
Pensieve header: Minimal $\Gamma$-Calculus, derived from pensieve://2015-07/PolyPoly/nb/Demo.pdf.

Basics
ΓCollect[Γ[ω_, λ_]] := Γ[Simplify[ω],

Collect[λ, h_, Collect[#, t_, Factor] &]];

Format[Γ[ω_, λ_]] := Module{S, M},

S = Union@CasesΓ[ω, λ], h t
a_

⧴ a, ∞;

M = Outer[Factor[∂h#1t#2 λ] &, S, S];

M = Prepend[M, t# & /@ S] // Transpose;

M = Prepend[M, Prepend[h# & /@ S, ω]];

M // MatrixForm;

Γ /: Γ[ω1_, λ1_] Γ[ω2_, λ2_] := Γ[ω1 * ω2, λ1 + λ2];

ma_b_→c_[Γ[ω_, λ_]] := Module{α, β, γ, δ, θ, ϵ, ϕ, ψ, Ξ, μ},

α β θ

γ δ ϵ

ϕ ψ Ξ

=

∂ta,ha λ ∂ta,hb λ ∂ta λ

∂tb,ha λ ∂tb,hb λ ∂tb λ

∂ha λ ∂hb λ λ

/. t h
a b

→ 0;

Γμ = 1 - β ω, {tc, 1}. γ + α δ / μ ϵ + δ θ / μ

ϕ + α ψ / μ Ξ + ψ θ / μ
.{hc, 1}

/. {Ta → Tc, Tb → Tc} // ΓCollect;

Rpa_b_ := Γ1, {ta, tb}.
1 1 - Ta
0 Ta

.{ha, hb};

Rma_b_ := Rpab /. Ta → 1  Ta;

ζ = Γω, {t1, t2, t3, tS}.

α11 α12 α13 θ1

α21 α22 α23 θ2

α31 α32 α33 θ3

ϕ1 ϕ2 ϕ3 Ξ

.{h1, h2, h3, hS};

(ζ // m12→1 // m13→1) ⩵ (ζ // m23→2 // m12→1)

True
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{Rm51 Rm62 Rp34 // m14→1 // m25→2 // m36→3,

Rp61 Rm24 Rm35 // m14→1 // m25→2 // m36→3}



1 h1 h2 h3
t1 T3

T2
0 0

t2 -1+T2
T2

1
T3

0

t3 - -1+T3
T2

-1+T3
T3

1

,

1 h1 h2 h3
t1 T3

T2
0 0

t2 -1+T2
T2

1
T3

0

t3 - -1+T3
T2

-1+T3
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1



z = Rm12,1 Rm27 Rm83 Rm4,11 Rp16,5 Rp6,13 Rp14,9 Rp10,15;

Do[z = z // m1k→1, {k, 2, 16}]; z

11 - 1
T1
3 +

4
T1
2 -

8
T1

- 8 T1 + 4 T1
2 - T1

3 h1

t1 1

Once[<< KnotTheory`];

Alexander[Knot[8, 17]][T]

Loading KnotTheory` version of September 6, 2014, 13:37:37.2841.

Read more at http://katlas.org/wiki/KnotTheory.

KnotTheory: Loading precomputed data in PD4Knots`.

11 -
1
T3

+
4
T2

-
8
T
- 8 T + 4 T2 - T3

trc_[Γ[ω_, λ_]] := Module{α, θ, ψ, Ξ},


α θ

ψ Ξ
 =

∂tc,hc λ ∂tc λ

∂hc λ λ
/. t h

c
→ 0;

Γω 1 - α, Ξ + ψ * θ  1 - α // ΓCollect;

ζ // m12→1 // tr1 ⩵ ζ // m21→1 // tr1

True
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Extras

Meta-Associativity in detail

Column@{ζ // m12→1, ζ // m23→2, ζ // m12→1 // m13→1, ζ // m23→2 // m12→1}

ω - ω α12 h1 h3 hS
t1 -α21+α12 α21-α11 α22

-1+α12
-α13 α22-α23+α12 α23

-1+α12
-α22 θ1-θ2+α12 θ2

-1+α12

t3 -α31+α12 α31-α11 α32
-1+α12

-α13 α32-α33+α12 α33
-1+α12

-α32 θ1-θ3+α12 θ3
-1+α12

tS -ϕ1+α12 ϕ1-α11 ϕ2
-1+α12

-α13 ϕ2-ϕ3+α12 ϕ3
-1+α12

-Ξ+Ξ α12-θ1 ϕ2
-1+α12

ω - ω α23 h1 h2 hS
t1 -α11-α13 α21+α11 α23

-1+α23
-α12-α13 α22+α12 α23

-1+α23
-θ1+α23 θ1-α13 θ2

-1+α23

t2 -α31+α23 α31-α21 α33
-1+α23

-α32+α23 α32-α22 α33
-1+α23

-α33 θ2-θ3+α23 θ3
-1+α23

tS -ϕ1+α23 ϕ1-α21 ϕ3
-1+α23

-ϕ2+α23 ϕ2-α22 ϕ3
-1+α23

-Ξ+Ξ α23-θ2 ϕ3
-1+α23

ω 1 - α13 α22 + α12 -1 + α23 - α23 h1
t1 α31-α12 α31-α13 α22 α31-α23 α31+α12 α23 α31+α11 α32+α13 α21 α32-α11 α23 α32+α21 α33-α12 α21 α33+α11 α22 α33

1-α12-α13 α22-α23+α12 α23
α32 θ1-α23 α32

tS ϕ1-α12 ϕ1-α13 α22 ϕ1-α23 ϕ1+α12 α23 ϕ1+α11 ϕ2+α13 α21 ϕ2-α11 α23 ϕ2+α21 ϕ3-α12 α21 ϕ3+α11 α22 ϕ3
1-α12-α13 α22-α23+α12 α23

Ξ-Ξ α12-Ξ

ω 1 - α13 α22 + α12 -1 + α23 - α23 h1
t1 α31-α12 α31-α13 α22 α31-α23 α31+α12 α23 α31+α11 α32+α13 α21 α32-α11 α23 α32+α21 α33-α12 α21 α33+α11 α22 α33

1-α12-α13 α22-α23+α12 α23
α32 θ1-α23 α32

tS ϕ1-α12 ϕ1-α13 α22 ϕ1-α23 ϕ1+α12 α23 ϕ1+α11 ϕ2+α13 α21 ϕ2-α11 α23 ϕ2+α21 ϕ3-α12 α21 ϕ3+α11 α22 ϕ3
1-α12-α13 α22-α23+α12 α23

Ξ-Ξ α12-Ξ

Four types of R1

{Rp12 // m12→1, Rp12 // m21→1, Rm12 // m12→1, Rm12 // m21→1}


T1 h1
t1 1

, 
1 h1
t1 1

,
1
T1

h1

t1 1
, 

1 h1
t1 1



Two types of R2

{Rp12 Rm34 // m13→1 // m24→2, Rp12 Rm34 // m13→1 // m42→2}



1 h1 h2
t1 1 0

t2 0 1

,
1 h1 h2
t1 1 0

t2 0 1
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