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1 The central element ω

[X, a] = −γX [a, Y ] = −γY [X,Y ] =
A−1T−1 −AT

h

we set γ = h = 1. Here A = e−εa = 1−εa+ ε2a2

2 and XA = qAX and AY = qY A
with q = eε. We are looking for a central element ω = Y X+F (a, T ). It suffices
to check Xω = ωX. Since XF (a) = F (a− 1)X we must have

Xω = XYX+XF (a) = (Y X+A−1T−1−AT+F (a−1))X = (ω+A−1T−1−AT+F (a−1)−F (a))X = ωX

Provided that F satisfies the difference equation

F (a)− F (a− 1) = A−1T−1 −AT = eεaT−1 − e−εaT

For ε = 0 we see that we must have F (a) = (T−1−T )a. To deal with the general
case we first solve the easier problem g(a)− g(a− 1) = A−1T−1 = eεaT−1. The
easiest solution is g(a) = λeεa where plugging in reveals λ = (1−e−ε)−1 however
this is not suitable for nilpotent ε. Looking at the ε = 0 case we might do better
with a solution that starts like that. Let us now assume εN = 0 for some fixed
N ∈ N.

Our ansatz is F (a) =
∑N−1
k=0

fk(a)
k! εk. So for all 0 ≤ k < N we should solve

fk(a)− fk(a− 1) = (T−1 − (−1)kT )ak

Write fk(a) =
∑k+1
j=1 ck,ja

j so that

fk(a)− fk(a− 1) =

k+1∑
j=1

ck,j(a
j − (a− 1)j) =

k+1∑
j=1

ck,j

j−1∑
i=0

(
j

i

)
(−1)j−i+1ai =

k∑
i=0

k+1∑
j=i+1

ck,j

(
j

i

)
(−1)j−i+1ai = (T−1 − (−1)kT )ak

This means that for all i < k we have

k+1∑
j=i+1

ck,j

(
j

i

)
(−1)j−i+1 = 0 ck,k+1 =

T−1 − (−1)kT

k + 1
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For fixed k, finding the coefficient vector ck = (ck,1, . . . , ck,k+1) can be written

in terms of the (k + 1) × (k + 1) matrix M(k) with Mi,j =
(
j
i

)
(−1)j−i+1δj>i.

We need to solve Mck = (0, .., 0, T−1− (−1)kT )t, where the t means transpose.
For example the value of ω = Y X + F (a) to order 4 in ε is, so ε5 = 0, (N = 5):

ω = Y X+F (a) = Y X+a(T−1−T )+1

2
a(a+1)(T−1+T )ε+

1

12
a(a+1)(2a+1)(T−1−T )ε2

+
1

24
a2(a+ 1)2(T−1 + T )ε3 +

1

720
a(a+ 1)(2a+ 1)

(
3a2 + 3a− 1

)
(T−1 − T )ε4

2 A new normal form

In our YAX algebra we may use the central elements T, ω to write every power
series as

∑
n Pn(a)Xn + Y nQn(a). Here Pn, Qn are power series (or just poly-

nomials?) in a with coefficients polynomials in T, ω.
Using Y X = ω − F (a) we may rewrite

Y mXn =

{
Y m−n

∏|m−n|−1
j=0 (ω − F (a− j)) if m > n∏|m−n|−1

j=0 (ω − F (a− j))Xn−m if m ≤ n
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