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Implementing go for sl3 (Quantum algebra)

(xOrig: { X*1, X%, X*s, Hz, H*,, H, Hi, X3, X2, X1}
{X, Y, Z, A, B, b, a, z, Y, x};

A,B central. e(?A-Bl=g, e(-A+2B)_ty)

PBWBasis = {X, Y, Z, b, a, z, y, x};

PBWRule = {X>1,Y~>2,Z253,b>4,a>5,2-56,y->7, X 8};

Br[UeX, UeY] = 0;

Br[UeX, UeZ] = 0;

Br[UeX, Ueb] = UeX;

Br[UeX, Uea] = -2UeX;

Br[UeX, Uez] = 0;

Br[UeX, Uey] = O;

Br[UeX, Uex] = (s-1) U[];

Br[UeY, UeZ] = 0;

Br[UeY, Ueb] = -2UeY;

Br[U@Y, Uea] = UeY;

Br[UeY, Uez] = 0;

Br[UeY, Uey] = (t-1) U[];

Br[U@Y, Uex] = 0;

Br[UeZ, Ueb] = -Uez;

Br[UeZ, Uea] = -UeZ;

Br[Uez, Uez] = (st-1)U[];

Br[UeZ, Uey] = -UeX;

Br[U@eZ, Uex] = sUeY;

Br[Ueb, Uea] = 0;

Br[Ueb, Uez] = -Uez;

Br[Ueb, Uey] = -2 Uey;

Br[Ueb, Uex] = Uex;

Br[Uea, Uez] = -Uez;

Br[U@a, Uey] = Uey;

Br[Ue@a, Uex] = -2Uex;

Br[Uez, Uey] = 0;

Br[Uez, Uex] = 0;

Br[Uey, Uex] = -Uez;

X_ <2y :=0rderedQ[{x, y} /. PBWRule];
X_<y_ :=!0rderedQ[{y, x} /. PBWRule];
Simp[&_ ] := Collect[&, _U, Expand];

U; [&] := & /. {A>A;,s>s;, B>B;, t>t;, uU > Replace[u, x
BrU[(x_): 1, U[(y_)i 1] :=Br[U[x;], U[ly:]] = U;[Br[Uex, Uey]];
BriU[(x): 1, U[(y_); 11 /5 i=t=7 := @5

Br[x_, x_ ] =0;

Br[U[y_1, U[x_1] :=Br[U[y], U[x]] = Simp[-Br[U[x], U[y]1];
Brix , Vv ] = X*x%Y -y %*X;

= Xi, 1]1};

Unprotect [NonCommutativeMultiply];
NonCommutativeMultiply[x ] := x;

Oxx _=_*%x0=0;
X_ %% U[] t= x5 U[] **x_ :=Xx;
(a_ * x_U) »+ (b_*y_U) := If[ab === @, @, Simp[ab (x*xy)]];

(a_%*x U) *xy_:= Simp[a (x**y)]; X_*% (a_xy U) := Simp[a (x**V)];
(x_Plus) xxy_ 1= (7*xy) & /@ x5 X_x (y_Plus) := (x*x7) & /@ y;
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Ulxx_ __,x ] ** U[y ,yy ] := If[x=2y, U[xx, x, y, yv], Uexxxx (Uey xxU@x + Br[Uex, Uey]) xxUeyy];

UU[L???, x ", r___| := UU[L, Sequence @@ Table[x, {n}], rl;
WIL _ ,1,r ]1:= UL, rl;

Uurl =UIl1;

UWIL , r ] :=U[L] **xUU[r];

UProducts[{}, @] = {UU[]};
UProducts[{}, n_Integer] /; n>0 = {};
UProducts[{x , xs___}, n_Integer] :=
Sort@FlatteneTable[UU[x*] x»u, {k, @, n}, {u, UProducts[{xs}, n-k]}];
UProducts [xs_List, k_Integer, n_Integer] := UProducts[Flatten@Table[x;, {x, xs}, {j, R}1, nl;
UProducts[any__, {n_}] := FlatteneTable[UProducts[any, k], {k, @, n}];

Ali_, j_, R_][&] := Simp[&/. {
w_.U[l» (w /. {Ai > Aj+As, B; > Bj+By, S; > 5;sk, ti»t;te}) UL,
W..v.Uszs (W /. {Ai>Aj+A, Bi >Bj+B, S; >SSk, ti > t;t,}) NonCommutativeMultiplyee (v /. {
Xi; » UeX; s, + UeX,
Y; » Uey; t, +vevy,
Z; > U@Z; s, t, +U@Z, +5s, UU[X;, Y]
b; - Ueb; + Ueb,,
a; » Uea; +Uea,,
Z; > U@Zj +lUez,,
yi » Uey; + Ueyy,
X; » Uex; + Uexg,
u_; =»Uueu

})
}]

S[i 1[&] := Simp[& /. {z_.x U (z /. {Ai>-A;, Bi»>-Bi, si»> s, ti»t;7}) S[i]1[x1}];
S[i_1[VU[1] =VU[];

S[i_][U[w_j ,more___1] /3 1#J := U[w;] **S[i] [U[more]];

(xCareful! if mathematica cannot decide i-==j or not then we get an errorx)
S[i ][U[X; , more 1] := S[i][U[more]] * (-s;* U@X;);

S[i ][U[Y: , more___]] := S[i][U[more]] *= (-ti"*UeY;);

S[i 1[U[Zi , more__]] := S[i][U[more]] #* (-t;"*s;*U@Z; +U[X, Y] ti*s;™%);
S[i ][U[bi , more 1] := S[i][U[more]] ++ (-Ueb;);

S[i_][U[a; , more___]1] := S[i] [U[more]] ** (-Ue@a;) ;

S[i_][U[z; , more___]1] := S[i][U[more]] ** (-U@z;);

S[i_1[U[y: , more___]1] := S[i][U[more]] % (-U@y;);

S[i_]1[U[x; , more___]1] := S[i][U[more]] ** (-U@Xx;) ;

o[t ,J 1[&]1 =& /. {i-k,J>1}/.k>];

mul[i , j J[&] :=
Simp[& /. x_U :» DeleteCases[x, _;j] *xUe@Cases[x, y j=» y;] /. {Aj>A;, Bj>B;, sj»>s;, tj»>ti}];
mul[i , j , R 1[&] := & // mul[i, j] // o[i, R];
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CoUnit[i ][& ] :=Simp[&/. {z_.x U (z/. {t->1,b->0,b; >0, t; »1}) Counit[i][x]}];
CoUnit[i J[U[]] =U[];

CoUnit[i_ ] [U[y_j ,more___11 /53 i1#J := U[y;] »*CoUnit[i] [U[more]];

CoUnit[i ] [U[y_; , more___]] :=0;

ToDegree[n_]1[&. ] :=
(Simp[é‘] /. {AL »>hA;, Bi »>8B;, s; »ef ,t; »e?B, ArshA, B:>hB, s> e, tm e,
W_U s> REOUNELXIX T+Count i, Y|V T+Count 4,212.1 ) /. v_. w_U > Normal([Series[v, {h, @, n}]] *xw) /. A1

Check anti-symmetry and Jacobi and associativity.
bas = UProducts [PBWBasis, 1, {3}];
Table[Br[c, d] +Br[d, c] // Simp, {c, bas}, {d, bas}] // Flatten // Union
{0}
bas = UProducts [Take [PBWBasis, 5], 1, {3}];
Table[
{c, d, e} = cde;
Simp[Br[Br[c, d], e] +Br[Br[d, e], c] +Br[Br[e, c], d]],

{cde, Subsets[bas, {3}]}
1 // Flatten // Union

{e}
bas = UProducts [Take [PBWBasis, 4], 1, {3}];
Table|
{c, d, e} = cde;
Simp[c *% (d *% e) - (c *% d) *% e] N
{cde, Subsets[bas, {3}]}
| 7/ Flatten // Union

{0}
Check co-associativity

Table[c, {c, bas}]

{U[1, Ula1], U[b1], U[X1], U[X1], Uly1], U[Y1], U[z1], U[Z1]}

bas = UProducts [PBWBasis, 1, {1}];

Table[a[1, 4, 3] [c] // Simp, {c, bas}]

{U[1, Ulas] +U[asq], U[bs] +U[ba], U[X3] +U[Xa], SaU[X3] +U[Xa],
Ulys] +U[yal, taU[Y3] +U[Ya], U[z3] +U[Z4], SataU[Z5] +U[Z4]}

bas = UProducts [PBWBasis, 1, {1}];
Table[A[4, 1, 2] [A[1, 4, 3] [c]] -
A4, 2, 3]1[A[1, 1, 4] [c]] // Simp, {c, bas}] // Union

{0}
S-Delta-axiom

bas = UProducts [PBWBasis, 1, {1}];
Table[mul[2, 3, 1][S[2] [A[1, 2, 3]1[c]]] // Simp, {c, bas}] // Union

{e, U[]}

Sum[F[i, j1, {i, @, 3}, {j, @, 3-1i}]
F[(o, @] +F[0, 1] +F[0, 2] +F[@, 3] +F[1, 0] +F[1, 1] +F[1, 2] +F[2, @] +F[2, 1] +F[3, Q]
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R[i, 7 ,d 1 :=Sum[((A™Bi") /(niinytngtnglngt)) UU[X:™, Yi", Z;™, b™, a;™, z;™, y;", x;m], {n, @, d},
{ny, @, d-ny}, {n3, 8, d-ny-ny}, {ng, 8, d-ny-ny;-n3}, {ns, 8, d-ny-ny-n3-ny}] // ToDegree[d]

R[1, 2, 2]
1, 1.
U[] +A1U[a2] +B:|_U[b2] + ;A1U[a2, a2] +A1 B]_U[bz, 321 + 551U[b2, bz] +
U[X1, X2] +U[Y1, y21 +U[Z1, Z5] + A1 U[Xy, a2, Xa] +B1 U[X1, by, X2] + A1 U[Y1, az, ya] +

1
By U[Y1, by, y2l +A1U[Z1, a3, 23] +B1U[Zy, by, 25] + ;U[Xl) X1, X2, X2] +U[X1, Y1, Y2, X2] +

1 1
U[X1, Z1, 22, X2] + ;U[Yl_v Y1, Y2, Y21 +U[Y1, Z1, Z3, Y2 + ;U[Zl: Z1, Z3, Z3]

(*Reidemeister 3x)

R3[d_] := ToDegree[d] |
(ToDegree[d] [R[1, 2, d] #*R[1, 3, d]] »*R[2, 3, d]) - (ToDegree[d] [R[2, 3, d] #*R[1, 3, d]] »=R[1, 2, d])]

R3[2] // ToDegree[1]
0

R3[3] // ToDegree[2]
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