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Class of Friday September 11: The Jones Polynomial.
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Hour 6, Monday September 21: Finish Jones and planar algebras, start Khovanov homology
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Hour 7, Wednesday September 23: Khovanov homology following http://drorbn.net/mo13
HW2 on web, HW1 due at 11:59PM.

Sums and products of complexes.
~ Graded vector spaces, g-dim, sums, prodcuts, shifts.

Graded complexes and graded Euler characteristic.
Then http://drorbn.net/mo13 ....
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Hour 8, Friday September 25: Khovanov homology following http://drorbn.net/mo13

R DY Cont. FR=R of Fof=csl

~ | The Jones polynomial: O = (¢ + q_l)k
| TR p(—¢?%, T X —q X+ gD

Example: = q+¢@+¢ - \/ qﬁ!(er\a}:'C] _}_‘q"ﬂj
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Hour 9, Monday September 28: Khovanov homology following http://drorbn.net/mo13

The Jones polynomial:

J: K= (=¢* =,

OF = (g+¢ )
J: X —q X+ q D

(‘ %ML/Q%L/‘LQ%‘D%

Khovanov: K(L) is a chain complex
V =span(vy,v_); de

height —1

K (X) = Flatten (0 - K(2){-2} 5 KQ0O{-1} - 0

height 0

ed Z-modules;
gdmV =q+q

K(X) = Flatten (0 S K0O{1} @ K(2){2) — 0) |

height 0 height 1

)

;97€

Example:

2

Pla+q") 3¢ (g +q7") +

3¢°(q+q7)?

Q lg+g™')?
Vve3s5}
SO

go up for Jones

@
S
2
=<
-
22

S

9

“la+q™')?

*la+g™)? &5 a'(g+a")
V®2{3} — V{4}
000 doso 010

O

%5(q+q—1)2
ve3{5}
O ot

go down for Khovanov
'
= -:I
—
o
=|9n

- £d, _ £
I3'::0(: 1)%dg I£)|:=:1(_ 1)%de
i = i
i] Y 1
i K(@)! d

i
K(@)°

¥
K(&)?

hat’s a
cobordism!

[®]
N
dyy.

@)
819;

diay

(o)
81e)

+i i@
don

T (S1¢d

€=z
i

Y
dﬂ

a+a+¢ —q".

*la+q")?

“la+g™)?

YO

(here (—1)8 ;= (—1)%i<i & if £ = %)

K(®)?

= K(@).

P4 |
vV oeLd -

Suel Z}'@-ﬂﬂf ;

 (QORCD)—wevsy)

[ dyym=diyg=—

QD

(OO 0)—waven

/ﬁ\-FIo)/ — A C(+l¢

v < W/

MoV — S

a4




ABLB M | G 2< 2O L —— L&A

[\ OVR — \/@k/ | \/@\/w—ﬁ V2V
[ ;‘@;ﬂ, n | \ -
v P J/ / M\, S
\ \/@ S T \/ / a Y 4
ol 1y A v )
ﬂ( LC{) \\ N _léfll\/f»’ .yﬂ)‘v‘:«/ )
VA¢so (/Aéfm’m/ commantn -

Co—adael f v/ N =

4. Co — éeammhﬁfJ\/e, L
( —Loc®C
/5?7 l/\a@/ (
A o/ \D
) —— (& ®C v v
\\kL )y C@(l—’JC@C
Qv\,jfo(ﬂmf;wfb , ,
N / Loy Tu)
ZVV\‘M IQ /A J/( A\ F_\A ﬁ/ﬂ(a‘é//w/ Lo
C=A" ¢ n éaw/\ﬂjﬂ LA M AL — A

— , )
}—A)wﬁ AVC\G/é/V\ ARV RS ln/ln(/,\ p (| e
n v 1 ayieng ki
17 [, om N/QL/;//\ & A co-Alg T 20 bnlth &
/) v Mnvesgeds/
@y Sl ﬁmn [ nas ) AV Fylan LstL)
' ,// / ( ’ zj,y/LA/ }
I ANo0(C . 1< O —oNSH P~ J/
And s 4, (n&l)(cnd) :ﬁé@é ,//

. N . )
.[.) : ,A ) A?@ //< 4 /V)Of'lﬂz};,ém OzC /{:))ﬂé/’b




[ RAVE AV e AV §7§ / Jﬂ r=Jdign=—)

V— /O > M IS Bormindrdi
NN , (55— 2 N /§ Co — ﬂbm//ﬁh‘ﬁﬁf\
(VWD 2 7

J

2\
V f_s ’1))(/(,/4,(/)%
=" o) © 7

S 0 co—rs5cialiA
p /17@) ) ,
OO0 —Co0 VeuoyZyey
] 7 ) .y | o )
7 =) e g , . Jf
U T VOV ——
2o — 0o Y= v
(\-‘—-wbﬂ ) (_)5 O \ O\ —\ L@yh/,@\/ R
N — Y Ten “
L m . LI
L=< — 00
N NE s N
oL |
v VeV, —— v\
Vv —————>
vV &/, — O
N

> | J@\/ )
[\ /
e N>o, A >0, Zov =) knwnAdew /iy
[Ty = o0 o9t oL w7/,
w2 TE T kney N L oL 1d Loas




Hour 10, Wednesday September 30: Khovanov homology following http://drorbn.net/mo13 ] J \,\/ 2 o ),1/‘( éD

S H w3t oy L2
The Jones polynomial: O = (g+q)" J S

| TR (—=¢?X, T X =g 24 gD
d 1 1 d T . T),L VX X1 ZL
- Khovanov: K(L) is a chain complex of graded Z-modules; 5 | iﬁm

1

V =span{vy,v_); degvy =+1; qqgdimV =qg+q
B (04,0 hvl-m —# )< o=/ Z 'ljr
K(OF) =Vv®*,  K(X) =Flatten [0 = K0 O{1} = K(<){2} =0
o height 0 height 1
K(X) = Flatten (0 - K(X){-2} > KO O){-1} =0
helght -1 height 0
Example: = q+@+P -
 Plg+g)? 3¢'(a+q7") + 3¢°(q+q7')* = F“lg+q7)?

671‘
\) a'(g+q") &) O q5(q+q")"'
R i
100 R0 w 110
- (? colmr(llsm'
[0}
— & d.yo
+ H::] +
o0 E O
d, 'e%) M dn

*la+g™)? &5 a'(g+a") “la+q™')? (O dlata’")?
vers) | —————— V{4} ve2{s} veH{e}
000 doso 010 O 101 d’ OO 111

go up for Jones

1
doo. i i d
: " &3/ i §
— 2 ]
e &Nqﬂl ) 0% %} (g+a~ ')
2 v{4} VE3{s}
g 001 d";‘ Q 011
“ £ ; : i 1€
I&'JD(: 1)%dg I£|:=1{__1)£d£ I{IZﬂ(:l) dg
‘ M v M v !
K(@)° K(@)! K(&)? K(&)3
(here (—1)% := (1) X< & i & = %) = K(@).

A/ | . P ) ) /
NMedd fusd that
 (QO=CD)—wavsy) Jrym=diga=—1
- D\ &:.Lf-&mmu 4ot And! @,57(&544\,}{&/4
QO WA
(CO=O0)—wavev) ? 4 e ?:HMLJEZ s 0PN
E/;g Q_ﬂ,u.é—,&njﬁ,hfu? ok

Vy VU =U- vy QUy — v+ /1
m: - o

Vo @uy v v- @uo— 0

o /~
A:{v+l—)v+®v_+v_®v+ / V_p(l/H l/—f*) “;‘( (/) l/_;.. \/

V- = U @U_ — /
/@O \ VAR / / L \ /7
wi V_t-‘v‘ V__ -1—‘\/~_( v

s A
O | V. +\ Vv U
B N VA= XVAVEAVA | 5

Ow | - — ~ — -




:\f nr/
- v VA A /V___
— - OF >, o )/
J A" yuppe sl (~ S 15 AN Il ) T /|
@£ G@A’}'ﬂ,/f}X£/<
/ L~ /o /-/V'-'_/
= T S
= /@; ) /'%-f
oy > —  — C o
= DT
Y — J
L/ A N L/ AT /o)
A T HE )=o Uu, Hisz)= HiC)
\\/’C/:'//n (e f// / /
> J)vbb/wu

2 1e H{QZ&LL(A, #LLQ%LLM;%Q
I s o b hork i 59

;’_\dp/————-—%p\-—P( NN
W /e e = A
e

7

L@#M@ﬁ%@ﬂm%lgﬁﬁ%%éﬂ C} Ol
H5

W =) )
Yy 0\ N \ g
B H ) —— H [ )
A= / Y=/ )
/>n’.14//"3,/\
GUHE) =




Invariance under R1:
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Hour 11, Friday October 2: Last class on "plain" Khovanov homology.
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Hour 13, Wednesday October 7: The basics of finite type invariants.
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Hour 17, Monday October 19: \calA* and Lie Algebra
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Hour 18, Wednesday October 21: Lie Algebraic Weight Systems, gl(N).
By midnight: HW5 due, HW6 assigned. A{ \/ 4 __/ D)
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Hour 19, Friday October 23: gl(N) and maybe also sl(2).
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" Hour 20, Monday October 26: The 4CT, Expansion T ~< N\
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o~ [ - ~ ‘j BV S
Homework Assignment 6 KA, _ 5@[;? )f
>C

~ Question 1. Let © : A — A be the multiplication operator by the I1-chord diagram 6, and let 8y = d% be the adjointsf multiplication by Wy on
A*, where W is the obvious dual of @ in A*. Let P : A — A be defined by

Verify the following assertions, but submit only your work om

~ 1.[8,©] =1, where 1: A — A is the identity map and where |4, B] ::= AB — BA for any two opgutors.>

2. P is a degree 0 operator; that is, deg Pa = dega foralla € A. ﬁ p/ £ '3&\

3. 9y satisfies Leibnitz' law: 8p(ab) = (8pa)b + a(dyb) for any a,b € A.
s this deserve the name "the co-Leibnitz law"?).

4. P is an algebra morphism: P1 = 1 and P(ab) = (Pa)(Pb).
5.0 satisfies the co-Leibnitz law: 00 © = (@ ® 1 + 1 ® ©) o I (why do
6. P is a co-algebra morphism: 7o P = 7 (where 7 is the co-unit of A) and
7. P8 = 0 and hence P(8) = 0, where (6) is the ideal generated by @ in the alge
8.1fQ : A — Ais defined by

— (£90)" g(n+1)
Q=20 Gray%

— then a = 6Qa + Pa foralla € A.
9.ker P = (6).

10. P descends to a Hopf algebra morphism A" — A, and if 7 : A — A" is the obvious projection, then 7 o P is the identity of A". (Recaii—
that A™ = A/(6)). \,;
1L.P:=P. @
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Hour 21, Wednesday October 28: Expansions and Cosmic Coincidences.

No HW assigned this week! But HW6 is due. Should we discuss it?

Rie W Al SUKIN 9 AN \\t)(ly»\,ncfon,/ UFETT //).'

2 K—4& st Z[IK)=D.+lo

(D, K)g = (’l‘he signed Stonehenge) .o V\\:S P /, " , » 67_9)( F ¢! s )/23 _ /

pairing of D and K wi [h

@ @ :> ,,,,,,,,, S %'%*?f:;, bgng ¢ x SZ, w s

The Ik( OQ )= Z (signs)

Gaussian ~ Jomea .
— linking &

number = < O—O, OQ >ﬁ CF. Gauss

~The generating function of all cosmic coincidences:

o framing-
D.K)-D
- Z(K):=(lim C/—)ﬁ ( ent ) € A0y

nter erm

o TS 2¢c! ~L
valentD @ _J_ﬁ;(}f]—t_// A I

: N :=ﬁ0£ st;u‘s o A(O) < > / oriented vertices

¢ = # of chopsticks =S AS: \T/ _

- :=Span : + T =0
e :=#ofedgesof D & more relations

H ~ (L

7 2o )7




——Hour 22 on Friday October 30: Cosmic coincidences and the IHX relation

%ﬁ%%%éré% N

The signed Stonehenge) = S J U
palrmg of D and K )

| @ e

(D K)ﬁD
2= g 2
- 3-valent D

N :=# of stars

# of chopstick A(0) oriented vertices
- ¢ =1 of chopsticks .—§ AS: 3

— ]‘ o— pan . \T/+\T/ _O
¢ =#oledgesol D & more relations




The IHX Relation
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When deforming, catastrophes occur when:

A plane moves over an A intersection lin : The Gauss curve slides

| er a star —

Si lonMIplyby

intersection point — through the knol
n: Impose IHX, Sl ution: [rnpo e STU,

a framin, g—depe nden

uuuuuuuu

IHXXUX

(see below) (similar argument) | (not shown here)

~ Theorem. Modulo Relations, Z(K) is a knot invariant!

Chern-Simons-Witten theory and Feynman diagram

N
N

[ ftr(A\/\fH— SANANA ]
lllcn

nnnnnnnnnnn

=
D: Fy nman

Y W (D) is(p)

T
-._._...-—"‘/
._,_.../"’H_-__-_H“

D: Feynman
diagram

diagram Feynman

N

l‘j
>

@)




Dror Bar-Natan: Classes: 20-1350: drorbn.net/20-1350

Class of November 2: A Quick Introduction to Feynman
Diagrams

Wewish‘i(:)understand \J;%—% L = 51\“—//’1 §m/wn5
Ve

Ly S it /\1&/"{/ s
Z)Aholy(A)exp[ ftr(A/\dA+—A/\A/\A Y
= T ey S @

AEQI(R3 a) /
~Lc
-

5/ Cu b |
LSSy ‘Z’%’j ( Zf/ﬁ?
D K



As a warm up, suppose (4;;) 1S a symmetric posi-

tive definite matrix and (1") is its inverse, and (4, )
are the coeflicients of some cubic form. Denote JJ Jk /uk
by ()c')" the coordinates of R", let (¢; )” be a set

of “dual variables, and let & denote < Also let
C = d(—ig/; Then
] ii
exp | —zdyx'x! + —dypradx
2 6 JZ 1=
Rn f
e 1 m 737‘ ’X"LZ f
= fexp (gﬂijk-xlxjxk) eXp (—E/lijx’xj) 6 6"‘}"—

RH

The Fourier Transform.

n ) ~ _‘|-ﬂ)c
(F:V[:C)ﬁ(f:‘//}gﬁ@') (://ﬁ): gﬁ/w)ﬁ

via F(y) := f‘,m Some facts: ? 3/_\({
S
o f0)= [, fydv. ﬁ\/
. — L
el ~ V. €/~—>_\3‘é 1 #;E;t
o (¢07) ~ ¢2'2 where Q is ~~ 6

quadratic, Q(v) = (Lv,v) for
L:V — VvV and Q' () = \—/L T~
(¢, L™'¢). (This is the key point in

one of the proofs of the Fourier in-
version formula!)

1 \
= Cexp (6 Uka’afa") exp( A%t tﬁ)

- Z G (99" (U0t

l>0

T m) e

- # ﬂz
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m,[=0
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m-vertex fully marked—  ~__
Feynman diagrams D




Hour 24, Wednesday November 4. The Fundamental Group [ Z% é..gg, A
HW7 on web by midnight! (And | hope to clear my marking backlog soon
—Hnlt&typ%#HeAlgebra&and Reps omissions:
* The KZ proof of the Fundamental Theorem.
~ *The "Associators" proof of the Fundamental Theorem (also, "Knotted Trivalent Graphs").
* The step-by-step-integration non-proof of the Fundamental Theorem.
* Computing FT Invariants using "Gauss Diagram Formulas".
* Computations of invariants for specific Lie algebras and reps ("Quantum Groups")
* Finite type invariants of other types knotted objects.
—Hﬁit&tweﬂﬁvaﬁ ants of 3-manifolds.
*Vogel's work on non-Lie-algebraic weight systems.
* And more....

A Gallery of Pictures from BlownTorus.nb at hitp://drorbn.net/AcademicPensieve/Classes/20-1350-KnotTheory:
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Hour 25, Friday November 6: More on Knot Groups
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Hour 26, Monday November 16: More on Knot Colourings.
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_ Hour 27, Wednesday November 18: A bit more on quandles, Seifert surfaces -
HW8 on web by midnight tomorrow! f\.a]-& >C = LDC‘} % _(
g . N ,
Co//c,le/u/!, T s~ A‘__Qj% L ’k_/")’b//}'/(f’lf) O~ Q‘GM(’
Nor s19<e \7

(XN L - O 1S &Gl/)’.}.\_/é/d‘lﬁ-\/}{ PN A
X Y u

QxQ——> Lol S5 A, [x®Y )
Q*Q 2O L8l m5(.  TxoaY

Quhmﬁou L o) j‘/b‘%f/{.l

\/

2 Xy = Y "y’

J </

LN =9xXT Y

—

\/LAd /<N

o TABLE 2. The number of non-isomorphic indecomposable quandles

n |1 2 3 4 5 6 7 8 9 10 11 12
gm)|]1 0 1 1 3 2 5 3 8 1 9 10
.- n |13 @) 15 16 17 18 19 20 21 @2023 2

- gmn)y11 0 7 9 15 12 17 10 9 0 21 42 e [\
n |25 @ 27 28 29 30 31 32 33 (435 WK =
o gn) |34 0 65 13 27 24 29 17 11 0O 15 N ]
o |
I, A=LNC
-~ Conjeture 3.5. Let p be an odd prime number and let Q be an indecomposa@\<\ ! &éj )

~quandle of 2p elements. Then p € {3,5}.
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Hour 28, Friday November 18: More on Seifert surfaces.
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Hour 29, Monday November 23: Addivity of genus, decomposition into primes.
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Hour 30, Wednesday November 25: Funny things in R*3, decomposition into primes.

Thew IF PrQ=K+ke W/ P rime (s

ulle Ki=PrL 4 Q=L*+Ky

(0

or K=l Q=lLFK

W ctartid dee All W59 +e /7oA 20,5 7

~ ) a

it~ Lol Fors £ umny <

//\\\
A,
/)
\ |/




Dror Bar-Natan: Classes: 2001-02: Algebraic Topology: screen version print version

Topological Pathologies in R>

®

An embedding of an interval in R? whose complement is not simply connected:
&
o U
o N AN
s \k \\ -~\(C(\iﬁ“r’“\ ;
] S TN TSR N S .

See Hocking and Young's Topology pp. 176-177.

See http://www.math.ohio-state.edu/~fiedorow/math655/Jordan.html.

Q Q)

Antoine's necklace - an embedding of a Cantor set in R’ whose complement is not simply connected:

See http ://www.cs.ubc.ca/nest/imager/corihjibutions/ scharein/vi'r;rious/AntoinesNecklace.html.
I

See http://users.math.uni-potsdam.de/~oeitner/EIGENES/RAEUME /hornsph.htm.
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Hour 31, Friday November 27: Decomposition into primes, end. Next: Braids and variants.

T
Should we have a "HW discussion" class? N \
HWS is online! / \\ (
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Hour 32, Monday November 30: Braids and knots, combing.

Should we have a "HW discussion" class?

(////«/; si<.'

é/nf)

T L

B

A

9oy S 4

N ) )

N
e\

\

J
N =
yodn

VY
N\

(OWMZL,
| O
)

\
n =\

A

~

(5, =

/
—

l/;“

]

-' /OJU“”D A

-

(roid — [

~
q (2

// ‘\

7= J
~ =

2 2 e -
A R <V & =Y
CA=C _~C

C

|
T/
[V =n

[ P

[SA= /]

!\-// }

— N/ On

r— [ B

| By | Z

/]
V7
/

!

[

AR
\
K7

| |
Yk T |||

&4
|

‘\/\JKQ/
s

f{K et OK:U;r+;GI/(,l;+ )

/"’_'/_":-ﬂ'——-/f_

[S = < g

LY
—/ Ok

N/

—

N

)

I

S

T <
/

1
AN

10
< I\

[

/]

S IS




o~ L)
MaApy N V5 — 5 o 70
D) Lk ks T
( //s/?\\\
6 ] | & ))
| /)
N
v, A
0 =& & S T oala)
/ ST%
SN ﬁf/ﬂA(WQ//( {L/‘/l
/N ‘
VA ARNEe: /\”5/)
o

A A/m Knit o VW\ (,\/

C{/oﬂ/\/g O_/L A }()//\,Ilé/.

, / / N
0 o iz pidainid g
[ o bnhtr / / L
[~
o ) v L&)
I Ny — ¥ N VAN
By cn /[ \4l4
[ A= S | /N S VY
L;—'———__\__J | —_J/
(_on Nec @& ad /]j D c-——"‘___'— [ —
Littom (ol maxes ’ 4 \4}
41 top v/, paple | x \ <\ N\ T
1 Mt S N / Vo VoL |

\
Jos Tse 3 L

7 Wtﬁjﬂ?ﬁﬂajﬂ | ’ — [




(:1: /ay I\ - 7

o L SN V4

Cro 7. Vo /|
10 | R A
f /X WO 2 N B SN T N
.;]\Ab/fﬂp f /\ >( : ,__:—T__-_____-_-/\
[ . A ST =)
[ | A A A R
o )
I —— Y R/ = v A VY.

Alp 1=Alp Y IEE B ) B JEE -
/ / [0 N e~ , o
by < Sqpa, tl of el OE Uy Eotlid)n
vl ’ .
Kindy

> A / A |’%\\
. Ke=movis ona Loagls ZDH’UZ

—

}\;;zf“'om Wi X oy aniller R

PN fLih\\\

L) RN\ Bwa A\
Le |)))=[r H R
a /)] =S
; no 12 1), - \_// ~J/ /)]
ol 1= !’)C >, U= ! N l[\l\_///
N\
1) N }/L/\/ﬂu/f/*’ é{? . < -\
L, 2P I B N\
S Ll ] \
/ S \
VI AN {/ [/ {} ,)9 I{ I/ | }
Al )= Al | \ N T T | /)
& ) N ) ./ )
=) [~ NN S
1 e ~_




Hour 33, Wednesday December 2: Combing braids.
IOU a correction for the last bit of the proof of unique factorization.
— HW10 on web by Thu midnight!
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Hour 34, Friday December 4: Combing braids.
IOU a correction for the last bit of the proof of unique factorization.
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~ Hour 35, Monday December 7

Goal for the remaining two classes: More on (uvw)B. Prove that PwB has a "Taylor Expansion".

\'-Sjﬂj ZAJILS’/

-~ But first an apology regarding unique factorization, following

http://drorbn.net/AcademicPensieve/Classes/20-1350-KnotTheory/LickorishOnUniqueFactorization.pdf
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Hour 36 and last, Wednesday December 9.
No time for the full story of "Taylor Expansion for PwB".
— Goal: Explain what is a "Taylor Expansion" and mumble about why, for PwB, it is useful.
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