
Penseive header: Finding the most general Runge-Kutta method.

n = 2; m = 2;

Clear@ΦD;

Φ@x0D = y0;

Φ0@x_D := Φ@xD;

Φk_@x_D �; k ³ 1 := Φk@xD = Expand@
¶x HΦk-1@xDL �. Φ0 '@xD ¦ f@x, Φ0@xDD

D;

ExactSeries = â
k=0

n 1

k!
Φk@xD hk �. x ® x0 �. 9f@x0, y0D ® f0,0, fHi_,j_L@x0, y0D ¦ fi,j=

y0 + h f0,0 +

1

2
h2 Hf0,0 f0,1 + f1,0L

k1 = f@x0, y0D;

TableB

kj = fBx0 + h Γj, y0 + h â
i=1

j-1

Αj,i kiF,

8j, 2, m<
F;

y1 = y0 + h â
j=1

m

Βj kj;

ApproximationSeries =

HSeries@y1, 8h, 0, n<D �� Normal �� Collect@ð, h, SimplifyD &L �.

9f@x0, y0D ® f0,0, fHi_,j_L@x0, y0D ¦ fi,j=
y0 + h HΒ1 + Β2L f0,0 + h2

Β2 HΓ2 f1,0 + f0,0 f0,1 Α2,1L

UnionACasesAExactSeries, f_,_, InfinityEE
8f0,0, f0,1, f1,0<

sol = SolveAlwaysA
ExactSeries � ApproximationSeries,

UnionA8h<, CasesAExactSeries, f_,_, InfinityEE
E
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k1 = -1;

TableB

kj = -h â
i=1

j-1

Αj,i ki,

8j, 2, m<
F;

y1 = h â
j=1

m

Βj kj

h H-Β1 + h Β2 Α2,1L

h H-Β1 + h Β2 Α2,1L �. First@solD �. Β2 ® Β

h -1 +

h

2
+ Β

Plot3DBh -1 +
h

2
+ Β , 8h, 0, 3<, 8Β, 0, 1 � 2<F
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Solve@Hh H-Β1 + h Β2 Α2,1L �. First@solDL � 1, hD
::h ® 1 - Β2 - 3 - 2 Β2 + Β2

2 >, :h ® 1 - Β2 + 3 - 2 Β2 + Β2
2 >>

2   StableRungeKutta.nb


