§+T3p1p6x§—T3p3psxg—Tp1x6+Tp7x6+E(T+T2)pix3x6_
2 2 2 1 2\ 2
T"P1PaX3Xe—TP3PeX3Xe+TPgXsXe—TpP1pP7XzXe+T P4P7X3X6+£<T—T)P7X3X6

in[-]:= FIQEQP[eqpl[1], eqpl[2] - eqp2[2]]

Out[«]=
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il-]- Monitor [sum = @; Do[

{Cs, ©} = Rot[K]; n = Length[Cs];

v = {1v = 8}; writhe = Total@Cs[All, 1];

Do[Cs /.

{{s_, k, 7_} = AppendTo[v, 1v +=s], {s_, i_, k} > AppendTo[v, 1v -=5s]}, {k, 2n}];
eqpl = T CF [p1i[K] /. Flatten@{{Xzn.1 = P1, P2ns1 > X2nu1}s
Cs /. {s_Integer,i_, j_}» {x;»-TTp, 4 (1-7) T p, 4+ 700 py,
Xi»-TUp, Tl p, p s TV, py» T x;}}];

eqp2 = CF[pli[FlipeK] /. T T];

sum += Simplify[eqpl[1] == eqp2[1]] A FI@eqgpl == FI@eqp2,

{K, AllKnots[{3, 10}]}
] (K, sum}]; sum

Out[«]=
249 True

il-]- Monitor [sum = @; Do[

{Cs, ©} =Rot[K]; n = Length[Cs];

v = {1v = 0}; writhe = TotaleCs[All, 1];

Do[Cs /.

{{s_, k, 7_} » AppendTo[v, 1v +=s], {s_, i_, k} :» AppendTo[v, 1v -=5s]}, {k, 2n}];
eqpl = Tt cF [P1i [K] /. Flatter"@{{xz n+1 = P1s P2ns1 2 X2ni1ls
Cs /. {s_Integer,i_, j_}» {x;»-T"p, s (1-7°) T p, 70 p),
Xi» =TT p 0+ T py, py» TV, py » TV x;}}]s

eqp2 = CF[pli[FlipeK] /. T>T'];

sum += Simplify[eqpl[1] == eqp2[1]] A FIQEQP[eqpl[1], eqpl[[2] - eqp2[2]] == O,
{K, AllKnots[{3, 10}]}
] (K, sum}]; sum

Out[e]=
249 True
Palindromicity for p,
ni1- CE[Tryls, i, 31]
Out[e]=

1 1
= ST +sT®pix;-STpyxs+—T° (-s+sT%) p;pjx; +
2 2

—T°(s-sT°) pixf—sT’spipjxixj+sT’5p§xixj
2
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il - CFePowerExpand@Plus[ry[s, i, j1 /. {x; - STy (1-T5) Tpy + TS py,
Xi» =T pia + T py, pi» T x;, p; - LI xj}’

ris, j, i] /. T 11

]

Out[«]=

-s -s -s S 2
~S+SP1Xi-SP1:iXi-ST " P1Xj-SpPiXy+sT p1+ixj+spjxj+£T (-s-sT7) py Xi Xj +

2 -s s 2 -s
SPiXin+SP1P1+iXin+£T (S=ST7) P1.i Xi X§ =S PiPjXiXj+ST 7~ P1P1.jXiXg-

-s } -2s s 2,2 = T-s s 2,2 -s 2
sT p1+ip1+inXj+2T (S+ST)p1Xj+2T (7S+ST)pin75T p1p1+in+

; T2 (-s+sT%) plyx5+ 5 T® (s-sT°) pipyX5—sT 2 p1pryX§+sT?°pripryX;
mi-1-= K=Knot[3, 1]; {Cs, ¢} = Rot[K]; n = Length[Cs];

v = {1lv = 0}; writhe = Total@Cs[All, 1];

Do[Cs /. {{s_, k, J_} = AppendTo[v, 1v +=s], {s_, i_, k} > AppendTo[v, 1v -=s]}, {k, 2n}];

eqp = p1i[K];

eqpl = T CF[eqp /. Flatten@{{X;n.1 - P1> P2ns1 = X2ns1}»

Cs /. {s_Integer, i_, j_} = {xj > VIl Pjaa + (1 _ Ts) T p, I p |
xi » =TT p T py, py 5 TV x, py 5 TVEI 1]

eqp2 = CF[pli[FlipeK] /. T T];

FI@EQP[eqpl[[1], eqpl[2] - eqp2[2] ]

CF@EQP [eqpl[1]l, eqpl[2] - eqp2[[2] ]

CF@Plus[Sum[{s, i, j} = Cs[kI;

-S+SPIXi-SPLiXi-ST P1Xj-SPiXj+ST PriXj+spjXj+—T° (-s-5T°) P2 Xi Xj +
2

2 -s s 2 -s
spixixj+sp1p1+ixixj+ET (s—sT)p1+ixixj—spipjxixj+sT P1 P1+j Xi X5 -

s 1 2s s 2,2 1 s s 2,2 s 2
ST PriPLiXiXj+=T72% (s+sT°) pixj+=T7° (-5+5T°) pix§-5T°pypr.iXxj+

2 2

-2s s 2 2 1 -s s 2 -2s 2 -2s 2
;T ('S+ST)p1+ixj+;T (s-5T°) pipyXj - ST 2% prprej X5+ 5T prys Py X5,
{k, n}],
Sum[y;[o[IkD, k], {k, 2n}]

]

Out[«]=
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out[e]=
EQP{*P1X1+TP2X1+ (1-T) p5s X1 - P2 Xp + P3 X2 — P3 X3 + T pg X3 +

(1-T) p7X3-PaXsg+PsXg+ (1-T) p3Xs - Ps Xs + T Pe X5 — Pg Xg + P7 Xe — P7 X7,

1 1
ST+ (T+T?) plxlpr4x1—T2p5x1+£ (-12-17) pix§+T3p1p2xi+£ (-T+T%) pypaxi+

1
(T—Tz) Pixi+T2p1P5Xi—T3P2p5X%+E (—T2+T3) PeXi-Tp1Xo+TPsXy+T?py X3+ Tp3Xs—

N

1 1 1
Tp6x3—T2p7x3+5 (-12-71°) pix§+T3p1p4x§+£ (-T+7?) p3p6x§+£ (T-T%) pg x5 +
2 2 13 2 2 13\ 2.2 1 2\ 2 2
Tp1p7X3—T p4p7X3+£<—T +T)p7X3+Tp4X4+£<T+T)p1X1X4—T P1 P2 X1 Xg4 —

2 2 1 2\ 2 2
TP1PaXyXa+ TPy XyXe-TpypsXyXg+T p2P5X1X4+£ (T-T%) psxaxs+T°p1Xs - TpyXs -

1 1
T2p3x5+Tp5x5+£ (T+72) pixzxs+Tp§x2x5—Tp1p3x2x5+E (T-T2) p3xaXs - TpspsXaXs -

1 1 1
T2p1p6x2x5+T2p3p6x2x5+5 (-12-7°) p§x§+5 (T-71%) p§x§+T2p1p3x§+£ (-T2+7%) pixd +

N R

1
(-T+T1%) Pz|95X§+T3P1P6X§—T3P3P6X§—TP1X6+TP7X6+E (T+T%) pixs X6 -

1
TZP1P4X3X6*TP3P6X3X6+TPEX3X6*TP1P7X3X6+T2p4P7X3X6+E (T-T1%) P§X3X6]

Out[e]=
5

1 1
£+ (-1+T) p1X1+p4X1—Tp5X1+E (-1-7%) piX%+T2P1p2X§+E (1-T) p1paxi+

NP

1
(-1+T) piX§+Tp1DSX§—T2pzDSX§+£ (-T+T2) p2x3 - p1X2+P3Xa+ TP1X3—P3Xs+

1 1 1
PsXs = TprXs+ (-1-7) p%x§+T2p1p4x§+£ (1-T) P3P6X§+£ (-1+T) pg x5+

2 12 » 1 2y 2.2 1 2
Tpip7x3-T P4P7X3+£ (-T+T%) p7X3*P1X4+p4X4+P5X4+£ (1+T) py X1 Xq -

1
Tp1p2X1X4+p1p4X1X4—piX1X4—P1p5X1X4+Tp2P5X1X4+£ (1-T) p2xqxq+Tp1Xs+

1 1
p2X5—Tp3X5—p5X5+£ (1+T) piXZXS_pg)(ZXS_plpSXZXS"'; (1-T) p5 xa Xs +

1 2y 22 1L 2 2 2
Pzpsxzxs—TP1P6X2X5+TP3P6X2X5+2 (—T—T>P1X5+2 (=1+T) paXs+TPpPyp3Xs+
1 2y 2.2 2 12 2 12 2 1 2
5 (-T+T%) p3X5+£ (1-T) p2ps X5+ T p1peXxs—T P3P6X5*p1X6+P7X6+£ (1+T) p1 X3 Xe -

1
TP1P4X3X6+p3p6X3X6—péX3X6—P1P7X3X6+TP4P7X3X6+£ (1-T) p3x3 e
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