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Pensieve header: Perturbing the Heisenberg-algebra knot invariant. Continues “Solving to $k=3.nb” at
pensieve://Projects/BabyDoPeGDO/.

E[w, Q, P_eSeries] represents we**, where wis a scalar, Q is an e-free quadratic, and P = Z,S(EO PIK] €¥is
a perturbation (it is ill-advised to include w in P because then it will have log terms).

Scheme: E [ ]//E [ ] calls FZip or Zip, which are functionally the same. Zip works by handling the
quadratic part and calling PZip for the perturbation-only part. PZip works by iteratively solving the
synthesis equation. FZip works by encapsulating coefficients, calling Zip, and back-substituting.

Initialization and minor utilities

SetDirectory["C:\\drorbn\\AcademicPensieve\\Classes\\21-1350-KnotTheory\\Preps"];
Once[<< "../Common.m"] ;

Loading KnotTheory™ version of February 2, 2020, 10:53:45.2097.
Read more at http://katlas.org/wiki/KnotTheory.

$k=1;

CCF[&_ ] := ExpandDenominator@ExpandNumerator@Together[&];
CF[& List] :=CF /e &;
CF[&_eSeries] :=CF /@ &;
CF[&_ ] :=Module[
{vs =cases[s, (p|x|n|&) ,o|U{p|IXx]|7n|E}},
Total[CoefficientRules [Expand[&£], vs] /. (ps_ - c_) = CCF[c] (Timeseevs™)]
];
CF[& E] :=CF /@ &;
CF[Esp, _ [&5___1] :=CF/@E,[&5];

eSeries /: S1_eSeries = S2_eSeries :=

Length[S1] == Length[S2] A Inner[CF[#1] == CF[#2] &, S1, S2, And];
eSeries[0Q] := eSeries @@ Table[0, $k + 1] ;
eSeries /: S1_eSeries + S2_cSeries :=

eSeries @@ Table [S1[k] + S2[k], {k, Min[Length@S1, Length@S2]}];
eSeries /: S1_eSeries * S2_cSeries := eSeries ee

Table[Sum[SI[j + 1] » S2[k-j +11, {Jj, 9, k}1, {k, @, Min[Length@eS1, Length@S2] -1}1];

eSeries /: c_xS eSeries := (c#) & /@ S;
eSeries /: 9,s S _eSeries := (s — 0,55) /@S;

The Main Program

Variables and their duals:
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In[]:= {P*: x*, 7%, £ = {~m, &, P, X};
(vs_List)* := (v > V*) /@vs;

(u_; )" := (")
E operations:

w- E/:E[el_, 0l ,P1 ]=E[w2 ,Q2 ,P2 ] :=CF[wl = w2] ACF[QL = 02] A (P1 = P2);
E/:E[wl , 0l ,Pl |E[s2_, 02 ,P2 ] :=E[wlw2, Q1+0Q2, P1+P2];
Egy v [Els___1 = Egp opy [825___] "i= (dl=d2) A (Pl =r2) A (E[&ls] = E[&25]) ;
Egr or1 [E1S___1Egz o2 [825__ 1 "= E (q1ydzy-(riurz) @@ (E[S1s] E[&25]) ;
Egr [E5___lgr = Eqr @RE[E5] g5

ni-1=  Edg sps [E1S___1// Eaz or2 [625___] :=Module[{is = riNd2, 1lvs},
lvs = Flatten@Table[ {Xg¢eis Pgei}s {1, iS5}];
E (d11)Complement [d2,is] ) (r2UComplement [r1,is]) @@ (ZiP1ysjivs+ [1VS*.1Vs, Times|
E[&1s] /. Table[ (v :X | p)j = Vgeis {1, iS}],
E[&25] /. Table[ (v : & | ;) = Vgeis {1, i5}]
11)

]

1 .
[F: Elp = @2 2 Fi%%5 8 and (F: E)p = [F: Ellyo
where & is a docile perturbed Gaussian. The following lemma
allows us to restrict to the case where & has no B-B quadratic

part:
Lemma 1. With convergences left to the reader,

<F: Ee Zijes c,-,z,-z,-> = det(1 - GF)"'*(F(1 - GF)™': &) .

B

The next lemma dispatches the case where & has a B-linear part:
Lemma 2. <F: SQZEB}'Z' >B_ = e? Lijeb F'!tv'-‘f <F: SIZB_,Z,,+Fy,,>
Finally, we deal with the docile perturbation case:
Lemma 3. With an extra variable A, Z, := log[AF : ePp satisfies
and is determined by the following PDE / IVP:

B

1
Zo=P and 0,7, = 5 Z F,'j (6Zi8sz,l + (GziZ,l)(asz,l)) .
i,jeB
/2 .y PAFI2

F12 F/
® [ ) R ® [ 3 { of
part-glue
| | T 2= X
3 & 3 & connected

diagrams
Lemma 1 Lemma 2 Lemma 3

In[eJ:= Zipvs_ [7, &1 :=(7, &) // Zipl,, // Zip2,, // Zip3,,

Getting rid of the quadratic.
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Lemma 1. With convergences left to the reader,

(F:getZomtma) —det - GRY V2 (F( - GF) ' &)
B B

Inf+]-= Zipl,, = Identity;
Zipl,, @(7_, E[v_, Q_, P_]1) := Module[{I, F, G, u, v},
I = IdentityMatrixelLengthevs;
F = Table[d,,, 7, {u, vs*}, {V, vs*}];
G = Table[d,,,Q, {u, vs}, {v, vs}];
CF /@ (vs*.F.Inverse[I - G.F].vs" /2,
E [PowerExpand@Factor [« Det[7 - G.F]™*/?], 0-vs.G.vs /2, P])

]

Getting rid of linear terms.
Lemma 2. <F: 8@2"5”’1'>B = @2 Zijes Fiivj <F: 8|13_>z3+FyB>B.

Infe]= Zipz{} = Identity;
ZipZVS_@(f_, E[v_,Q , P_1) := Module[{F, Y, u, v},
F = Table[d,,, 7, {u, vs*}, {V, vs*}];
Y = Table[8,0Q, {v, vs}];
CF/e(¥, E[w, Q-Y.vs+Y.F.Y/2, P /. Thread[vs » vs +F.Y]])

]

Dealing with Feynman diagrams.
Lemma 3. With an extra variable A, Z; = log[AF: el satisfies

and is determined by the following PDE / IVP:

1
Zo =P and 02, = E Z F,‘j (aziasz,l + (6Z,.Z/1)(0ZjZ,1)) .
i,jeB
2k+2

Note that the power mof Aisat most k-1 + == =2 k. We write Z, =3 Z[m] A™.

- Zip3,, @(F , E[w , 0, P_1) := Module[{Z, u, v, my i},

Z[0] = P;

For‘[m =0, m< 2%k, ++m,
1

Z[m+1] =CF[—

2 (m+1)

sum[8,-,» 7 (du,vZ[m] +Sum[(8,Z[31) (8, Z[m=-31), {3, @, m}]), {u, vs}, {V, VS}]]

s

E[v, Q, CF[Sum[Z[m], {m, O, 2$k}] /. Table[v » @, {v, vs}]]]

]
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The Basic Tensors

Inf+J:= ni :=Eg,ey[1, 0, eSeries[0]];

mi_’j__,k_ o= ]E{i,j]-»(k} [1, —fi 7o+ (7l'-i + 7'('j) Pr + (§1 + §J) Xk eSeries [9]]

Inf+]:= AllMonomials[{}, O] = {1};
AllMonomials[{}, d_Integer] /; d >0 := {};
AllMonomials[{v_, vs___}, d_Integer] :=
Join ee Table[vd'k AllMonomials[{vs}, k], {k, @, d}];
AllMonomials[vs _List, {d_}] := Joine@e Table[AllMonomials[vs, k], {k, @, d}];

Inf+]:= Basis[js_List, m_] := F1atten@0uter[Times,
AllMonomials [Table[pj, {j, js}], m], AllMonomials[Table[xj, {j, js}], m]];
Basis[js List, {m_}] := Flatten@eTable[Basis[js, k], {k, @, m}]

m-1= Basis[{i, j}, {2}]

2,2 2 2.2 2 2 2.2 2 2.2
Out[]= {1, Pi Xi, Pi X5, Pj Xi» Pj X4, Pi Xi» Pi Xi X4, Pi X5, PiPj Xis Pi Pj Xi X4, Pi Pj X5, P Xis Py Xi Xj, Pj Xj}

n )= GenericCombination[bas_, c_] := bas.Table[cj, {j, Lengthebas}];

GenericCombination[bas_, c_, | := bas.Table[c,j, {J, Lengthebas}];

inf-}= GenericCombination[Basis[{i, j}, {2}], c1]
2,2 2 2 .,2
Ouf-J= €1,1 + Pi Xi €1,2 + Pi X5 C1,3+PjXiC1,4+PjXyC1,5+P;X;C1,6+P;XiXjC1,7+P; X5C1,8+

2 2 2.2 2 2,2
Pi Pj X C1,9 + Pi Pj Xi Xj C1,10 + Pi Pj X5 C1,11 + P5 Xj C1,12 + Pj Xi Xj C1,13 + Pj X5 C1,14

1= Ry = By, 5 [Tl/z: (T-1) (pi-pj) X5
eSeries @@ Prepend[@] @Table [GenericCombination[Basis[{1, j}, {k+1}], ckl, {k, $k}] ];

Ri i t= Eqag,qn [T2% (T7-1) (pi-pj) X5
eSeries @@ Prepend [0] @Table [GenericCombination[Basis[{i, j}, {k+1}], d¢]l, {k, $k}] ];
Ci :=E(,¢) [T?, 0, eSeries @@ Prepend[0] @
Table[GenericCombination[Basis[{1}, {k+1}], e], {k, $k}] ];

Ci :=Eg;, [T?%, 0, eSeries @@ Prepend[0] @
Table[GenericCombination[Basis[{1}, {k+1}], ], {k, $k}] ]_;

http://drorbn.net/AcademicPensieve/Classes/21-1350-KnotTheory/Preps/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Classes: 21-1350-KnotTheory: Preps: PerturbedHeisenberg-211118-3.nb 2021-11-18 21:06:57

Infe]:= {R1,2: Ri,2, C1s E1}

Outf+]= {]E(}%{ljz}[\/?; (=1+T) (P1-P2) X2,
. 2,2 2 2,2
eSeries [0, C1,1 +P1 X1 C1,2+P1X2C1,3+P2X1C1,4+P2XyCq,5+P7 X7 C1,6+P7XaX2C1,7+P7 X5Cq,8+

2 2 2,2 2 2,2
P1 P2 X7 C1,9 + P1 P2 X1 X2 C1,16 + P1 P2 X3 C1,11 + P X C1,12 + Py X1 X2 C1,13 + P X; C1,14] } s

1 1
E51,2) [7, (—1+ *J (p1 - P2) X2, eSer‘ies[e,
T T

2,2 2 2,2
CI1,1 +P1 X1 d1,2 + P1 Xz d1,3 + P2 X1 d1,4 + P2 Xz d1,5 +P1 X1 d1,6 + P71 X1 X3 C‘1,7 +P1 X3 d1,s +
2 2 2,2 2 2.2
P1 P2 Xi d1,0 + P1 P2 X1 X2 d1,10 + P1 P2 X5 d1,11 + P3 X7 d1,12 + P5 X1 X d1,13 + P53 X5 d1,14] } s

]E{}ﬁ{l} {'\/?_, 9, eSeries [0, 91)1 + P1 X1 61)2 + pi Xi 91)3] ] >

1
]E{}ﬁ{l} {ﬁ, 9, €Ser‘ies [9, -Fl,l + P11 X1 -Fl,Z + pi X% 'F]_,s} ]}

-7~  RMoves := {
(R1,2R4,3Rs5,6 // My 4,1 // My 5,5 // M3,653) = (Ra,;3Ra,5R1,6 // My a1 // My 5,5 // M36,3),
(Ri,2R3,a // My 351 // Mo as2) = (1172) s
(€C1Ca 7/ my250 ) =11y
(R1,4 Rs,2C3 // My4sp // My 351 // m1,5_»1) = C1 72,
(C3Ry,2 // My 3,5 // My 1,1) = (Es Ri,2 // My,3,1 // m1,2->1) s
(Ez Ri,3 // My 5,0 // m1,3->1) = 1M1, (Ez R3, 0 // My, /7 m1,3->1) = 1M1,

(Cz Ri,3// My201 /7 m1,3->1) = N1y (C2R3,0 // My 541 // My 351) =M

Solving forR, C, Sk =1

= $k = 1;
{R1,2, C1}
unknowns = Cases [{Rqy,2, R1,2, C1, C1}, (c|d|e | f)g, , o] // Union
out[]= {E{}»{l,Z} [\/?; (=1+T) (p1-P2) X2,
eSeries [9; C1,1+P1X1C1,0+P1XyCq1,3+P2X1Cq,4+P2XyCq,5+ pi Xi Ci,6 + pi X1 X3 Cq,7 + pi X% Ci,8+
P1 P2 Xi C1,0 + P1 P2 X1 X2 C1,10 + P1 P2 X% Ci,11 + P% Xi Ci,12 + P% X1 X3 C1,13 + p% X% C1,14] } D

E( 1) [ VT, @, eSeries[@, e1,1 +piXs e, + P X e1,3] | ]

ouf-]= {C1,15 €1,25 €1,35 C1,4, C1,5, C1,65 C1,75 C1,8> C1,9, C1,105 C1,11, C1,125 C1,135 C1,145 d1,1, d1,2, d1,3,

dl,4: dl,SJ dl,GJ d1,7.v d1,8: d1,9) d1,1e; dl,ll: d1,121 d1,13.» d1,14.v e1,1: e1,2) e1,3: 'Fl,l: 'F1,2: 'F1,3}
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n;-1= Short[errors = CCF /@ Cases[RMoves, a_=b_ = a-b], 25]

outf+ J/Short= {T P1X3C1,2 - T2 Py X3 Cy,2+P1X3C1y3-TP1X3Cay3—PaXeCaya+TPaXyCoa+P3XyCrya—TPsXyCpgt
P1X2C1,4-TP1X2C1,4-P2X2C1,4+2TP2XpCy,4- T ps Xz C1,4 - TP3XpCy4+ T2 p3 X, Ci,a +
TPaX3Cia-TPaX3Cya+P1XsCas—TPiXsCays—2P5 Xy Xa €16+ 2T Pl Xy X Cq,6 +
2TpipaX5Ci6-2T P1PaX5Cae+2T Pl Xy X3Ca,6— 2T Pl Xa X3 Cryg+ T2 PIX;Cag-
273 pi x% Ci,6 + T pi xg Ci,6 +2T P paXyX3Cq,7-2 T2 P1P2X2X3Cq,7+T pi xg C1,7-2 T2 pi x§ C1,7 +
T pixicy,7+2piXaX3C1,8-2TPiXyX3Cy,8+PaX3C1,8-4TPIx5c1g+3T°pixscyg+
2TpipaX5Ci,8-2T2 Py PaX5Cig—P1P2XiCyo+ TP1PaXiCio+P1PsXiCio-TpP1PsX;sCayo-
2p1 P2 Xy Xz Cp 9+ <<83> +2Tpyp3 X3 C1,12 -2 T2 p1 p3 X5 C1,12-2Tp2p3 x5 C1,12 +
6T Pap3Xs€1,12-6T2PaP3X5Ca10+ 2T Py p3 X3 Cayaa ~ T2 P3X5Ca02 + 2 T2 P35 X5 €10 -
T*p3 X3 €112+ 2T PIXe X3 €112 - 2 T2 PoXa X3 Cay12 + T2 P5 X3 €100 -2 T2 p3 X5 Cayap + THPI X3 €py02 +
T p3 X1 X3 C1,13 - T2 P3 Xe X3 C1,03 — 2 T Pa P3 Xe X3 C1,13 + 2 T2 Po P3 Xa X3 C1,13 + T P3 X X3 €1,13 -
T2 p3 X1 X3 C1,13 + P3 X2 X3 €1,13 ~ 2 T P3 Xa X3 €1,13 + T2 I Xa X3 C1,13 — P3 Xa X3 C1,13 + 4 T P3 Xp X3 C1,13 -
4T% p3 X3 X3 C1,13 + T2 p3 X3 X3 C1,13 +2 T p1 P3 Xz X3C1,13 — 2 T2 p1 P3 X2 X3 C1,13 - 2T Py P3 Xy X3 Cy,13 +
4T pypsXa X3 €113 -~ 2 T2 P P3 X2 X3 C1,13 - T2 P5 Xp X3 €113 + T2 P Xp X3 €113 + Tp3 X5 Cp13 -
2T?p3 X5 €13+ T2 P3 X5 €113 + 2 P3 X2 X3 €114 — 2 T P3 X2 X3 C1,14 + P X5 €110 - 2T Pl X5 €q 10 +

2.2.2 2 2 2 2 2 2
T p1X3C1,14+2TpP1P3X3C1,14-2T P1P3X3C1,14-2TPaP3X3Cy14+2T° Py P3X3Cy114,

<<1>> «1>> T?2C_q. + <<36> + <<1>>
y @1 + <<5>>, «<4>>, }

TZ T2 T2

-

n[-}= eqns = Thread[O == Union @@ (CoefficientRules[#, {X1, X2, X3, P15 P25 P3}]10 ;5 » 2] & /@ errors) ]

outf+]= {9 =C1,4-TC1,4y, @ = -C1,4+TCq,4, 0=TCq4- T C1,45 @ = —C14+2TCy4- T2 1,4,
=-Tcya+ T2 C1,4, 0 =TcCq,5 - T2 C1,0+C1,3-TCy,3+C1,5-TCqs,
@=-2C1,6+2TCy6,@=2TCy,6-2T%Cp,6, 8= C1,0-TC,0,
Q= -Cyo0+TCpo,@=2TCy0-2T"Cr,0,0=-2C1,0+4TCy,0-2T"Cq,0,

= —2TC1)9+2T2 C1)9, 0 - 2TC1’5—2T2 Cl)s—C1,9+4TC1)9—4T2 C1)9+T3 C1,9J
0==2T C]_,g -2 T2 Cl,g + Tz Cl,9 -2 T3 Ci,9 + T4 C1J9 +T cl,l@ -2 TZ Ci,10 + T3 Cl,le,

0==2T C1,7 -2 TZ C1,7 - Cl,l@ +4T Cl,le -3 T2 C1)1@ +2 C1’11 -2T Cl,ll)

=T C1,0 — T Ci1,0+2TCq,1p-2 T2 C1,125 0 == Cq,15 - T2 C1,12, @ = -Cq,12+2TCq,15 - T2 C1,12,
=C1,0-2TCy0+T2Cr0+C1,12-2TCp10+ T2 Cp10, @ == -2TCy,10+2T% €1 10,
@=-4TcCy,1,+8T%Cy,15-4T7C1,12, @ =-2C1,10+6TC1,12-6T>Cq,12 +2T> C1,12,
0= -2T2Cy,10+2T° C1,12, @ = -T2 C1,10+ 2T €1 10 - TH €1, 12,
= —C1,10+8TC1,12-6T2Cy,10+4T2C1,10-TCp,10, 0= -2TCy 10+ 6T%Cy,10-6T2C1,10 + 2T €1 10,
=2TCy3-2T7 €113, 0= TCy13 -T2 Cay13, @ =2 2T Cy1p - 2T Cyyap + T €13 - T2 Ca a3,
=2C1,3-2TCy3+C1,00-2TCa10+ T2 Coya0+ €113 - 2T €Caya3 + T2 Ca a3, @ == 2T €y a3+ 2T €13,
@=-2TcCy13+4T7Ca,13-2T7Cay13, @ =T Cy00 - 2T Cayap + THCay10 + TCaya3 -2 T2 €13 + T2 Caj13,
0= -T Cy,13 + T C1,13, © = - C1,13+4TCy,13 - 472 C1,13 + T C1,13+2C1,14 - 2T C1,14,

=2T C1,14 -2 T2 C1,14, 0 == Tz C1,6 -2 T3 C1’5 + T4 C1,6 +T C1,7 -2 T2 C1’7 + T3 C1)7 +
2 2 2
Ci,8-4TcCy,8+3T C1,8+C1,11-2TCy,01+T°Cy 11 +C1,14-2TCq 24+ T C1,14,

C1,4 2¢1,12 4cC1,12
+2C1)12+4 - +dl,:l..!
T? T

0=-2T C1)14 + 2T2 C1,14, 0 = Cl,l + dl,l) 0 == C1,1 - C1)4 +
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C1,4 2¢y,9 4ci,12 8¢C112

== C1,2 + C1,4 — -2cCy,9+ -4Ci,-—— +——— +di,2,
T T T2 T

Ci,a 4Ci10 4cCq,1

+——— - ——— +d1,4, @ =Cy o +dy p+dy4-Tdy 4, @=C15a+Tdya,

T T2 T

C1,2  Cq,3 Ci,a Ci,5
+d1,3+d1)5—Td1’5, 0 = C1,4— +

T T T T

Ci,4 Ci,5 4cy,00 8Cy12 2C113 2Cy13
0=Cyg-— + -4cCy,10 - + + - +Tds,
T T T2 T T2 T

C1,9 C1,12 2C1,12 Ci,0 2C1,12 2C1,12
+C1,12 + -——— +di6, @ == -——— +——— +di,9,
T2 T T T T

2C1,9 Ci,10 4cy,00 8Cy12 2C1,13 0 2Cy13

+ +4Cy1,10 + - - + +Td1, 10,
T T2 T T2 T

C1,9 Ci,50 C1,11 2¢y,12

+TC1)9+C1,107 +
T T T2

6C1,12 2Cy,13 4Cy,03 2Cp14 2Ciua
— +2TC1,12+2C1)13+ - - + +T dl,ll:
T T2 T T2 T
C1,12 5 5
=, +d1,12, @==C,0+Tdy,0+2Tdy,12-2T7dq,12, @ == Cq,15 + T" d1,12,
T

= Cl,z— +Td1,5)

== C1,6 + C1,9 —

=2Cy,9-

= -2 C1)9 +

) 2C1,12 2C1,12 €113
=Cy,6+0d1,6+0d1,0-Tdy9+dg,10-2Tdy,15+T dy 12, @ = - + + +Tdq,13,
T2 T T2
2C1,9 Ci,10 ) 2C1,12 Ci,13
+ +Td1,1@+2Td1)13—2T d1,13_v 9::2C1,12—7 +— +T d1,13_v
T T T T

2c1,6 C1,7
+

=2Cy,9 -

2
=2C1,6 - +d1,7 +dg,10 - Tdy,10+d1,13-2Tdyg 13+ T dq 13,

Ci,9 2C1,0 Ci,ie Ci,e Cima 2
== C1,9+ - - + + +Td1,11+2Td1)14*2T d1,14,
T2 T T2 T T?
Ci,12 2C1,12  €1,13  C1,13  C1,14 2
== C1,12+ - - + + +T d1)14,
T? T T T T?
Ci,e 2Ci,6 Ci1,7 C1,7 Ci,8
0::(:1,64. -— - — + +
T T L .

+dy,g+0dg,11-Tdy 11 +dg,14-2Tdy 14+ T d1,14,

di,2 di,a 2d;,o 4.dy,1, e1,2
er1,5*7*(11,10*7*2 1,13 + >
T T T

C1,7 Ci,8 Ci,16  Ci1,11 C1,13  Ci1,14 €1,3
+ +C1,12+7+ + >

T2 T T2 T T2 T
di,e  di,7 di,o di 10 di,12  di,13 €1,3
== + +dy,8+ + 01,14 + P
L T T T? T T?
Ci,3 2Cy,8 €1,2 2e13 4es
+e1,1+e1)2—— +291,3+ - 5
T T2 T T2 T
C1,3 Ci,5 2C1,7 4cCi1,8 Cie 2Ci101 €10 4ey3 4deqs
O =Ci o+ — +Cq4+ - - - - +— - + B
T T T T2 T T? T T2 T
C1,3 2¢y,8 €1, 2e;,3 4e;s
—2C1,12+e1,1+61,2— +2€1,3+ -
T? T T T
Q:==C1,1-C1,a+2Cq,120+F1,1, @=e1,1+F1,1, @ =e1,,+Fq1,2,

== C1,6 +

== C1,1 —

_-Fl,l)
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C1,3 Ci,s 2C1,7 4cCig
0=C1,-TC1,p-C1,3+— +C1,a-TC1a-Cy5+ - -
T T T 72
Ci,16 2C1,m €1, 4ey,3 4degs
2TC1,9+C1,19* - +4TC1,12+2C1,13+ - + *T'F]_,z,
T2 T T2 T
0=T C1,2 +Cq,3+ T C1,4 +Cq,5 - 2T C1,9 —C1,10 — 4T C1,12 — 2 C1,13 + T 'Fl,Z)
C1,4 C1,s5 2Cy9 C1,10
0 = —C1)2+TC1)2+C1,3—2C1)4+ +TC1)4+C1)5— +4C1)9— —2TC1,9—C1,19+7 +
4cy,00 12cq,12 2C31,13  4Cy,13
12 C1,12+ - —4TC1’12—2C1,13—7 + — +Td1,3—f1)2+T'F1’2,
T T T T
1,9 C1,10
0 = el,3+f1,3, 0 = —2C1)6+2TC1,6+C1)7—4C1,9+ +2TC1J9+C1)1@- -
2¢1,12 6Cy,12 C1,13  2Cy,13
6C1)12—7+7+2TC1’12+C1,13+7—7+Td1)7—2'{:1j3+21—f1)3,
T2 T T T

0 = d1,2 +T d1)3 + d1)4 +T d1,5 -2T d1,7 - 4T2 dl,S -T dl,le -2 TZ d1,11 + T'F]_Jz +4T 'F1)3 - 4T2 'F1)3,

C1,7 Ci,8 C1,10

2 2
0 = C]_,G*T C1)5+ *TC1)7*C1,8+7 +C1)9*T C1)9+7 7TC1,197
T T
C1,11 C1,13 Ci,14 €1,3
2 2 > > 2
i1+ +C1,12 - T7Cq0+ —— *TC1,13*C1,14+72 A - T F41,3,
T T T

0 = T2 C1,6 +T C1’7 + C1,8 + T2 C1’9 +T C1,10 + C1)11 + TZ C1,12 +T C1,13 + C1,14 + T2 'F1)3,
0 = d1,6 +T d1)7 + Tz d1,8 + d1,9 +T d1,1e + T2 d1)11 + d1)12 +T d1’13 + TZ d1,14 + Tz 'F1:3,

C1,9

0 == Cl,s -2T C1,6 + T2 C1,6 - C1)7 +T C1,7 + C1,8 +3 Cl)g -— =37 Cl,g + TZ C1)9 -2 Cl,l@ +

C1,10 C1,11 Ci,12 4Ci1 )
+TCq,10 +C1y11 - +6Cq,1p + - ——— -4TcCq,12+T7C1,12 -3Cq,13 -

T T T2 T
C1,13 3Cq1,13 Ci,14 2Ci1,14 5 2
+7+TC1,13+C1,14+7—7+T d1)8+'F1)3—2T'F1,3+T 'F1,3,
T2 T T2 T

0 = dl,l -T d1’3 +2 TZ d1,8 + -Fl,l + -F1,2 - T'Fl’z +2 'F1’3 - 4T'F1)3 +2 T2 'F1,3}

n-1= {s0l} = Solve[eqns, unknowns ]
Solve: Equations may not give solutions for all "solve" variables.

C1,2 Ci,5

outf+]= {{Cl,lﬁ - - 5 C1,3>-TCy,2-Cy,5, C1,4>0, C16 >0, C18>~-— (1-T) C1,10, C1,0 > 0,
2 2T 2
1 Ci,2 Ci,5
C1,11 > -TCy,7-—  (-1+3T) Cq,10, C1,12 20, C1,13 >0, C1,14 >0, dy 3 > + s
2 2 2T
Ci,2 Ci5 C1,s5 Ci,7 (-1+T) C1,10
di,2 > -C1,2, di,3 - + 5’ di,4 - 0, dl,sﬁ—iz ;01,6 20, dy 7> -— S,
T T T T
(1-T) c1,10 C1,10 Ci,7 (-1-T) c1,10
di,8 > - — 5 di1,0 - 0, di,;10 > - di,11 S T L di,12 > 0, dy,13 > 0,
2T T T 2T
Ci,2 Ci,5 C1,10 Ci,2 Cy,5 C1,10
di,14 >0, €17 > ——— 772T > €10 > - ma e,,3->0, f1,, > 5 + s F10- s 'F1,3%9}}
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;= sol /. (a_ - b_) =» (a=D>b)

Ci1,2  Ci,s 1 1
outf+]= {* - -TcCy,2-C1,5, 0, 0, *E (1-T) C1,105 0, - T C1,7*£ (-1+3T) C1,10, 0, 0,

2 271’
Ci,2 Ci5 Ci,2 Ci5 C1,s5 Ci,7 (=1+T) cq,10 (1-T) C1,10
> + > =C1,0, — + » 0, ——, 0, - - » ~
2 27T T T2 T? T T? 273
Ci,10  Ci,7 (=1-T) C1,10 Ci1,2 Ci,5 C1,10 Ci,2 Ci,5 Ci1,10
R b} - 0) 0) e) - - - i) 0) + E) 0}
T2 T2 273 2 2T T 2 2T T

Inf-]:= {R1,2, R1,25 C1, 61}

ok {Eqama [VT, (-14T) (1= p2) xe,

Ci,s5
2
+ P2 Xy Cq,5 +Pg X3 X3Cq,7 +

2
+P1X1C1,0+P1 Xy (-TCq2-Cy;5) -

d
eSeries [0, -

1 1
P1P2 X1 X2 C1,10 - P (1-T) p1 X C1,10+P1P2X5 [~TC7 - 5 (-1+3T7) C1,1e) } ] s
1 1 )
Ey5q1,2) [7, (—1+ ;J (p1 - P2) X2» eSer‘les[@,
C1,2 Ci1,5 P2aXaCy,s

+P1 X3

Ci,2 Ci,5 P1 P2 X1 X3 C1,10
—— - pP1X1Cy,0+ + -
2 2T T2 T2 T2

(1-T) pi x5 c1,10 Ci,7 (-1-T) c1,10

2 2 Ci,7 (-1+T) C1,10
*P1P2%; - | +P1X1Xa |- _ H,
273 2 T3 T -
; C1,2 C1,5 P1X1C1,10
Egsm {\E, 0, eSerles[e, - o 7]})
2 2T T
! : Ci,2 C1,5 P1X1C1,10
]E{}em{f, 9, eSer‘les[e, [ +7H}
VT 2 27 T

1= Cases[{Rq,25 R1,25 C15 C1}, (c|d|e|f)g, , ®] // Union

ouf-]= {€1,25 C1,55, C1,75 C1,10}

inf-}= {C1,2 =@, C1,5 =0, C1,7 =0, C1,19 = 1};
{R1,2, Ri1,25 C1, C1}

ot {Eqaa [ VT, (-14T) (pr-p2) o,

. 1 2,2 1 2
eSer1es[@,p1p2x1x2+£ (—1+T)p1x2+£ (1—3T)p1p2x2H,

1 1
E{Ml,z)[i: (*1+;) (P1-P2) X2,

AT

. (-1+T)pixaXo pipaXaXa (1-T)pix3 (-1-T)piprx;
eSer‘les[e, - - - - H,
T2 T2 273 273
1 . P1 X1
s Egam | ——» 0, cSeries|o, |1}
VT T

P1 X1
E(5(1) {\E, 9, eSeries[O, 7—H
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in[-]= RMoves

ouf-}= {True, True, True, True, True, True, True, True, True}

Some Knot Theory at $k=1

inf-}= NewBit[K_] := Module[{Alex = Alexander [K] [T]},

lex?

T3A

ZF[K1[3, 2] // Factor-]

inf-}= NewBit /@ Al1Knots[{3, 5}]
KnotTheory: Loading precomputed data in PD4Knots".

4-3T+5T2-3T24+3T4-T°+T°

our {2-T+T2, (1+T)  (1-3T+T2), ,9-11T 7T -T2

T2

m-1= (xTwo knots with equal Alexander, new bit does not agreex)
Alexander [Knot[6, 1]] == Alexander [Knot[9, 46]]
Timing [NewBit [Knot[6, 1]] == NewBit [Knot[9, 46]]]

out/-]= True

our - {33.,5-11T-T? 43T =7-21T+9T°+T?}

mnf-}= equiv = {Knot[1@, 106], Knot[12, NonAlternating, 369]};
Length@Union@Echo[ZF /@ equiv]

KnotTheory: Loading precomputed data in KnotTheory/12N.dts.

KnotTheory: The GaussCode to PD conversion was written by Siddarth Sankaran at the University of Toronto in the summer of
2005.

T4

7 {E”_){l}[ 2 3 4 5 6 7,18’
1-4T+9T2-15T3+17T4-15T°+9T6 4T/ + T

eSeries[@, (-3+20T-69T°+161T°-272T*+3287T°-2257°-9277 +548T% - 952T° + 1113 T*° -
980 T + 668 T2 - 349 T + 135 T - 36 T + 5T%°) /(T-8T?+347° - 102 T* +235T° - 436 T° +

669 T’ - 860 T° +935T° - 860 T'° + 669 T'' - 436 T'? + 235 T - 102 T + 34T - 8 T'¢ + TV | } ,

T

E(yo1) [ 0,

3
1-4T+9T2-15T3+17T*-15T°+9T°-4T7+ 78
eSeries[@, (-3+20T-69T*+161T° -272T*+328T° -2257°-9277 +548T° - 9527° + 1113 T* -

980 T + 668 T2 - 349 T + 135 T - 36 T + 5T%) /(T-8T2+34T° - 1027 +235T° - 436 T° +

669 T’ - 860 T° +935T° - 860 T'° + 669 T'! - 436 T'? + 235 T - 102 T + 34 T -8 T'° + TV | } }
Out[=]= 1
In[-]= equiv =

{Knot[12, Alternating, 427], Knot[12, Alternating, 435], Knot[12, Alternating, 990]};
Length@Union[ZF /@ equiv]

KnotTheory: Loading precomputed data in KnotTheory/12A.dts.

outf-}= 1
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Solving for R, C, Sk =2

1= $K = 23
{R1,2, C1}
Short [RMoves, 20]
outf+J= {]E{}Hu,z} [\/?; (=1+T) (p1-P2) X2,
1 1
eSeries {9, P1P2XiXa+—  (-1+T)pix3+—  (1-3T) p1p2X3,
2 2
C2,1 +P1 X1 Cp,2+P1X2Cp,3+P2XyCoa+P2XyCo5+ Pi Xi C2,6 + P% X1 X3 Cp,7 +
Pi X% C2,8 + P1 P2 Xi C2,9 + P1 P2 X1 X3 C2,10 + P1 P2 X% C,11 + p§ Xi C2,12 + p§ X1 X2 € 13 +
P% X% Co,14 + pi Xi Co,15 + Pi X% X2 C2,16 + pi X1 X% Ca,17 + pi Xg Ca,18 + Pi P2 Xi C2,19 +
P P2 X3 X2 Ca,20 + P3 P2 X1 X5 C2,21 + P3 P2 X3 C2,22 + P1 P3 X3 C2,23 + P1 P3 X3 X2 C2,24 +
P1 P% X1 X% C2,25 + P1 P% X; C2,26 + pi Xi C2,27 + pi Xi X2 C2,28 + Pi X1 X% C2,29 + P; X; C2,3e] } s

P1 X1

s 2,2 3.3
]E{}—>{1} {’\E, 0, eSeries |0, - ——, €31+ P1X1€2+ P73 Xy €3+P7 X3 92,4}]}

Outf- Y/Short= {(—1+T) PIpPsX1Xa X3 -3TpPipPapsXaXaXs+ (2T +4T?) prpapsxa X3 +3cy1+

2p1 X1 Cp,0+P2X1Co4+P3X1Coa+TP3XaCoa+P1Xa (Co2-TCy2+Cp3+Cp4-TC4) +
1, 2 3 2 3

ZTp3X3 C2,5+ <<98> + — pl p3X2X3 <T—T +2TC2)21—4T C2,21+2T C2,21+
2

4TC2)25 *8T2 C2,25 +4T3 C2)25+6TC2,29*12 T2 C2,29 +6T3 C2,29> +2T3 p; Xg C2,3@+
P3 % <T3 Ca,15 + C2,30) + p3 X3 X3 <T3 Ca,16 + T Caj20 — T2 Cp 09 + 3C2,30-3TCa,30) +
3 2 /13 2 3 a4 2 3
P> X2 X3 (T C2,17+T C2128*2T C2,28+T C2)28+2TC2,29*4T C2)29+2T C2,29+
3C,3-6TC 3T%¢ 233 (1% ¢ 3T%c,35-3T°¢
2,30 2,30 + 2,38) +P1P3X3 2,26 t 2,30 2,30) t
1

—p3x3 (-143T-5T245T2 - 27"+ 2T% €15 -6 T Cp15 + 6 T° Co 15 - 2T € 15 +
2

2T%¢Cy,16-6TC,16 +6 T4 Ca16 - 2T° Co,06 + 2T Co17 -6 T2 C,17 + 6 T Coya7 - 2T Co 07 +

4Cy18-12TCo18+12T%Cp 18 -2T7Co18+2C2,0-6TCo00+6T2Co00-2TCo0p +

2C2,26-6TCoo6+6T2Ca6- 2T Ca26+2Co30- 6T Co30+ 6 T2 Coi30- 277 Ca 30) +
PIX3 (TP ca,18+ T2 Co,27 - 3T Co,27 +3T° o7 - TP Coyar + T2 Co,28 - 3T €28 + 3 T4 € 08 -

T° C2,28 + T Ca,20 - 3 T2 C,29 +3 T 2,20 - T*C2,20 + C2,30 - 3T Cp,30 + 3 T C2,30 — T3 Cz,se) +
PIPsX3 (TP-4T 43T 4T 00 -2T2Co00+2T7 €200 +2T Co26 -4 T2 Cop6 +

277 Ca,26+3TCo30- 6T Co 30+ 3T Ca 30) =

3 CZ,l +2 P1 X1 C2)2 + <<143> + p% ps3 Xg (T3 C2,22 +3T C2)39 -6 TZ Cz)g@ +3 T3 C2}39> N

<«<7>>, + + + =0

pi <«<1> (-1+ <«<18>) <1> «<1> <«<1> }
273 2 <«<1> <«<1> T
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ni-1= unknowns = Cases[{Ry,2, Ry,25 C15 C1}, (c|d|e|F)g, , o] // Union

ouf-]= {€2,15 C2,25 €2,35 C2,45 C2,5, C2,65 C2,75> C2,85 C2,95 C2,105 C2,115 C2,125 C2,13, C2,14,
C2,155 C2,165 C2,175 C2,185 C2,19, C2,205 C2,215 C2,225, C2,235 C2,24, C2,25, C2,265 C2,27,
C2,285 C2,295 €2,30, Ua,1, d2,2, dz,3, da,4, da,5, da6, da,7, dz,8, 2,9, d2,10, d2,11,
d2,12.v d2,13: d2,14) d2,15) d2,16.v d2,17: d2,18.v d2,19) d2,29) d2,21.v d2,22: d2,23) d2,24)

dz,zs; ds, 26, d2,27, dz,zs: d2,29: d2,30: €2,1, €2,2, €2,3, €3 4, 'Fz,l: 1cz,z,v 'F2,3: 'F2,4}

inf-}= Short[errors = CCF /@ Cases[RMoves, a_=b_ = a-b], 25]

1
Oult[«J//Short= {*
2

(2p1paxaXs—2TpypsrXaXs—2piPaXyXa Xz +2T Pl paXyXp Xz + 2Py P5 Xy Xp X3~ 27T Py 3 X3 Xz X3 -
Zpip3x1x2x3+2Tpip3x1x2x3+2pix§x3—4Tpix§x3+2T2pix§x3—6pip2x§x3+
16 T p3 p2 X5 X3~ 18 T2 p3 pa X5 X3 + P1 P X5 X3 = 6 TPy p5 X5 X3 + 5 T2 py p5 X5 X3 + 2 T py P2 P3 X5 X3 -
2T2p1paPsXo Xz +Pix;—2Tpax3+T2pa x5+ p2py Xy X5 - T2 pZpy Xy X5 - p2 p3 Xy X5 +
ATpIpsX1 X5 -3T2pps Xy X5 2T Py paps Xy X5+ 2 T2 Py Py P3 Xy X5 + Py Xa X5 -
3TPdxoax3+3T2pd o X3 -T2 pdxo X3 -4 p2pyxo X3 +14Tp2pa Xy X5 -16 T2 2 py x5 X3 +
6T pipaxyX5-3TpypsxyX5+4T?pyp3xa X3 -T2 pyp5 Xy X5+ <<999>> + 12T p3 X, X5 C2,20 —
20 T2 pg Xo x% Cp,29 +12 T pg X2 xg c2,29—2T4 pi Xy x% c2,29+6Tpi ps3 X2 xg C2,20 —
12 T2 p3 p3 X, X3 C2,29+6T3 Pl P3 X2 X3 C2,29—6TP§ P3 X3 X3 Cp,29 +18 T2 p3 p3 Xp X3 C2,29 -
18 T2 p3 p3 X2 X3 C2,20 + 6 T p3 P3 Xz X5 Ca,20 + 6 T2 1 P3 X2 X5 C2,20 - 6 T Py P3 X X5 C2,20 -
6 T2 pa p3 Xz X5 C2,20 + 12 T% py 3 X2 X5 C2,20 — 6 T* Py p3 X5 X3 €220 = 2 T2 p3 X2 X3 Cp,20 +
2T pg Xy x§ c2,29+2Tp§ xg c2,29—6T2 pg xg c2,29+6T3 pi xg c2,29—2T4 pg xg Cy,20 +
6p§ x% X3 c2)30—6Tpg x% X3 c2,39+6p§ X3 X§ c2,39—12Tp§ Xy x§ c2,39+6T2 p; X3 x§ Co,30 +
2pIX3Ca30-6TPIX3Co30+ 6T P X3 Co30- 2T P3X3Co 30+ 6TP:P3X3Co 30 -
12 T2 p3 p3 X3 Ca,30 + 6 T I P3 X3 C2,30 — 6 T P5 P3 X3 C2,30 + 12 T2 p3 p3 X3 C,30 -

3 2 3 2. 2.3 323 2 2.3 3 2.3
6 T° p3 P3 X3 Ca,30+ 6 T2 P1P3 X3 C2,30 - 6 T P13 X3 Ca,30 — 6 T2 P2 P35 X3 C2,30 + 6 T° P2 P3 X3 C2,30)

<1l> <«<1> <<1>> <106>> + 2T <«<1>> <<1>> €3 4
_, , <<4>>, ) }
2T <«<1>> 2 <«<1>> 2T

n[-1= Short[#, 10] &[eqns =
Thread[© == Union @e (CoefficientRules[#, {X1, X2, X3, P1s P25 P3}]10 ;5 » 2] & /@ errors)]]

Out[«J//Short= {0 = C,4 — T C2,4, 0 - —Cy,4 + T C2,4, <<215>>,
2 2 2 2
0=1+— +d2,2+Td2’3+d2,4+Td2)5*2Td2,7*4T dz)g*sz)lg*ZT d2,11+6T d2’17+
T

18 T3 d2,18 +2 TZ d2121 +6 T3 dz,zz + T-FZ,Z +4T ‘F2,3 - 4T2 'F2,3 +18 T'F2,4 - 36 TZ 'F214 +18 T3 'F2’4}
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n-1= {s0l} = Solve[eqns, unknowns ]

Solve: Equations may not give solutions for all "solve" variables.

C2,2 Cp5 1
outf+]= {{Cz,l - - - ——,C,3>-TCy0-C25,C,4>0,Cr >0, Cg>-—(1-T)Cy 10,
2 2T 2
1 1
C2,0 >0, Cp 11 ~ _E -Tcy7- 5 (-1+3T) C3,185 C2,12 > 9, C2,13 > 0, C3 14 > 0,
-1+4T7-3T12 1
C2,15 >0, Cp 17> - ((-1+T) Cry16)5 Co,18 > ———————, C2,10 >0, Crp > ——,
6T 2T
1-3T 1-11T+16T? R
C2,01 = — y C > ——————————— - (T— T ) C2,165 C2,23 >0, C3,04 > 0,
2T 6T
1 1 )
C2,25 — *E, C2,26 ~ g (=1+7T) -T"Ca,165 C2,27 > 9, Cz,28 >0, C3,29 >0, C2,39 >0,
C2,2 Cp5 C2,2 Cy5 Ca,5
dy1 - + 5 dao > -Cap, dyz— + 3 d4-20,dy 5> -—,dy 60,
T2 T2
1-T Ca,7 (—1+T) C2,10 -1+T (1—T) C2,10 1 C2,10
dy,7 - - - -, dyg > - - 5 02020, dy 19> — - s
T3 T T2 274 273 T3 T2
1 C2,7 (-1-T) cz,10
d,11 = - + -, 02,1220, dy 1320, dy 14 > 0, dy,15 > 0,
2T T2 2713
-1+T €316 3-4T+T%  (-1+T) ca,16 -3+4T-T2
d2,16 - - - P d2,17 - - - P d2,18 e d2,19 -0,
273 T 274 T? 6T
1 2 4+T+T?2 (1-T) ca,16 1
dyog > ———, dy1 > —, dy,o0 > - - 5 02,2350, dy 00 >0, dyos > ——),
273 T 6T° T3 2T
~1+T  Cy,16 C2,2  Ca,5
dz,26 = - +——, 02,2750, dy,28 >0, dy,20 >0, dy33 50, €3 > -—— - s
6T° T3 2 2T
C2,10 C2,2 Ca5 1 10
€, -——,€,3-0,€e,4-0, - +t——, Fap-—+—, 30, 'F2,4%0}}
T 2 2T T2
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;= sol /. (a_ - b_) =» (a=D>b)

2021-11-18 21:06:57

C2,2 Cp5 1 1 1
outf+]= {* - s ~TCp,2-C2,5,0,0, ——  (1-T) Cr10, 9, ——-TCy7-—  (-1+3T) C3,10, 0, 0, O,
2T 2 2 2
-1+4T-3T2 1 1-37 1-11T+16T? R
0, - ((-1+T) Coe)y —————, 0, ——, - ) - ~(T-7) 2,165
6T 2T 2T 6T
1 1 ) C2,2  Ca,5 €2,2 €25
0,0, ——, - (=1+7T7) -T C2,16» 9,0,0,0, + > —C2,0, — + >
2 6 2 2T T T2
Ca,s 1-T c¢,7 (-1+T) Ca,10 -1+T (1-T) C,10 1 ¢
- b} e) - - - y - - b} 0) - - 3
T? T3 T T? 274 273 T3 T2
1 C2,7 (—1—T) C2,10 -1+T C2,16 3—4T+T2 (—1+T) C2,16
-—t— - —, 0, 0, 0, 0, - - y - - 5
274 T2 273 2713 T 274 T2
-3+4T-T2 1 2 4+T+T> (1-T) ca,16 1 -1+T  Cy,16
I | 0) I R B - b @, 0) I B + ]
6T 273 T4 6T T3 274 6T T3
Cr,2 Ca5 C2,10 Cr,2 Ca5 1 C2,10
0,0,0,0, - - Ty ~ , 0,0, + y - — t > )9}
2 2T T 2 2T T2 T

1= Cases[{Rq,25 R1,2, C1, C1}, (c|d|e|f)g, , »] // Union

ouf-]= {€2,25 C2,55 €C2,75 C2,185 C2,16}
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infe]= (*{C3 2=0,Cy 5=0,Cy 7=0,C 19=1,C3 16=0} ; )
{R1,2: Ri,2, C1» El}
out[«]= {]E{}»{l,Z} [\/?; (=1+T) (p1-P2) X2,
1

1
eSer‘ies{@, P1 P2 X1 x2+£ (-1+T) p? x§+£ (1-3T) py p2 %3,

PIpyx2x; (1-3T)pipaxax3 1 (-1+4T-3T%)p33 ¢y,

- —*p1p§X1X§— - +P1X1Cp,0+
2T 2T 2 6T

2,5 2 1 2,2
+|92X2Cz,s+P1X1X2C2,7+P1P2X1X2C2,1e—£ (1-T) p1X5Ca,10 +

P1X2 (-TCz,2-Cy5) -

2 1 1 3.2 3 2
P1 P2 X3 *;*TCZJ*E (=1+3T) Cp,10| +P1 X1 X2 C2,16 — (-1 +T) p3 X1 X5 Ca,16 +
1 1-11T+16T2
P1 P X3 [* (*1+7T)*T2C2,1s)+PiP2X3 —*(T*TZ) C2,16 H,
6 6T
1 1

]E<}»<1,2}[ s

AT

(-1+T)pixaXa PpipaXaXa (1-T)pix3 (-1-T)pip,%3

-1+ *J (P1 - P2) X2, eSer‘ies[@,
T

T2 T2 273 273

2\ 3.3
PIpP2Xi X, 2PIPaXiX3  P1P5XiX3 (—3+4T—T>p1x2
+

C2,2 Ca,5 P2X3Cy 5

- t T —P1X1 G2+
273 T 274 6T 2 T2
C22 Cy5 ) 1 C,7 (-1-T) Cy10 5 o “1+T (1-T)Cyae
p1 X2 + tP1pP2 Xy | -— - P1 X3 - +
2 21T T 27 271 271
1 cie ) 1-T c,7 (-1+T) Ca10
P1P2X1 Xy | — - +P1 X1 Xz |- - - | +
T3 T2 T3 T T2
2 3 -1+T C2,16 5 3 4+T+T2 (l—T) C2,15
P1 Py X3 [— + )+P1D2X2 - - +
6T° K 6T T
s L 3-4T+T% (-1+T)cy6 - -1+T  ¢3,16
P71 X1 X3 | - - +P1 Xy X2 | - - ]]}:
274 T? 273 T

. P1 X1 C2,2 Cz,5 P1X1Cz 10
]E{}a{l}{\/?.v 9: eSer'les[G, - y - - _7]})

T 2 2T T
1 . P1X1 Cz,2 Cy5 1 ¢
]E(}%{l){i, 0, eSeries |:@, 5 + +p1 X1 |—-— + ]}}
T T 2 27 72T

inf-7= RMoves

ouf-}= {True, True, True, True, True, True, True, True, True}

Some Knot Theory at $k=2

According to 12XingStats.nb at pensieve://Projects/SL2Invariant/k=2/ the following pair have equal p;
but different p;,:
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nf-}= equiv = {Knot[1@, 106], Knot[12, NonAlternating, 369]};
Length@Union[ZF /@ equiv]

KnotTheory: Loading precomputed data in PD4Knots'.
KnotTheory: Loading precomputed data in KnotTheory/12N.dts.

KnotTheory: The GaussCode to PD conversion was written by Siddarth Sankaran at the University of Toronto in the summer of

2005.
Out[=]= 2
nf-}= equiv = {Knot[1@, 106], Knot[12, NonAlternating, 369]};
res21 = ZF /@ equiv

T4

Out[]= {]E{}%{l} { 0,

1-4T+9T2-15T3+17T*-15T5+9T6 - 4T 4+ T8
eSeries[@, (-3+20T-69T°+161T°-272T*+328T°-225T°-9277+548T% - 952T° + 1113 T*° -
980 T'! + 668 7' - 349 T + 135 T - 36 T +57%°) / (T-8T2+34T°-1027+235T°-436T° +
669 T’ - 860 T° +935T° - 860 T'% + 669 T*! - 436 T'? + 235 T - 102 T + 34 T - 8 T'° + TV,
(3-40T+264T%-1128T7+3437 T*-7552T° + 10297 T° + 2304 T’ - 67324 T° + 259472 T -
699066 T™® + 1539252 T - 2919131 7™ + 4882760 T3 - 7290870 T** + 9779044 T*°
11816854 T*® + 12877354 T - 12651386 T*® + 11191592 T*° - 8896165 T2 + 6336738 T*! -
4030390 T*2 + 2278962 T?* - 1139320 T>* + 500046 T>° - 190857 T2° + 62504 T2 - 17215 7?8 +
3862 T%° - 668 7% +80 T 5732 _-8T%c, ,+120T°Cy,, - 924T*c, , +4862T° ¢, , -
19548T°c,,, +63624T  C;,, -173490 T8 ¢, , + 405054 T° c,,, - 821164 T ¢, , +
1457946 T ¢,,, - 2275932 T ¢, , +3120910 T ¢,,, - 3730618 T ¢,,, + 3810432 T ¢, , -
3161604 T, ,+1801302T" ¢, ,-1801302T %, , +3161604T*°c, , - 3810432 T ¢, , +
3730618 T* c,,, - 3120910 T ¢, , + 2275932 T ¢,,, - 1457946 T ¢, ,, + 821164 T*° ¢, , -
405054 T* c,,, +173490 T ¢, , - 63624T*° ¢, , + 19548 T c, , - 4862 T ¢, , +
924T* ¢, ,-120T2 ¢y, +8T% €z, -8TCp5+120T% Cp 5 - 924 T 5,5 + 4862 T ¢y 5 -
19548 T cy,5+ 63624 T8, 5 - 173490 T ¢, 5+ 405054 T2 ¢, 5 - 821164 T° ¢, 5 +
1457946 T ¢, 5 - 2275932 T ¢,,5 + 3120910 T ¢, 5 - 3730618 T ;.5 + 3810432 T ¢, 5 -
3161604 T ¢, 5 +1801302 T ¢, 5 -1801302 T ¢, 5 +3161604 T ¢, 5 -3810432T% ¢, 5 +
3730618 T  ¢,,5 - 3120910 T* ¢, 5+ 2275932 T2 ;5 - 1457946 T** ¢, 5 + 821164 T ¢, 5 -
405054 T ¢, 5+ 173490 T ¢, 5 -63624T® ¢, 5+ 19548 T ¢, 5 - 4862 T% ¢, 5 +
924T  ¢cy,5-120T* €5, + 8T Cy,5 - 6T Cp 10 + 88 T2 Cy,10 - 662 T2 €510 + 3398 T* €510 -
13302 7T° Cy,10 + 42048 T° €, 19 - 110922 T7 ;10 + 248966 T2 5,15 - 480208 T° C;5 16 +
796974 T ¢, 15 - 1126576 T ¢y, 10 + 1312494 T 5, 15 - 1137250 T ¢, 19 + 400328 T ¢, 1 +
969964 T%° ;19 - 2827546 T'® ;19 + 4806348 TV ;5,15 - 6430150 T8 ¢, 16 +
7293172 T ;.10 - 7220536 T2° ¢, 10 + 6323986 T 5,15 - 4929326 T 5,10 +
3425288 T2 ;19 - 2118918 T* ;10 + 1162120 T?° ¢, 10 - 561142 T?° ;5 1 + 236058 T¥ 5,10 -
85200 T%° C;,10 + 25794 T C3,10 - 6326 T°° Cp,10 + 1186 T°! €310 - 152 T°% €310 + 10 T 10 /
(2712-327%+264T* - 1496 T° + 6516 T° - 23136 T’ + 69396 T° - 186024 T° + 410582 T*° -
833112 T + 1517288 T2 - 2496728 T** + 3730618 T** - 5080576 T*> + 6323208 T*° -
7205208 T + 7524878 T*® — 7205208 T*° + 6323208 T*° - 5080576 T +
3730618 7?2 - 2496728 T + 1517288 T2* - 833112 T%° + 410582 T2 - 180024 T%7 +

http://drorbn.net/AcademicPensieve/Classes/21-1350-KnotTheory/Preps/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: Classes: 21-1350-KnotTheory: Preps: PerturbedHeisenberg-211118-3.nb 2021-11-18 21:06:57

69396 T%® - 23136 7% + 6516 T°° - 1496 T°* + 264 T - 32 T%% + 2 T°%) | } )

T4

]E<H{l}{ 2 3 4 5 6 7 . 8’
1-4T+9T2-15T3+17T*-15T°+9T6 - 4T/« T

0,
eSeries[O,

(-3+20T-69T%+161T°-272T%+328T°-225T°-927" +548T° -

952 7%+ 1113 T*° - 980 T*! + 668 T'2 - 349 T** + 135 T* - 36 T + 5 T'¢) /
(T-8T2+34T°-1027T*+2357°-436T°+ 6697’ - 860 T°+935T° - 860 T'° +

669 T™ - 436 T* + 235 T - 102 T* + 34 TV - 8 T° 4 T,

(3-40T+264T%-1120T>+3333 7" - 6896 T° + 7641 T° + 9944 T’ - 83404 T° + 283088 T° -
716082 T + 1514140 T - 2796883 T*? + 4607952 T*> - 6839214 T** + 9183044 T%° -
11164950 T + 12281354 T - 12199730 T*® + 10916784 T*° - 8773917 T + 6311626 T** -
4047406 T>? + 2302578 T2> - 1155400 T** + 507686 T>* - 193513 T*® + 63160 T¥’ - 17319 T +
3870 T%° - 668 T°°+80T> - 512 -8T%¢,,+120T°c,,,-924T*c,,, +4862T° ;5 -
19548 T°c,,, + 63624 T ¢y, - 173490 T8 ¢y, + 405054 T° ¢,,, - 821164 T ¢, 5 +
1457946 T ¢,,, - 2275932 T ¢, ,, + 3120910 T2 ¢, ,, - 3730618 T* ¢, , + 3810432 T ¢, , -
3161604 T c, , +1801302T ¢, ,-1801302 T ¢, , + 3161604 T c, , - 3810432 T ¢, , +
3730618 T*% c,,, - 3120910 T ¢, , + 2275932 T ¢,,, - 1457946 T ¢, , + 821164 T*° ¢, , -
405054 T ¢, , +173490T*® ¢, , -63624T° ¢, , + 19548 T, , - 4862 T ¢, , +
924T%% ¢y, -120T ¢y, +8T> €y, -8TCy5+120T% Cy 5 - 924 T2 5 5 + 4862 T ¢y 5 -
19548 T° C;,5+ 63624 T° c,y 5 - 173490 T  ¢y,5 + 405054 T8 ¢, 5 - 821164 T° ¢y 5 +
1457946 T ¢,,5 - 2275932 T ¢, 5 + 3120910 T*% ¢, 5 - 3730618 T ¢, 5 + 3810432 T ¢, 5 -
3161604 T ¢, 5 +1801302 T ¢, 5 -1801302T% ¢, 5 +3161604T" ¢, 5 - 3810432 T, 5 +
3730618 T* c,,5 - 3120910 T2 ¢, 5 + 2275932 T2 ¢, 5 - 1457946 T* ¢, 5 + 821164 T ¢, 5 -
405054 T*® ¢, 5 + 173490 T* ;5 - 63624 T?% ¢, 5 + 19548 T c, 5 - 4862 T ¢, 5 +
924T* ¢, 5-120T°%Cy,5+8T°2 €5 -6 T Cp10 + 88 T2 Cp 10 - 662 T2 €5 10 + 3398 T €5 10 -
13302 T° Cy,10 + 42048 T° €, 19 - 110922 T7 ¢, 14 + 248966 T2 ¢ 15 — 480208 T° C;5 10 +
796974 T ¢, 19 - 1126576 T ¢y,10 + 1312494 T 5,15 - 1137250 T ;1 + 400328 T ¢, 10 +
969964 T ¢, 15 - 2827546 T'® ¢, 10 + 4806348 T ¢, 15 - 6430150 T8 ¢, 10 +
7293172 T ¢;,10 - 7220536 T 5,10 + 6323986 T?! 5,19 - 4929326 T** ¢, 10 +
3425288 T%% ¢, 19 - 2118918 T** ;5,19 + 1162120 T% ¢, 16 - 561142 T?° ¢, 14 + 236058 T2/ C3,10 -
85200 T%° C;,10 + 25794 T C5,10 - 6326 T°° C3,10 + 1186 T°! €310 - 152 T°% €310 + 10 T 3,10 /

(27%-3277+264T*-1496 T° + 6516 T° - 23136 T’ + 69396 T° - 180024 T° + 410582 T*° -

833112 T+ 1517288 T2 - 2496728 T*> + 3730618 T** - 5080576 T*° + 6323208 T*° -
7205208 T + 7524878 T*® — 7205208 T*° + 6323208 T*° - 5080576 T*! +
3730618 7?2 - 2496728 T + 1517288 T2* - 833112 T*° + 410582 T°° - 180024 T%7 +
69396 T%® - 23136 7% + 6516 T°° - 1496 T°* + 264 T2 - 32 T%% + 2 T°%) | } }

According to 12XingStats.nb at pensieve://Projects/SL2Invariant/k=2/ the following triple have equal p;
but different p,:
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inf-}= equiv =
{Knot[12, Alternating, 427], Knot[12, Alternating, 435], Knot[12, Alternating, 990]};
Length@Union[res22 = ZF /@ equiv]

KnotTheory: Loading precomputed data in KnotTheory/12A.dts.
our-)= $Aborted

Solving for R, C, Sk =3
mn-1= $k = 33
Short [RMoves, 20]

(1-T) p3ps Xi Xz X3

2T

2 2
+4 p7 P2 P3 X1 X2 X3 +

Out[» J/Short= {(—2+2T> pi P3 X1 Xa X3+ (-1 -6T) p1 p2 P3 X1 X2 X3 +

(1-4T+3T%) p3psxiX5Xs

+ <<263>> + p1 pg Xg <T3 C3159 + 4T3 C3,55 - 4T4 C3)55> +
2T

p‘z1 Xg <T4 C3)35 + T4 C3,51 - 4T5 C3’51 +6 T6 C3,51 - 4T7 C3,51 + TS C3)51 + T3 C3,52 - 4T4 C3)52 +6 T5 C3,52 -
4 T6 C3)52 + T7 C3,52 + T2 C3)53 -4 T3 C3,53 +6 T4 C3,53 -4 TS C3)53 + T6 C3,53 +T C3154 -4 T2 C3,54 +
6 T3 C3,54 — 4 T4 C3,54 + TS C3,54 + C3,55 — 4T C3,55 + 6 T2 C3,55 — 4T3 C3,55 + T4 C3,55> +
1
Py pips X3 (7T2-97T2+329T*-239T°+ 24 T% C3,45 - 48 T° C3,45 + 48 T* €3 45 +
727T% C3,50 - 144 T° 3,50 + 72 T* €350 + 144 T? C3,55 - 288 T° C3,55 + 144 T* 355 ) +
1
o1 P13 (5-19T+13T2+38T°-89T*+77T°-25T°+12 7% 3,31 -48T° 3,3+ 72T 3,31 -
48 T8 C3’31 +12 T9 C3,31 +12 T4 C3,32 -48 T5 C3,32 +72 T6 C3,32 -48 T7 C3)32 +12 TS C3,32 +
12 T3 C3,33 — 48 T4 C3,33 + 72 TS C3,33 — 48 T6 C3,33 + 12 T7 C3,33 + 12 T2 C3,34 — 48 T3 C3,34 +
72 T4 C3)34 -48 TS C3’34 +12 T6 C3,34 +24T C3,35 - 96 Tz C3,35 + 144 T3 C3,35 - 96 T4 C3,35 +
36 T5 C3,35 + 12T C3,40 — 48 T2 C3,40 + 72 T3 C3,40 — 48 T4 C3,40 + 12 TS C3,40 + 12T C3,45 —
487T% 3,45+ 72T C3,45 - 48 T C3,45 + 12 T° C3,45 + 12T C3,50 - 48 T? C3,50 + 72 T° C3,50 -
48 T4 C3,50 + 12 TS C3)5@ +12T C3,55 -48 T2 C3,55 +72 T3 C3,55 — 48 T4 C3,55 + 12 TS C3)55> ==

3C3,1+2p1 X1 C3)2+ <<368>> +p% pg Xg (T4 C3,45+6T2 C3’55—12 T3 C3’55+6T4 C3)55>,
<«<7>>,
p‘ll <1> («<1>) <<1>
+ <<3> + =
1271° «<1>>

o)
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ni-1= unknowns = Cases[{Ry,2, Ry,25 C15 C1}, (c|d|e|F)g, , o] // Union

ou-}= {C3,15 €3,2, €3,3, C3,4, C3,5, C3,6, €3,7, C3,8, C3,9, C3,10, C3,11, C3,125 C3,13, C€3,14, C3,15, C3,165
C3,17, €3,185 C3,19, C€3,20, C3,21, C€3,225 C3,23, C3,24, C3,25, C3,265 C3,27, C3,28, C3,29, C3,30, C3,31,
C3,32, €3,33, C3,34, C3,35, C3,36, C3,37, C3,38, C3,39, C3,40, C3,41, C3,42, C3,43, C3,44, C3,45,
C3,465 C3,475 C3,485 C3,49, C3,505 C3,51, C3,52, C3,53, C3,545 C3,55, d3,1, d3,2, d3,3, d3,4, d3s,
ds,6, d3,7, d3,8, d3,9, d3,10, d3,12, d3,12, d3,13, d3,14, d3,15, d3,16, d3,17, d3,18, d3,19, 03,20,
d3,21, 03,225 d3,23, d3,24, d3,25, 43,265 d3,27, 3,28, 03,29, d3,30, d3,31, d3,32, d3,33, d3,34, d3,35,
ds, 36, 03,37, d3,38, 03,39, d3 40, d3,21, d3,42, 03,43, 03,44, d3,45, d3 46, d3,47, d3, 48, 03,49,
ds,se, d3,51, 03,52, d3,53, d3,54, d3,55, €3,1, €3,2, €3,3, €3,4, €3,5, 3,1, F3,2, F3,3, F3,4, F3.5}
n-1= Short[errors = CCF /@ Cases[RMoves, a_ =b_ > a-b], 25]
1
Outf - J/Short= {— (48 Tpyp2Xp X3 -~ 48 T2 p1 Py Xa X3 — 24 Pi P2 X1 X2 X3 — 24 T3 py X1 Xz X3 + 48 T2 pf py Xg Xz X3 +
24T
48T p, p§x1x2x3—48T2p1 p§x1x2x3—48Tpi p3x1x2x3+48T2 pip3x1x2x3+12pi pzxix2x3—
12T pd py X2 Xo X3 - 48 p2 pa X2 Xy X3 + 48 T P2 p2 X2 Xy X3 + 12 p3 p3 X3 Xp X3 - 12 T p3 p3 X3 X5 X3 +
12 p3 x5 X3 + 24T p3 X5 X3 - 84 T2 p3 x5 X3 + <<3718>> + 96 T? p3 p3 X3 C3,55 - 288 T> p3 p3 X5 C3 55 +
288 T* pi Ps3 xg C3,55 - 96 T pi ps3 x‘; C3,55 - 96 T2 pg ps3 xg C3,s5 + 288 T pg ps3 Xg C3,55 —
288 1% p] p3 X§ C3,55 + 96 T° P3 P3 X§ C3,55 + 144 T° p p3 x§ €355 - 288 T* pi pJ x§ 3,55 +
144 T° pi p3 X5 C3,55 - 144 T2 p3 p3 X3 C3,55 + 288 T* p3 p3 X3 C3,55 - 144 T° p3 p3 X3 C3,55 +
96 T* p1 p3 X3 C3,55 - 96 T° p1 p3 X3 C3,55 - 96 T* p2 p3 X5 C3,55 + 96 T° p, p3 X3 C3,55) »
1

- (28T pipaxaxa - 48T papaxaXo - 24T Py o Xg Xo + 48T PI Py X4 Xz - 12T py P2 X +
24T

<<858>> + 144 T*° pl p2 x] d3, 55 + 96 T2 py p3 X3 d3,55 - 96 T° py p3 X3 d3, 55 + 24 T pJ X3 d3 55 ,

—p1 Xy + 2T pg Xg + <<8> + T3 pi Xi f3,4+ T3 p‘l1 X‘ll fi,s

3
T3
<«<1>>

24 T4
<«<1>

3

12T°
-12p; X3 + <<158>> + 12 «<4>>

)

12 12
108 - 144 T + <<208>> + 12T pt x4 f3 s 1

3
1273 12 76
(-12T2pyxg +24 T py xg + 18 Tpf x] + <<153>> +

12 TS P1 X1 93)2 +12 T4 p% Xi E3’3 +12 T3 pi Xi E3,4 +12 TZ pi X;‘: 93)5> )

- (12-144T+336 T2 - 276 T> + 72 T* - 36 py X1 + 216 T py X1 + 60 T2 py X1 - 360 T> py Xy +
127

72T pyx; +18pi x] +60 T pi x5 - 588 T2 p x% + <<186>> + 1728 T*e3 5 - 1152 T  e3 5 + 288 T e3 5 -
1152 T% p; Xq €3,5 + 3456 T> py Xg €3,5 - 3456 T* py X3 3,5 + 1152 T> p; X; €3,5 + 864 T? p2 X3 €35 -
1728 T° pi X] e3,5 + 864 T* p] x €35 - 192 T2 pJ x] 3,5 + 192 T> p3 x] €35 + 12 T2 py X7 €35 }
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In[«]:= Shor‘t[#, 10] &[ean =
Thread [0 == Union @@ (CoefficientRules[#, {Xi, X2, X3, P1, P2, P3}1L 33 » 2] & /@ errors)]]

Out[ = J//Short= {0 == C3,4 -T C3)4, 0 == —C3’4 +T C3)4, 0==T C3)4 - Tz C3,4,
9 12 2 ) 3
<<489>>,0::1+f*i+*+d311*Td3,3+2T d3’3*6T d3,18+
T3 TZ T

24T4 d3’35+f3,1+f3,2—T'F3)2+2'F3J3—4T'F3)3+2T2 'F3)3+6'F3,4—18T'F3,4+
18T%f3,, - 6T f3,4+24F35-96TF3,5+144T° f3,5-96T° f35+24T" f3 5,
7 4 22 20 ) )
Q=-—-— +— - — +d3)6+Td3,7+T d3)3+d3,9+Td3)19+T d3)11+d3)12+Td3,13+
2 T3 TZ
T%ds,04 -3 Tds,06-6T°d3,17-9T 3,0 - 2T d3,00-4T2d3,00 -6 T2 3,00 - T3 00 - 2T d3 55 -
3 T3 d3,26 +12 TZ d3)33 + 36 T3 d3)34 +72 T4 d3,35 + 6T2 d3,38 +18 T3 d3’39 + 36 T4 d3,4e +2 TZ d3)43 +

6T d3,00+12 T d3 45+ T2 F3,3+9T? 3 4, -9T F3,4+72T° 3,5 -144T> 3 5+ 72T* f3,5}

mn-}= {sol} = Solve[eqns, unknowns]
Solve: Equations may not give solutions for all "solve" variables.

C3,2  C3,5 1
outf+J= {{C3,1 - —72 - 72 y C3,3>-TC3,,-C3,5, C3,4 >0, C3,6 >0, C3,3~> _E (1-T) c3,10»

1
C3,00, C3;11>-1-Tc3,7- E (-1+3T) C3,105 C3,12 > 9, C3,13 > 0, C3,14 > 0,

-1+7T-6T2 1
€3,15 > 0, C3,17 > - ((-1+T) C3,16) 5 C3,18 = SR — C3,19 > 0, C3,20 — s

1-6T -4-7T+32T? R
» €300 > ———————— - (T-T%) C3,16, C3,23 > @, C3,24 > 0, C3,25 > -1,
2T 6T

C3,21 > —

1
2
C3,26 g (3+14T) - T C3,165 C3,27 > 0, C3,28 > 0, C3,59 >0, C3,33 >0, C3,33 >0,

3 X 1-12T+27T*-16T°
C3,33 > -—  (-1+T) 3,325 C3,3 > - ((-1+2T-T%) ¢3,32), C3,35 > - s
2 2412

1 -1+3T -1+11T-16T2
C3,36 >0, C3,37 > ——,C33g>-————,C339>-————————
6T 472 6T
~1+31T7-131T%>+125T3 s s 1
C3,40 > — - (T—ZT +T ) C3,325, C3,41 > 0, C3,42 > 0, C3,43 > —,
24 T2 T

-54+23T ~54+69T-142T? 3 )
C3,44 > ————, C3,45 > — +— < (=1+T) T% 3,32, C3,46 > 0, C3,47 > 0O,
6T 24T 2

1
3
C3,48 > 0, C3,49 — g; C3,50 — ;l (L-15T) - T" 3,32, C3,51 > @, C3,50 > 0, C3,53 >0, C3,54 > 0,

C3,2  C3,5 C3,2  C3,5 C3,5
+——, d3,p > -C3,2, d3;3 > +——, d3,4 >0, d3 5> - s
2 2T T T2 T2

~1+3T7-2T% 3,7 (-1+T)c3,10 1-3T+2T%2 (1-T) ¢3,10
d3,6%@,d3,79_7_7_7, 3,8 7 — -
T4 T T2 27° 273
1-2T C3,1@ -1+2T C3,7 (*1*1—) C3110
d3,9%0: d3,1e%* - ,d3,11%*7+ -
T T2 27° T2 273

C3,55 > 0, d3,1 >
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1—2T+T2 C3,16

ds3,12 - 0, d3,13 > 0, d3,14 > 0, d3,15 > 0, d3 16 > - " - 7
T
~7+15T-10T?+2T>  (-1+T) C3,16 7-15T+10T2-2T3
ds,17 > - - > d3,18 > - > d3,10 = 0,
2T T 6T°
“1+T 9. (-1+T) ~9+8T+2T2+2T> (1-T) ¢3,16
d3,ze%*7, d3,21%7; d3,229* - P
T 27 6T® T
“1+T 1-T+T?  c3,16
ds3,23 > 0, d3,04 > 0, d3,25 > - sy d3 06> —— + , d3,07 > 0,
T 378 T
-1+T C3)32
d3,28 > 0, d3,29 > 0, d3,36 > 0, d3,31 - 0, d3,3 > - - s
6T T
2-3T+T% 3 (-1+T) c3,3 “16+27T-12T2+T3  (1-2T+T%) 3,3
d3,33 - - - P d3,34 - - - >
s 272 6 T° T
16-27T+12T72-T3 1 -34+T
d3,35 > - 503,33 20, d3 37 > -——, d33g > - ——,
2471’ 6T T°
3.(=34+T) “2745T-T2-T3  (-1+2T-T) c3,5
d3,39 - T d3,40 - - - ) C‘3,41 -0,
276 24T T4
1 2 12-T-5T*> 3. (-1+T)c3,3
d3,42 -0, d3,43 ) d3,44 ) d3,45 - - + ) d3,46 -0,
> 6 2477 2T
-1-T C3,32
d3,47 > 0, d3,48 > 0, d3,49 > ———, d3,50 > - + » d3,51 >0, d3;50 > 0,
6T 24 T T4
C3,2  C3,5 C3,10
d3,53 >0, d3;54 > 0, d3;55 > 0, €3,1 > - -——, €3> -—,€33->0,€3,4-0,
2 2T T
C3’2 C3,5 -1+2T C3,19
e3,590, ‘F3,1% — 'F3,2%*7+7, ‘F3,390, ‘F3,4e0, ‘Fg’sﬁe}}
2 2T T3

mn-}= sol /. (a_-b_) = (a=b)
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C3,2 C3;5 1 1
outf-]= {* - 5 -TC3,,-C35,0,0, —— < (1-T) C3,20, 0, -1 -Tc3,7-— < (-1+3T) C3,10,
2 27T 2 2
-1+7T-6T2 1 1-6T
0) e) @, 0)’(<*1+T) C3,16))*7) e) R R b
6T T 2T
~4-7T+32T? , 1 X
————————— (T-T")¢3,%,0,0, -1, -  (3+14T) -T?c3,36, 0, 0, 0, 0, O,
6T 6
3 X 1-12T+27T?>-16T3 1 -1+3T
—— (-1+T) 33, - ((-1+2T-T%) c3,32), - 0, —, ———
2 24 T2 6T2 472
-1+11T-16T? -1+31T7-131T%2+125T3 , s 1 ~54+23T
- 5 - - (T-2T247°) 3,32, 0,0, —, -—————
6 T2 24 T2 T 6T

-5+69T-142T%> 3 X 1 1 R
- + = (_1+T>T C3,32) 9: @, 917)7 <1_15T>_T c3,32) 6; 9) 0,

24T 2 6 24
C3,2  C3,5 C3,2 C35 C3,s ~1+3T-2T% ¢3,7 (-1+T) C3,10
@,0, + :_C3,217+ Je)_i)@:_i_i_i:
2 27 T T2 T2 T T T2
1-3T+2T%2 (1-T) ¢3,10 1-2T c3,10 -1+2T c3,7 (-1-T) ¢3,10
- - )e.’_ - y - + _71010)9161
27° 273 T4 T? 27° T2 273
1-2T+T?  c3,16 ~7+15T-10T?+2T> (-1+T)c3,56 7-15T+10T2-2T3 “1+T
- - )y - y ) 01 - J
T T 2T T 6T° ™
9. (-1+T) ~9+8T+2T2+2T> (1-T) c3,16 ~1+T  1-T+T? c3,56
y - , 0,0, - y + ,0,0,0,0,
271 6T° T3 T 37° T
“1+T Ca3  2-3T+T2 3 (-1+T)cs3  -16427T-12T2+T  (1-2T+T?) ¢33
0) - - )y - - - 3
6T* T T° 272 6T T3
16-27T+127%-T1° 1 “3+T 3. (-3+T) S27+5T-T2-T>  (-1+2T-T?) c3,3
- f) » T T s T ) - - )
24 T 6T* T° 276 24 T T
1 2 12*T*5T2 3 (*1+T) C3)32 1 -1-T C3,32
0,0, -—, —, - + ,0,0,0, -—, - + >
™ T 2417 274 6T 24 T7 T4
C3,2 C35 C3,10 C3,2 C3.5 -1+2T 3,10
0,@, e: 0)6)_7_7)_7) e: O)QJ + 1_7‘*7}@) @, 0}
2 2T T 2 27 T3 T
In[«]:= cases[{Rl,z, EI,Z) C1, E]_}, (C | d | e | .F)$k,_) oo] // Union
ouf-]= {€3,2, €3,5, C3,7, C3,105 C3,165 C3,32}
inf-]= {C3,2 =@, C3,5 =@, C37 =0, C3,19 =0, C3,16 =0, C3,35 = 1};
{Rl,z: Ri,2, C1 El}
outf+]= {]E(}»u,z) [\/?: (=1+T) (p1-P2) X2,
. 1 2,2 1 2
eSer‘les{e, PiPaXiXat—  (-1+T)p2x2+—  (1-3T) p1paxs,
2 2
2 2 2 2
pip2XiXy 1 1 1 (1-3T) p1 P2 X1 X3
P1P2XiXg - ———— +—  (~1+T) pix3+ [-—+—  (1-3T) | p1paX;- -
2T 2 2 2 27
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1 (-1+4T-3T%)p3x3 (1-11T+16T%) pipax; 1
2 2 2 .3

— p1P5 X1 X5 - - + = (=1+7T) p1p3 X3,
2 6T 6T 6

pipaXixs , Pi P23 X2 , (1-6T)pipyxix; ) )

- P11 XiXog+ ——————— - pP1P2X; - = P1 Py X1 X3 —
T 6T? 2T
2 3,3

3 4 o o (F1+3T)pipyxixs pip3xix; (-1+7T-6T2) pix;
— o (=1+T) py Xy x5 - + - -
2 4712 T 6T

“4-7T+32T%) plp,x3 1

( ) = (3+14T) pipsx;+ (1-2T+T?) pixgx; -

6T 6
(-1+11T-16T%) pipaxaX3 (-5+23T) p2pix;x3 1 R 5
- + = P1P3 X1 X3 -
6 T2 6T 6
(1-12T7+2772-16T°) p1 X3 , .y -1+31T-131T2+1257%) | .
P -Te2T2 -T2 - P1P2X3 +
24 T2 24 T2

3 -5+69T-142T? 1

C o (C14T) T piP%X‘z”[* <1-15T>‘T3)P1p3"3H’

2 24T 24

1 1
E(1501,2) [7: (*1+ }J (P1 - P2) X2, eSer‘ies[O,

ﬁ

(-1+T) pixi Xy PpiPaXiXy (1-T)pixs (-1-T) pypsx3

T T? 271 21

1-T -1+Ty , 1 1 (-1+T) pixixy pipaxix,
- - | P1XaXo+ |/ =~ | P1P2X1 X2~ - +
T T? ™ T 271 21
14T 1Ty 1 -1-T , (3-4T+T)pixix
(— - Jp1xz+[—7— Jplpzxz— +

2T 273 274 27 2T

2p2pyxa X3 pipixgxd  (-3+4T-T?)pix3  (4+T+T?)pipaxXs (-1+T) pyp3x}

T4 274 6T 6T 6T

)

(-143T-2T2) pixixa (1-2T)pyipaxiX, (1-2T+T?)pixix, (-1+T)p2p,x2x,

- - - +

T4 T4 T4 T4
2 2,2
( “1+T 1]p4x3x PPpyx3x, (1-3T+2T2)pixd (-142T) pyp,x2
- - 17217227~ - - -
6T T 6T 271° 2T°
(-7+15T-10T2+2T°) pixaxs 9 (-1+T)pipaxax3  (~1+T) pyp3xy 3
+ - +
275 27° T
3.(-1+T) 2-3T+T?) , o o (-3+T)pipxdxd p?plxtxd
- - P1 Xy X3 - - -

272 T T T

7-35T-10T2-27) px (-9-8T.2Te2T) ppax (L-T+T2) prp
- - +

6 TC 6 T° ER N
1-2T7+T? 16+27T12T2+T3] 3. (=3+T)pipaxiX3 2pip3xix3

pin Xng + -

27® T®

T 6 T®
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pipixs X3 (16-27T+12T2-T3) p‘iX‘z‘+[ “14+2T-T2 —27+5T-T2-T3 2yt
- 1 P2 7%

6T 24T T 24T

3. (-1+T) 12-T-5T? -1-T 1
| : b [ L],
2T 2417 2477 T4
E {\/T 0, Series [0 P2 P11 0] }
-{1 - -
{}-{1} » 9o ) T > T ) )
1 . pP1 X1 1 1 (—1+2T) P1 X1
E{j501) [7, 0, eSer‘leS[G, (—f + f) P1 X1, ——H}
T T T2 T T3

in[-]= RMoves

ouf-}= {True, True, True, True, True, True, True, True, True}
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