
Pensieve header: The main lemma for  ${\mathfrak g}_1$ using $gl_2$.

sl(2)

rh = 
1 0
0 -1

; re = 
0 1
0 0

; rf = 
0 0
1 0

;

MB[x_?MatrixQ, y_?MatrixQ] := x.y - y.x;

MB[rh, re] // MatrixForm


0 2
0 0



MB[rh, rf] // MatrixForm


0 0
-2 0



MB[re, rf] // MatrixForm


1 0
0 -1



MatrixExp[α re]

{{1, α}, {0, 1}}

MatrixExp[α re]

{{1, 0}, {β, 1}}

MatrixExp[α rf].MatrixExp[β re] // MatrixForm


1 β

α 1 + α β


MatrixExp[a re].MatrixExp[b rf].MatrixExp[c rh] // MatrixForm

1 + a b ⅇc a ⅇ-c

b ⅇc ⅇ-c

eqn2 = MatrixExp[α rf].MatrixExp[β re] == MatrixExp[a re].MatrixExp[b rf].MatrixExp[c rh]

{{1, β}, {α, 1 + α β}} ⩵ 1 + a b ⅇc, a ⅇ-c, b ⅇc, ⅇ-c

Flatten /@ eqn2

{1, β, α, 1 + α β} ⩵ 1 + a b ⅇc, a ⅇ-c, b ⅇc, ⅇ-c

eqns3 = Thread[Flatten /@ eqn2]

1 ⩵ 1 + a b ⅇc, β ⩵ a ⅇ-c, α ⩵ b ⅇc, 1 + α β ⩵ ⅇ-c

Solve[eqns3, {a, b, c}]

a →
β

1 + α β
, b → α 1 + α β, c → ConditionalExpression2 ⅈ π C[1] + Log 1

1 + α β
, C[1] ∈ Integers

Solveⅇx ⩵ 1, x

{{x → ConditionalExpression[2 ⅈ π C[1], C[1] ∈ Integers]}}

Solve[eqns3, {a, b, c}] /. C[1] → 0

a →
β

1 + α β
, b → α 1 + α β, c → Log 1

1 + α β
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Representing ϵ = 〈h, e, l, f 〉 / ([e, l] = -e, [f , l] = f , [e, f ] = h -2 ϵ l, [h, *] = 0)

ρh = 
-1 0
0 -1

; ρe = 
0 0
-ϵ 0

; ρl =
-1 + 1  ϵ  2 0

0 1 - 1  ϵ  2
; ρf = 

0 1
0 0

;

MB[x_?MatrixQ, y_?MatrixQ] := x.y - y.x;

Simplify@{MB[ρe, ρl] ⩵ -ρe, MB[ρf, ρl] ⩵ ρf, MB[ρe, ρf] ⩵ ρh - 2 ϵ ρl}

{True, True, True}

Some ϵ lemmas

1.  ⅇγ l+β e l e =  ⅇγ l+ⅇ
γ β e e l.

2. ⅇγ l+β f f l = ⅇγ l+ⅇ
γ β f

l f.

Proofs.

MatrixForm /@ MatrixExp[γ ρl].MatrixExp[β ρe], MatrixExpⅇγ
β ρe.MatrixExp[γ ρl]


ⅇ
- γ

2
- γ

2 ϵ 0

-ⅇ
γ

2
- γ

2 ϵ β ϵ ⅇ
γ

2
- γ

2 ϵ

,
ⅇ
- γ

2
- γ

2 ϵ 0

-ⅇ
γ

2
- γ

2 ϵ β ϵ ⅇ
γ

2
- γ

2 ϵ



MatrixForm /@ MatrixExp[β ρf].MatrixExp[γ ρl], MatrixExp[γ ρl].MatrixExpⅇγ
β ρf


ⅇ
- γ

2
- γ

2 ϵ ⅇ
γ

2
- γ

2 ϵ β

0 ⅇ
γ

2
- γ

2 ϵ

,
ⅇ
- γ

2
- γ

2 ϵ ⅇ
γ

2
- γ

2 ϵ β

0 ⅇ
γ

2
- γ

2 ϵ



Deriving “lemma 3 at δ = 0”:

MatrixExp[α ρf].MatrixExp[β ρe] // Simplify // MatrixForm


1 - α β ϵ α

-β ϵ 1


eqn = MatrixExp[α ρf].MatrixExp[β ρe] ⩵ MatrixExp[a ρe].MatrixExpc ρh - 2 ϵ ρl.MatrixExp[b ρf]

{{1 - α β ϵ, α}, {-β ϵ, 1}} ⩵ ⅇc ϵ, b ⅇc ϵ, -a ⅇc ϵ ϵ, ⅇ-c ϵ - a b ⅇc ϵ ϵ

sol = Solve[Thread[Flatten /@ eqn], {a, b, c}]〚1〛

a → -
β

-1 + α β ϵ
, b → -

α

-1 + α β ϵ
, c → ConditionalExpression 2 ⅈ π C[1] + Log[1 - α β ϵ]

ϵ
, C[1] ∈ Integers

sol = sol /. C[1] → 0

a → -
β

-1 + α β ϵ
, b → -

α

-1 + α β ϵ
, c →

Log[1 - α β ϵ]

ϵ


And so,

3.  ⅇα f + β e f e =  ⅇc h + a e - 2 ϵ c l + b f e l f, with a→ -
β

-1+αβ ϵ
, b→ -

α

-1+αβ ϵ
, c→ Log[1-αβ ϵ]

ϵ
.

At ϵ = 0 get

Limit[{a, b, c} /. sol, ϵ → 0]

{β, α, -α β}

The full 1 lemma

At ϵ2 = 0 get

Series[{a, b, c} /. sol, {ϵ, 0, 1}] // Normal

β + α β2 ϵ, α + α2 β ϵ, -α β -
1
2
α2 β2 ϵ
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CollectSeriesⅇc h + a e - 2 ϵ c l + b f
/. sol, {ϵ, 0, 1} // Normal, ⅇ

_, Expand

ⅇf α+e β-h α β 1 + 2 l α β ϵ + f α2 β ϵ + e α β2 ϵ -
1
2
h α2 β2 ϵ

Which means  ⅇα f + β e
f e =  ⅇ-αβ h + β e +α f1 + ϵ2 lαβ + f α2 β + eαβ2 -

1
2
hα2 β2 e l f .

And so,

3.  ⅇα f + β e + δ e f f e =  ν(1 + ϵ Λ) ⅇν(-hαβ +α f + β e + δ e f ) e l f, with ν = (1 + h δ)-1 and Λ, the “logos”, as below.

Λ = Withq = ⅇ
ν (f α+e β-h α β+e f δ)

, Simplifyq-1 2 l ∂f,e q + f ∂f,f,e q + e ∂f,e,e q -
1

2
h ∂f,f,e,e q 

-
1
2
ν -4 l δ + α β ν + f α δ ν + e β δ ν + e f δ2 ν + ν e2 β2 δ ν -2 + h δ ν + 2 e β 2 δ + α β ν -1 + h δ ν +

h 2 δ2 + 4 α β δ ν + α2 β2 ν2 + f2 δ (α + e δ) ν e δ -4 + h δ ν + α -2 + h δ ν +

2 f α2 β ν -1 + h δ ν + e δ2 -4 + 2 h δ ν + e β ν -3 + h δ ν + 2 α δ -1 + h δ ν + e β ν -2 + h δ ν

(The below is private; don’t look)

oldΛ = Simplify

1

2 μ4
-b α

2
β
2
+ u2 β2 δ 2 + b δ + w2 δ (α + u δ) α 2 + b δ + u δ 4 + 3 b δ - 4 b α β δ μ + 4 c α β μ

2
- 2 b δ

2
μ
2
+

4 c δ μ
3
+ 2 u β α β + 2 δ μ 1 + c μ + 2 w α

2
β + 2 α δ u β 2 + b δ + μ 1 + c μ +

u δ
2
u β 3 + 2 b δ + 2 μ 2 + b δ + c μ /. μ → ν

-1, b → h, c → l, u → e, w → f

1
2
ν 4 l δ + α β ν + f α δ ν + e β δ ν + e f δ2 ν + ν 2 e β + f α + 2 e δ ν α β ν + e f δ2 ν + δ 2 + f α ν + e β ν +

h -4 α β δ ν - α2 β2 ν2 + 3 e2 f2 δ4 ν2 + 4 e f δ3 ν 1 + f α ν + e β ν + δ2 -2 + f2 α2 ν2 + 4 e f α β ν2 + e2 β2 ν2

SimplifyΛ ⩵ oldΛ /. ν → 1 + h δ
-1


True

Implementing 1

PBWRule = {e → 1, l → 2, f → 3};

B[U@e, U@l] = -U@e; B[U@f, U@l] = U@f; B[U@e, U@f] = h U[] -2 ϵ U[l];

ϵ /: ϵ
2
= 0;

$TD = 3; ℏ /: ℏ
d_.

/; d > $TD := 0;

x_ ⪯ y_ := OrderedQ[{x, y} /. PBWRule]; x_ ≺ y_ := ! OrderedQ[{y, x} /. PBWRule];

Simp[ℰ_] := Collect[ℰ, _U, Expand];

Ui_[ℰ_] := ℰ /. {h → hi, t → ti, u_U ⧴ Replace[u, x_ ⧴ xi, 1]};

B[U[(x_)i_], U[(y_)i_]] := B[U[xi], U[yi]] = Ui[B[U@x, U@y]];

B[U[(x_)i_], U[(y_)j_]] /; i =!= j := 0;

B[x_, x_] = 0;

B[U[y_], U[x_]] := B[U[y], U[x]] = Simp[-B[U[x], U[y]]];

B[x_, y_] := x ** y - y ** x;
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Unprotect[NonCommutativeMultiply];

NonCommutativeMultiply[x_] := x;

0 ** _ = _ ** 0 = 0;

x_ ** U[] := x; U[] ** x_ := x;

(a_ * x_U) ** b_ * y_U := If[a b === 0, 0, Simp[a b (x ** y)]];

(a_ * x_U) ** y_ := Simp[a (x ** y)]; x_ ** (a_ * y_U) := Simp[a (x ** y)];

x_Plus ** y_ := (# ** y) & /@ x; x_ ** y_Plus := (x ** #) & /@ y;

U[xx___, x_] ** U[y_, yy___] := If[x ⪯ y, U[xx, x, y, yy], U@xx ** (U@y ** U@x + B[U@x, U@y]) ** U@yy];

UUl___, x_n_, r___ := UU[l, Sequence @@ Table[x, {n}], r];

UU[l___, 1, r___] := UU[l, r];

UU[] = U[];

UU[l_, r___] := U[l] ** UU[r];

UProducts[{}, 0] = {UU[]};

UProducts[{}, n_Integer] /; n > 0 = {};

UProducts[{x_, xs___}, n_Integer] :=

Sort@Flatten@TableUUxk ** u, {k, 0, n}, {u, UProducts[{xs}, n - k]};

UProducts[xs_List, k_Integer, n_Integer] := UProducts[Flatten@Table[xj, {x, xs}, {j, k}], n];

UProducts[any__, {n_}] := Flatten@Table[UProducts[any, k], {k, 0, n}];

ri_,j_ := Simpℏ hi UU[lj] + UU[ei, fj]

UExp[u_] := Module{s, t, k},

s = t = U[]; k = 0;

Whilek < 20 ∧ 0 =!= t = t ** u, s += t  ++k!;

Simp[s];

Ri_,j_ := UExp[ri,j];

m[i_, j_, k_][ℰ_] := Simpℰ /. 

u_U ⧴ UU @@ JoinDeleteCasesu, x_i j, U @@ Cases[u, x_i ⧴ xk], U @@ Casesu, x_j ⧴ xk,

hi j → hk

[poly_, specs___] := Module{vs, us, z},

vs = Join @@ First /@ {specs};

us = Join @@ {specs} /. l_ → s_ ⧴ l /. x_i_ ⧴ xs;

Simp@TotalCoefficientRules[Normal@Series[poly, {ℏ, 0, $TD}], vs] /. (p_ → c_) ⧴ c UU @@ usp



Debt. How does this work?

Verifying the full 1 lemma

3.  ⅇα f + β e + δ e f f e =  ν(1 + ϵ Λ) ⅇν(-hαβ +α f + β e + δ e f ) e l f, with ν = (1 + h δ)-1 and Λ, the “logos”, as above.
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$TD = 2; ⅇ
ℏ (α f1+β e1+δ e1 f1), {f1, e1} → 1

1 - δ ℏ h1 - α β ℏ2 h1 - δ2 ϵ ℏ2 h1 + δ2 ℏ2 h1
2 U[] + β ℏ + 2 β δ ϵ ℏ2 - 2 β δ ℏ2 h1 U[e1] +

α ℏ + 2 α δ ϵ ℏ2 - 2 α δ ℏ2 h1 U[f1] + 2 δ ϵ ℏ + 2 α β ϵ ℏ2 - 4 δ2 ϵ ℏ2 h1 U[l1] +
1
2
β2 ℏ2 U[e1, e1] +

δ ℏ + α β ℏ2 + 4 δ2 ϵ ℏ2 - 2 δ2 ℏ2 h1 U[e1, f1] + 4 β δ ϵ ℏ2 U[e1, l1] +
1
2
α2 ℏ2 U[f1, f1] + 4 α δ ϵ ℏ2 U[l1, f1] +

β δ ℏ2 U[e1, e1, f1] + α δ ℏ2 U[e1, f1, f1] + 4 δ2 ϵ ℏ2 U[e1, l1, f1] +
1
2
δ2 ℏ2 U[e1, e1, f1, f1]

Λ1 = Λ /. {α → ℏ α, h → ℏ h1, e → ℏ e1, l → l1, f → f1}

-
1
2
ν ν ℏ 2 δ2 + 4 α β δ ν ℏ + α2 β2 ν2 ℏ2 h1 + β2 δ ν ℏ2 e1

2 -2 + δ ν ℏ h1 +

2 β ℏ 2 δ + α β ν ℏ e1 -1 + δ ν ℏ h1 + δ ν (α ℏ + δ ℏ e1) f1
2 δ ℏ e1 -4 + δ ν ℏ h1 + α ℏ -2 + δ ν ℏ h1 +

2 f1 α
2 β ν ℏ2 -1 + δ ν ℏ h1 + δ2 ℏ e1 -4 + 2 δ ν ℏ h1 + β ν ℏ e1 -3 + δ ν ℏ h1 +

2 α δ ℏ -1 + δ ν ℏ h1 + β ν ℏ e1 -2 + δ ν ℏ h1 - 4 δ + α β ν ℏ + β δ ν ℏ e1 + α δ ν ℏ f1 + δ2 ν ℏ e1 f1 l1

$TD = 7;

ⅇ
ℏ (α f1+β e1+δ e1 f1), {f1, e1} → 1 == ν 1 + ϵ ℏ Λ1 ⅇ

ℏ ν (-α β ℏ h1+α f1+β e1+δ e1 f1) /. ν → 1 + ℏ h1 δ
-1, {e1, l1, f1} → 1

True

Dror Bar-Natan: Academic Pensieve: Classes: 17-1350-AKT: 170307-geps@.nb 2017-03-07 14:47:42

http://drorbn.net/AcademicPensieve/Classes/17-1350-AKT/#MathematicaNotebooks


