
Dror’s Program

In[ ]:= Mk_[ℰ_] := Expandℰ /. ek → 1 - t ek + ek+1, ek+1 → t ek

In[ ]:= Table[Coefficient[M3[ej], ei], {i, 7}, {j, 7}] // MatrixForm

Out[ ]//MatrixForm=

1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 - t t 0 0 0
0 0 1 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1

In[ ]:= Table[ei // M2 // M5, {i, 7}] // MatrixForm

Out[ ]//MatrixForm=

e1
e2 - t e2 + e3

t e2
e4

e5 - t e5 + e6
t e5
e7

In[ ]:= Table[ei // M5 // M2, {i, 7}]

Out[ ]= {e1, e2 - t e2 + e3, t e2, e4, e5 - t e5 + e6, t e5, e7}

In[ ]:= lhs = Table[ei // M3 // M4 // M3, {i, 7}]

Out[ ]= e1, e2, e3 - t e3 + e4 - t e4 + e5, t e3 - t2 e3 + t e4, t2 e3, e6, e7

In[ ]:= rhs = Table[ei // M4 // M3 // M4, {i, 7}]

Out[ ]= e1, e2, e3 - t e3 + e4 - t e4 + e5, t e3 - t2 e3 + t e4, t2 e3, e6, e7

In[ ]:= lhs ⩵ rhs

Out[ ]= True

Leonard’s program

In[ ]:= δi_,j_ := If[i ⩵ j, 1, 0] (* Delta function*)

In[ ]:= δ7,7

Out[ ]= 1
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(Alt) In[ ]:= (*

αi,j is the i,j entries of the n x n matrix corresponding to the generator Ar,s,

1 ≤ r < s ≤ n, of the pure braid group.

*)

αi_,j_[Ar_,s_] := Which

s < i || i < r, δi,j,

s ⩵ i, 1 - ti δi,r + tr δi,j,

r ⩵ i, 1 - ti δi,j + ti δs,j + ti ts δi,j,

r < i < s, 1 - ti 1 - ts δr,j - 1 - tr δs,j + δi,j



(Alt) In[ ]:= Table[αi,j[A1,2], {i, 3}, {j, 3}] // MatrixForm

(Alt) Out[ ]//MatrixForm=

1 - t1 + t1 t2 1 - t1 t1 0

0 t1 0

0 0 1

(Alt) In[ ]:= Table[αi,j[A2,4], {i, 5}, {j, 5}] // MatrixForm

(Alt) Out[ ]//MatrixForm=

1 0 0 0 0

0 1 - t2 + t2 t4 0 1 - t2 t2 0

0 1 - t3 1 - t4 1 -1 + t2 0

0 0 0 t2 0

0 0 0 0 1

(Alt) In[ ]:= Table[αi,j[A2,7], {i, 8}, {j, 8}] // MatrixForm

(Alt) Out[ ]//MatrixForm=

1 0 0 0 0 0 0 0

0 1 - t2 + t2 t7 0 0 0 0 1 - t2 t2 0

0 1 - t3 1 - t7 1 0 0 0 -1 + t2 0

0 1 - t4 1 - t7 0 1 0 0 -1 + t2 0

0 1 - t5 1 - t7 0 0 1 0 -1 + t2 0

0 1 - t6 1 - t7 0 0 0 1 -1 + t2 0

0 0 0 0 0 0 t2 0

0 0 0 0 0 0 0 1

Checking the relations of the pure braid group

The relation   Ar,s Am,n Ar,s-1 = Am,n   if s<m   or  m < r < s < n.

In[ ]:= A23 = Table[αi,j[A2,3], {i, 7}, {j, 7}];

In[ ]:= A45 = Table[αi,j[A4,5], {i, 7}, {j, 7}];

In[ ]:= res1 = A23.A45.Inverse[A23];
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In[ ]:= Simplify[res1] ⩵ A45

Out[ ]= {1, 0, 0, 0, 0, 0, 0}, {0, 1, 0, 0, 0, 0, 0}, {0, 0, 1, 0, 0, 0, 0},

0, 0, 0, 1 + t4 -1 + t5, --1 + t4 t4, 0, 0, {0, 0, 0, 0, t4, 0, 0},

{0, 0, 0, 0, 0, 1, 0}, {0, 0, 0, 0, 0, 0, 1} ⩵ {1, 0, 0, 0, 0, 0, 0},

{0, 1, 0, 0, 0, 0, 0}, {0, 0, 1, 0, 0, 0, 0}, 0, 0, 0, 1 - t4 + t4 t5, 1 - t4 t4, 0, 0,

{0, 0, 0, 0, t4, 0, 0}, {0, 0, 0, 0, 0, 1, 0}, {0, 0, 0, 0, 0, 0, 1}

In[ ]:=

When    m < r < s < n

In[ ]:= A17 = Table[αi,j[A1,7], {i, 9}, {j, 9}];

In[ ]:= A35 = Table[αi,j[A3,5], {i, 9}, {j, 9}];

In[ ]:= res2 = Simplify[A35.A17.Inverse[A35]]

Out[ ]= 1 + t1 -1 + t7, 0, 0, 0, 0, 0, --1 + t1 t1, 0, 0,

-1 + t2 -1 + t7, 1, 0, 0, 0, 0, -1 + t1, 0, 0,

-1 + t3 -1 + t7, 0, 1, 0, 0, 0, --1 + t1 -1 + t3
2 - t3 t5, 0, 0,

-1 + t4 2 + t3 -1 + t5 - t5 -1 + t7, 0, 0, 1, 0, 0, -1 + t1 t3 + -1 + t4 -1 + t5,

0, 0, t3 -1 + t5 -1 + t7, 0, 0, 0, 1, 0, -1 + t1 t3, 0, 0,

-1 + t6 -1 + t7, 0, 0, 0, 0, 1, -1 + t1, 0, 0, {0, 0, 0, 0, 0, 0, t1, 0, 0},

{0, 0, 0, 0, 0, 0, 0, 1, 0}, {0, 0, 0, 0, 0, 0, 0, 0, 1}

In[ ]:= A17 ⩵ res2 (* This is not giving me true or false? *)

Out[ ]= 1 - t1 + t1 t7, 0, 0, 0, 0, 0, 1 - t1 t1, 0, 0, 1 - t2 1 - t7, 1, 0, 0, 0, 0, -1 + t1, 0, 0,

1 - t3 1 - t7, 0, 1, 0, 0, 0, -1 + t1, 0, 0, 1 - t4 1 - t7, 0, 0, 1, 0, 0, -1 + t1, 0, 0,

1 - t5 1 - t7, 0, 0, 0, 1, 0, -1 + t1, 0, 0, 1 - t6 1 - t7, 0, 0, 0, 0, 1, -1 + t1, 0, 0,

{0, 0, 0, 0, 0, 0, t1, 0, 0}, {0, 0, 0, 0, 0, 0, 0, 1, 0}, {0, 0, 0, 0, 0, 0, 0, 0, 1} ⩵

1 + t1 -1 + t7, 0, 0, 0, 0, 0, --1 + t1 t1, 0, 0,

-1 + t2 -1 + t7, 1, 0, 0, 0, 0, -1 + t1, 0, 0,

-1 + t3 -1 + t7, 0, 1, 0, 0, 0, --1 + t1 -1 + t3
2 - t3 t5, 0, 0,

-1 + t4 2 + t3 -1 + t5 - t5 -1 + t7, 0, 0, 1, 0, 0, -1 + t1 t3 + -1 + t4 -1 + t5,

0, 0, t3 -1 + t5 -1 + t7, 0, 0, 0, 1, 0, -1 + t1 t3, 0, 0,

-1 + t6 -1 + t7, 0, 0, 0, 0, 1, -1 + t1, 0, 0, {0, 0, 0, 0, 0, 0, t1, 0, 0},

{0, 0, 0, 0, 0, 0, 0, 1, 0}, {0, 0, 0, 0, 0, 0, 0, 0, 1}

When s<m

In[ ]:= A12 = Table[αi,j[A1,2], {i, 9}, {j, 9}]

Out[ ]= 1 - t1 + t1 t2, 1 - t1 t1, 0, 0, 0, 0, 0, 0, 0,

{0, t1, 0, 0, 0, 0, 0, 0, 0}, {0, 0, 1, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 1, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 1, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 1, 0, 0, 0},

{0, 0, 0, 0, 0, 0, 1, 0, 0}, {0, 0, 0, 0, 0, 0, 0, 1, 0}, {0, 0, 0, 0, 0, 0, 0, 0, 1}

Dror Bar-Natan: Academic Pensieve: People: Afeke: TestingBurau@1.nb 2019-12-01 08:44:33

http://drorbn.net/AcademicPensieve/People/Afeke/#MathematicaNotebooks



In[ ]:= A34 = Simplify@Table[αi,j[A3,4], {i, 9}, {j, 9}]

Out[ ]= {1, 0, 0, 0, 0, 0, 0, 0, 0}, {0, 1, 0, 0, 0, 0, 0, 0, 0},

0, 0, 1 + t3 -1 + t4, --1 + t3 t3, 0, 0, 0, 0, 0, {0, 0, 0, t3, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 1, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 1, 0, 0, 0},

{0, 0, 0, 0, 0, 0, 1, 0, 0}, {0, 0, 0, 0, 0, 0, 0, 1, 0}, {0, 0, 0, 0, 0, 0, 0, 0, 1}

In[ ]:= res3 = Simplify[A12.A34.Inverse[A12]]

Out[ ]= {1, 0, 0, 0, 0, 0, 0, 0, 0}, {0, 1, 0, 0, 0, 0, 0, 0, 0},

0, 0, 1 + t3 -1 + t4, --1 + t3 t3, 0, 0, 0, 0, 0, {0, 0, 0, t3, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 1, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 1, 0, 0, 0},

{0, 0, 0, 0, 0, 0, 1, 0, 0}, {0, 0, 0, 0, 0, 0, 0, 1, 0}, {0, 0, 0, 0, 0, 0, 0, 0, 1}

In[ ]:= res3 ⩵ A34

Out[ ]= True

Dror Bar-Natan: Academic Pensieve: People: Afeke: TestingBurau@1.nb 2019-12-01 08:44:33

http://drorbn.net/AcademicPensieve/People/Afeke/#MathematicaNotebooks


