
Pensieve header: Implementing KH, day 7.

Road map:

1. Produce all the info in a “cube of smoothings”.

2. Produce a commuting cube of vector spaces and maps between them.

3. Produce a complex.

4. Compute homology.

5. Package everything nicely (almost) for public consumption.

6. We’re still slow! Can you do better?

Question. What does each of these look like? Can you draw them with Mathematica?

The Program

BeginPackage["KhovanovHomology`"]

KhovanovHomology`

Kh::usage =

"Kh[K,q,t] computes Khovanov Homology of the knot K in the varianbles q and t."

Kh[K,q,t] computes Khovanov Homology of the knot K in the varianbles q and t.

Xp; Xm

Xm

Begin["`hidden`"]

KhovanovHomology`hidden`

Kh[K_, q_, t_, opts___Rule] := Module

{p, dx, e, α, ϵ, X, Z, c, S0, S1, vm, vp, V0, sign,

d, s, Deg, C0, Dim, d0rule, d0, r0, im, bas1, mat, β0, Kh0, mod},

mod = Modulus /. {opts} /. Modulus → 0;

SetAttributes[{p, dx}, Orderless];

ϵ /: ϵ
_

= 0;

α = 0;

Z = Expand[

dx[] K /. {

(Xp Xm)[i_, j_, k_, l_] ⧴ (++α;

p[i, j] p[k, l] + dx[α] p[i, l] p[j, k] + ϵ e[α] X[i, j, k, l])

} /. p[i_, j_] ⧴ p[i, j][Min[i, j]]

] //. p[i_, j_][m_] p[j_, k_][n_] ⧴ p[i, k][Min[m, n]] /. {

X[i_, j_, k_, l_] p[i_, j_][m_] p[k_, l_][n_] ⧴ (c[m] c[n] → c[Min[m, n]]),

X[i_, j_, k_, l_] p[i_, l_][m_] p[j_, k_][n_] ⧴ (c[Min[m, n]] → c[m] c[n])

} /.

p[i_, j_][m_]_.
⧴ c[m] //. dx[i___] dx[j___] ⧴ dx[i, j];

{S0, S1} = CoefficientList[Z, ϵ, {2}];
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V0 = List @@ Expand[S0 /. c[i_] ⧴ vp[i] + vm[i]];

sign[αs_List, β_Integer] := -1Count[αs, α_ /; α<β];

d[dx[αs___] e[β_] cs_. (c[i_] c[j_] → c[k_])] := {s = sign[{αs}, β];

dx[αs] vp[i] vp[j] → s dx[αs, β] vp[k],

dx[αs] vm[i] vp[j] → s dx[αs, β] vm[k],

dx[αs] vp[i] vm[j] → s dx[αs, β] vm[k],

dx[αs] vm[i] vm[j] → 0,

dx[βs___] /; {βs} =!= {αs} ⧴ 0

};

d[dx[αs___] e[β_] cs_. (c[k_] → c[i_] c[j_])] := {s = sign[{αs}, β];

dx[αs] vp[k] → s dx[αs, β] (vp[i] vm[j] + vm[i] vp[j]),

dx[αs] vm[k] → s dx[αs, β] vm[i] vm[j],

dx[βs___] /; {βs} =!= {αs} ⧴ 0

};

Deg[dx[αs___] rest_] :=

Length@{αs} + Count[rest, _vp, {0, 1}] - Count[rest, _vm, {0, 1}];

C0[r_, deg_] := Cases[V0, αs_dx rest_ /; Length@αs ⩵ r Deg[αs rest] ⩵ deg];

Dim[dx[αs___] rest_] := Length@{αs} ;

d0rule[r_] := d0rule[r] = d /@ Select[List @@ S1, Dim[#] ⩵ r &];

d0[r_][expr_] := Plus @@ expr /. d0rule[r];

r0[r_, deg_] := r0[r, deg] = 

im = Expand[d0[r] /@ C0[r, deg]];

bas1 = C0[r + 1, deg];

If[im ⩵ {} bas1 ⩵ {}, 0,

mat = Table[

Coefficient[x, y],

{x, im}, {y, bas1}

];

MatrixRank[mat, Modulus → mod]

]

;

β0[r_, deg_] := Length@C0[r, deg] - r0[r, deg] - r0[r - 1, deg];

Kh0 = Sumtr qdeg β0[r, deg],

{r, 0, Length[K]}, {deg, Union[Deg /@ V0]}

;

np = Count[K, _Xp]; nm = Count[K, _Xm];

Expandt-nm qnp-2 nm Kh0



End[]; EndPackage[]
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K[3, 1] = Xm[1, 4, 2, 5] Xm[3, 6, 4, 1] Xm[5, 2, 6, 3];

K[4, 1] = Xm[2, 7, 3, 8] Xm[6, 3, 7, 4] Xp[4, 2, 5, 1] Xp[8, 6, 1, 5];

K[5, 1] = Xm[1, 6, 2, 7] Xm[3, 8, 4, 9] Xm[5, 10, 6, 1] Xm[7, 2, 8, 3] Xm[9, 4, 10, 5];

K[6, 1] = Xm[1, 4, 2, 5] Xm[5, 12, 6, 1]

Xm[7, 10, 8, 11] Xm[11, 6, 12, 7] Xp[3, 9, 4, 8] Xp[9, 3, 10, 2];

K[7, 4] = Xp[2, 12, 3, 11] Xp[4, 10, 5, 9] Xp[6, 2, 7, 1] Xp[8, 14, 9, 13]

Xp[10, 4, 11, 3] Xp[12, 6, 13, 5] Xp[14, 8, 1, 7];

K[8, 17] = Xm[2, 13, 3, 14] Xm[4, 9, 5, 10] Xm[8, 3, 9, 4] Xm[12, 5, 13, 6]

Xp[6, 2, 7, 1] Xp[10, 16, 11, 15] Xp[14, 8, 15, 7] Xp[16, 12, 1, 11];

K[9, 42] = Xm[1, 4, 2, 5] Xm[5, 10, 6, 11] Xm[6, 15, 7, 16] Xm[14, 7, 15, 8]

Xp[3, 9, 4, 8] Xp[9, 3, 10, 2] Xp[12, 18, 13, 17] Xp[16, 12, 17, 11] Xp[18, 14, 1, 13];

K[10, 132] = Xm[5, 12, 6, 13] Xm[9, 16, 10, 17] Xm[11, 6, 12, 7]

Xm[13, 20, 14, 1] Xm[15, 18, 16, 19] Xm[17, 10, 18, 11]

Xm[19, 14, 20, 15] Xp[2, 8, 3, 7] Xp[4, 2, 5, 1] Xp[8, 4, 9, 3];

? Kh

Kh[K,q,t] computes Khovanov Homology of the knot K in the varianbles q and t.

? List

{e1, e2,…} is a list of elements.  

Kh[K[3, 1], q, t]
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Kh[K[3, 1], q, t, Modulus → 2]
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