
(*S=e2A-B,T=e2B-A*)

Ast =
1

3
LogS2 T; Bst =

1

3
LogS T2;

R+i_,j_ := [Xi xj + Yi yj + Zi zj + Ast aj + Bst bj]

CF[ω_. [Q_]] :=

Simplify[ω, Assumptions → {S > 0, T > 0}] [Simplify[Q, Assumptions → {T > 0, S > 0}]];

 /: [Q1_] [Q2_] := CF@[Q1 + Q2];

ω1_. [Q1_] ≡ ω2_. [Q2_] :=

Simplify[ω1 ⩵ ω2 ∧ Q1 ⩵ Q2, TimeConstraint → Infinity, Assumptions → {S > 0, T > 0}];
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bazyx[i_, e_, d_, c_, k_][ω_. [Q_]] :=

CFω Q /. xc -> ⅇ
γ-

1 xk, yd -> ⅇ
γ-

2 yk, ze -> ⅇ
γ-

3 zk, bi → bk, ai → ak /.

γ
-
1 -> -2 ∂ai Q + ∂bi Q, γ

-
2 -> ∂ai Q - 2 ∂bi Q, γ

-
3 -> -∂ai Q - ∂bi Q;

baXYZ[i_, j_, c_, d_, e_, k_][ω_. [Q_]] :=

CFω Q /. Xc -> ⅇ
-γ-

1 Xk, Yd -> ⅇ
-γ-

2 Yk, Ze -> ⅇ
-γ-

3 Zk, bi → bk, ai → ak, aj → ak, bj → bk /.

γ
-
1 -> -2 ∂ai Q + ∂bi Q, γ

-
2 -> ∂ai Q - 2 ∂bi Q, γ

-
3 -> -∂ai Q - ∂bi Q;

zyxba[e_, d_, c_, j_, k_][ω_. [Q_]] :=

CFω Q /. xc -> ⅇ
-γ-

1 xk, yd -> ⅇ
-γ-

2 yk, ze -> ⅇ
-γ-

3 zk, bj → bk, aj → ak /.

γ
-
1 -> -2 ∂aj Q + ∂bj Q, γ

-
2 -> ∂aj Q - 2 ∂bj Q, γ

-
3 -> -∂aj Q - ∂bj Q;

xX[i_, j_, k_][ω_. [Q_]] :=

CFω ν α β ν 1 - S + α ν xk + β ν Xk + δ ν Xk xk + Q /. {Xj xi -> 0} /.

α -> ∂xi Q /. Xj -> 0, β -> ∂Xj Q /. xi -> 0, δ -> ∂xi,Xj Q, ν -> 1 - 1 - S ∂xi,Xj Q
-1
;

yY[i_, j_, k_][ω_. [Q_]] :=

CFω ν α β ν 1 - T + α ν yk + β ν Yk + δ ν Yk yk + Q /. {Yj yi -> 0} /.

α -> ∂yi Q /. Yj -> 0, β -> ∂Yj Q /. yi -> 0, δ -> ∂yi,Yj Q, ν -> 1 - 1 - T ∂yi,Yj Q
-1
;

xZ[i_, j_, k_][ω_. [Q_]] :=

CF[ω ν [-α β ν S Yk + α ν xk + β ν Zk + δ ν Zk xk + Q /. {Zj xi -> 0}]] /.

α -> ∂xi Q /. Zj -> 0, β -> ∂Zj Q /. xi -> 0, δ -> ∂xi,Zj Q, ν -> 1 + S Yk ∂xi,Zj Q
-1
;

yZ[i_, j_, k_][ω_. [Q_]] := CF[ω ν [α β ν Xk + α ν yk + β ν Zk + δ ν Zk yk + Q /. {Zj yi -> 0}]] /.

α -> ∂yi Q /. Zj -> 0, β -> ∂Zj Q /. yi -> 0, δ -> ∂yi,Zj Q, ν -> 1 - Xk ∂yi,Zj Q
-1
;

zZ[i_, j_, k_][ω_. [Q_]] :=

CFω ν α β ν 1 - S T + α ν zk + β ν Zk + δ ν Zk zk + Q /. {Zj zi -> 0} /.

α -> ∂zi Q /. Zj -> 0, β -> ∂Zj Q /. zi -> 0, δ -> ∂zi,Zj Q, ν -> 1 - 1 - S T ∂zi,Zj Q
-1
;

xy[i_, j_, k_][ω_. [Q_]] := CF[ω ν [α β ν zk + α ν xk + β ν yk + δ ν yk xk + Q /. {yj xi -> 0}]] /.

α -> ∂xi Q /. yj -> 0, β -> ∂yj Q /. xi -> 0, δ -> ∂xi,yj Q, ν -> 1 - zk ∂xi,yj Q
-1
;

mi_,j_->k_[ω_. [S_]] := Module{h, l, m, n, o, p, q, r, f}, CF @@

ω [S] // bazyx[i, i, i, i, l] // baXYZ[l, j, j, j, j, m] // xX[l, m, n] // yY[l, m, n] //

xZ[n, m, o] // yY[n, o, h] // yZ[h, o, p] // zZ[l, p, q] // zyxba[q, p, o, m, r] //

xy[r, j, f] /. {xh i j l m n o p q r f → xk, yh i j l m n o p q r f → yk,

zh i j l m n o p q r f → zk, ah i j l m n o p q r f → ak, bh i j l m n o p q r f → bk,

Xh i j l m n o p q r f → Xk, Yh i j l m n o p q r f → Yk, Zh i j l m n o p q r f → Zk}

Q0 = [Sum[ηi,j Xi xj + ζi,j Yi yj + θi,j Zi zj, {i, 3}, {j, 3}] + Sum[σi ai + ξi bi, {i, 3}]]

[b1 ξ1 + b2 ξ2 + b3 ξ3 + a1 σ1 + a2 σ2 + a3 σ3 + y1 Y1 ζ1,1 + y2 Y1 ζ1,2 + y3 Y1 ζ1,3 +

y1 Y2 ζ2,1 + y2 Y2 ζ2,2 + y3 Y2 ζ2,3 + y1 Y3 ζ3,1 + y2 Y3 ζ3,2 + y3 Y3 ζ3,3 + x1 X1 η1,1 + x2 X1 η1,2 +

x3 X1 η1,3 + x1 X2 η2,1 + x2 X2 η2,2 + x3 X2 η2,3 + x1 X3 η3,1 + x2 X3 η3,2 + x3 X3 η3,3 + z1 Z1 θ1,1 +

z2 Z1 θ1,2 + z3 Z1 θ1,3 + z1 Z2 θ2,1 + z2 Z2 θ2,2 + z3 Z2 θ2,3 + z1 Z3 θ3,1 + z2 Z3 θ3,2 + z3 Z3 θ3,3]

Test Polynomial

Q1 = [Sum[RandomInteger[{-4, 4}] Xi xj +

RandomInteger[{-4, 4}] Yi yj + RandomInteger[{-4, 4}] Zi zj, {i, 3}, {j, 3}] +

Sum[RandomInteger[{-4, 4}] ai + RandomInteger[{-4, 4}] bi, {i, 3}]]

[3 a1 + 3 a3 - 4 b1 - 2 b2 + 4 x1 X1 + x2 X1 + 3 x3 X1 - x1 X2 + x2 X2 +

x3 X2 + 3 x1 X3 - 3 x2 X3 - x3 X3 + 2 y1 Y1 - 2 y2 Y1 + 4 y3 Y1 - 2 y1 Y2 + 4 y2 Y2 - y3 Y2 +

3 y1 Y3 + y2 Y3 + 3 y3 Y3 - 3 z2 Z1 - 2 z3 Z1 + 3 z1 Z2 - z2 Z2 - z3 Z2 + 2 z1 Z3 - 2 z3 Z3]
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Associativity

Qtest = [3 a1 + 3 a3 - 4 b1 - 2 b2 + 4 x1 X1 + x2 X1 + 3 x3 X1 - x1 X2 + x2 X2 +

x3 X2 + 3 x1 X3 - 3 x2 X3 - x3 X3 + 2 y1 Y1 - 2 y2 Y1 + 4 y3 Y1 - 2 y1 Y2 + 4 y2 Y2 - y3 Y2 +

3 y1 Y3 + y2 Y3 + 3 y3 Y3 - 3 z2 Z1 - 2 z3 Z1 + 3 z1 Z2 - z2 Z2 - z3 Z2 + 2 z1 Z3 - 2 z3 Z3];

TimingQtest // m1,2→1 // m1,3→1 ≡ Qtest // m2,3→2 // m1,2→1

{116.281250, True}

QYBE

Timing[

(R+1,2 R
+
3,4 R

+
5,6 // m3,5→x // m1,6→y // m2,4→z) ≡ (R+1,2 R

+
3,4 R

+
5,6 // m1,3→x // m2,5→y // m4,6→z)]

{4.515625, True}

Trefoil

R+1,2 R
+
3,4 R

+
5,6 // m1,4→1 // m1,5→1 // m1,2→1 // m1,3→1 // m1,6→1

LogS2 T a1 + LogS T2 b1 + x1 X1 + S 1 + S x1 X1 + y1 Y1 + T y1 Y1 + T2 y1 Y1 + S 1 + S X1 Y1 z1 +

S2 T X1 Y1 z1 + z1 Z1 + S T z1 Z1 + S2 T2 z1 Z1  1 - S + S2 1 - T + T2 1 - S T + S2 T2
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