September 13, hours 1-2: Non Commutative Gaussian Elimination

September-11-11
6:11 PM
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September 15, hour 3: Non Commutative Gaussian Elimination,

Homomorphisms, Kernels and Images

September-15-10
6:53 PM

. [Finish tracing the NCGE handout; along do the S_4 example.

. Go over the "about" handout. Announce Selick!
. Group homomorphisms, the "category" of groups, images and kernels. Example: S_3 is an image of
S_4, but not a kernel. M’F
. Normal subgroups, kernels are normal.
.- Question: Is there a normal subgroup of S_4 which is isomorphicto S_3? JDV\Q/
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September 20 and 22, hours 4-6, Lectures by Selick

September-23-11
12:17 PM

| was in Strasbourg: http://www.math.toronto.edu/drorbn/Talks/Strasbourg-1109/

Material covered by Selick: the isomorphism theorems, the symmetric group and the alternating group, to the
proof of simplicity but with the end of that proof rushed.
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http://www.math.toronto.edu/drorbn/Talks/Strasbourg-1109/
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September 27, hours 7-8: Isomorphism Theorems review, Jordan-
Holder, Simplicity of SA_nS

September-25-11
11:58 PM
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September 27 Scratch
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October 4, hours 9-10: Simplicity of SA_nS, Group Actions

October-02-11

R AJ(’/JJ/V le///(/'é of A/,/ ﬁrsa/ pkcv[/foog‘
’V/\/lﬁ/‘cluf (/ﬁggi //)“M/ﬁ)/;j m7L ﬁAMZ,

(provingel ofobioc Jag) )
@(AJ 4/@1320
® o OV, Wmﬁ/ecﬂts.
Diinkion, A G-stt (fiets-ct)  GrX—X
5. (9 = 3, (50¢) 5 WX=L. Samme &l ol (z50<)
@-5@%5 ov e ﬂ\C/ﬁL(Obr’jQ
Exanfhs. (. f%;a/f«/ (Ao Con Ja9uTi)
2. Sabyranc (), wnder™ conjugutin J 2;@
Exnmples: |- 6/ H \hen | 15 nof “Nu(esssdly porrvl
Sub-oxample: S, 5, TS0 =075 Il
)z, Lt Tila)=1, Tn
050y = Tmi S So Sty 15417
2. T X Xy we Gsefs, Men s0 10 XiaX .

3. SJ‘DSO(S)/@BJL/ glo;\';e

Thorer. | E’k/c/\j =T £ & Jljorrt nion of “Fanghu
= §ets
2. TE X i« Aeanstn & af and x€X, T
X G stbyetx). (S0 |x][16])
Thoam. T€ X & o & 97 6n) X, m//@%%ﬁ‘@
of o 6/41%) ﬂm
X 1= Z- Tt

11-1100 Page 11



1

EX’W)/G- TE G 18 a /0~j/0t4/, ’[Z,Z C@mzfd of (&
/S not M)/ﬁy.

11-1100 Page 12



© | Dror Bar-Natan: Classes: 1112: 1100-Algebral: Oct 20:
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The Class Photo

Class Photo: click to enlarge

Ifow’S’f 1I ;l?'.ff(
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Our class on September 27, 2:8
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Please identify yourself in this photo! There are two ways to do that:
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Arbn
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* Log in to this Wiki and edit this page. Put your name, userid, email address and location in the picture in the alphabetical list below.
* Send Dror an email message with this information.

The first option is more fun but less private.

a chudisdied obtrsafosn: People in e oot

rol &t fIss wWib— .S‘m/\cj
Who We Are... - [edit]
First i
" Last name |UserlD Email In the photo Comments
Dror Bar-Natan |Drorbn drorbn@ facing everybody, as  |[Take this entry as a model and leave it first.
math.toronto.edu the photographer Otherwise alphabetize by last name. Feel free to
leave some fields blank. For better line-breaking,
leave a space next to the "@" in email
addresses.
Vanessa |Foster vanessa.foster|vanessa.foster@ front row, 4th person  |Wearing a long sleeve T with stripes
mail.utoronto.ca from the left
Parker |Glynn-Adey |pgadey parker. glynn. adey@ Fifth from the rightin  |Glowing bald guy with yellow shirt.
math.toronto.edu the back row
Mary He lymhe yanmary.he@ utoronto.ca [Third from the left in navy sweater
the front row
Daniel  |Hirschmeier|Dhirschm daniel.hirschmeier@ back row farthest to the |blonde guy, white t-shirt with a cowboy on it.
utoronto.ca right
Tyler Holden tholden tholden @ Roughly in the middle, |Wearing a black polo.
math.toronto.edu underthe N 4 G
but obscuring the 7
Philip Mar Pallenmar pallenmar@gmail.com 4th from right white shirt among white shirts
James |Mracek limracek jmracek @ 7th from the right (or  |Glasses with black and white t-shirt.
math.toronto.edu left) in the back row
Jerrod  |Smith Smith36j jerrod.smith{at} Back row, 3rd from left |Brown t-shirt
utoronto{dot}ca
Arben Tapia Arben arbentapia@gmail.com  |5th from right dark brown shirt.
Louis-  |Thibault Lp.thibault Ip.thibault@ utoronto.ca |Back row, 2nd from left |Yellow and Blue t-shirt
Philippe
Nan Wu \Wunan3 n.wu@utoronto.ca 3rd from right,back row |red shirt
Lei Zhang Zhanglei leizhang@ 4th from left, back row |Glasses, white shirt.

comm.utoronto.ca
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October 6, hours 11-12: Groups Actions, Sylow |
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October 11, hours 13-14: Finish Sylow, examples, semi-direct

products
ooooooooooo
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Clarn 36 H<HE, kabk, k=1 Ten Hezlink

Pt LhK]=hichkT € Bk =gty ..

Corallhry. T6 6]2IS, G= Al = Z/s

Clewn. 16 (vb)=1, Ten Zorzf =74,
ok Fin) 5S4 s /uﬂ,n‘:/) an) ot

e X g
S A
Pfopc,),'};g,,. IF f 5§J/¢[&) ) /ﬂu’) /C‘&//UIU;MQ_SOVC f/:/f“hJ}ﬂ
Proof>. P acts on T (04 Np [ 1£], o courcy)
St of Has COV)JI@WZ% Zij conHu jﬂlfm- The L
#j £ o 9'@/@7in' LJ Brm<, e stas o all
Mo ot ave Jivihle by p.

PKOJ)QS)"};DH_ IF H ]:Q o— p—ﬁAL}/OA/kZ Eé,&//{&)) ﬂcn
U S T RS BN ) B I porficadb, ’“ﬂ
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PfoJ)OS)'I/DV) J{’ H /S G PIME}/OA/%Z Eé%}/ Ien

o yuticedn,
A c&ﬂ’le/m,) s A Cﬂ@tﬂ OF f [Lﬁor/WWJ}mJ

ore Congwy oty

Proo(-. H mc?LS 21 'ﬂ,e §e% of Uon/mjmf% of

R’ }7:7 consugatinm . Thore pust by A f/h‘})/ﬂé?/? okt —
a P’ost, H<W(F).

_Suv\,‘-D/'/uf Productc.  TT /I/<G) H(@l Conpwy /\/)‘/71 with /\/(}
Thords /Ju/ﬁjx M A=A by () Jonk
Tn jqnw\ﬁ) mﬂ//)f) To §“\7.
T NAf=day, IAUOVE L s Wit it bo o 9rup.
Te Mor={ef & N<ELHAE, D [y, H]=o2 &
N H2 g
Tle |\n”}0/ﬂ5’/f@ cnse 15 whoo /\//’/J:o(q/ /l/qé) on;p
Gt HEAAW) by bl b=k ak”

o diln)=hn)?

Pohihe = A bkt by = Ny (M) hiha
DfiniHan, Civen abstract N, b Y b H Ao (W),
The G- Jiree product  NxH . e -
rop. | I fle nborsy sl M NI - NH %

an  feolaor Phitm

2 W () rad il 0 2H.




October 11 Scratch

Vo and () =4¢
daum e k< <H H< kH Tlen KH=p~h

— Kb — kB, =
KtL‘/ = Kl[”b =7 l{[k/—‘:l\/ 4L—f =) SIS 72\/ 2

hi= K= K7L = bh = T

%KAV): ! L & (<,(A K[\ul c Hﬂkia{éj
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October 13, hour 15: Semi-direct products

: 1S
Ajmol&. [&W)/*o]//eﬁZ ]7;/00/%(7[5 %( Q,Xﬂ,/‘/)//a. @\Aa/m%mw/;:

. WU 5 hus7"
Rund Aoy, Selik 14, 110 s

/ ‘
Rillte Alkng T A et

| Can yon Bl wncougtoldy meng ngad~disoin]
P fh g |5 o0 ] Shads e

2 Can ON p/‘/)J at) Mﬁ[amﬂ‘/‘hé/f (4”/',0 [\7/9(/'5 /44(:/4 V] Cz4
of JSméﬁe}s ot W2 /( ,6) (M,e ‘(ﬂ

Suw=Diredt Productc.  Gien N, H N B H "5 A ()
Wty hie (Nl b)) k)= (@, (1), b))

Thm. L Ny H 15 oo glow ) H<E A6

ot G/ EH, an GENH
2 TF G=aH, MAG , H<G, trw=F e
OLZ(\’//\/W;MJ-

Sl Exampls. | D,z %X}{f/j

2 faxrb = R RE

3 Jhaxrb: Aot (V) bev]= \[GL(Y)

Y “ 1. Poincat IQ@W/V/'@ Croyp”” = /K[’j)d§0/3//)

B@ Emmr/)@. VSAZT/T(W’WQ/@%%/)) - %

in a5de on
,C/u jf"'?f/
Wt
s .

7//' @q'/_a_g/) pB/) :k(,/w_/
PEAE. ut  net B - PB.IC.

K) Togo 74Sons V{y
( v T e thilen
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1 ) - ~) INY

PE,Ln et mﬂZ B,= PB 15, %?ﬁiﬁ;jz
O Ay K pbr, an )
B,= T X Pl = Foyd (Fpdl .. . (Brz).)
Gruups of ol QL Z/{l ) Z%Xlg/j = (X2 XY
At (Z2)= = <#,2 ) ég(l):xg_;_ =X or xf’ of%"
(/'503 6 xXI=xt g=y* hen QCU:JCV) e it
GCrowps o ordes Ix. T€ lbl-h, =2 o (DA], ;=2

5)
M»j ﬁwL /ekﬂL ont ofF %oﬂ I /700%/) Fo/ 7anu het- m?j/,

voor - Y g< 3 /9\{/5. So & i a @) ST
PVOo/hﬂéf % %ZE ot Le Z * 75 = Za
(Zh~2ts)aZsy: Eith Jict; Z5rzy

or” (/L Fu, 0LC7[/M of % on @,] j/i//v /45/
{(n3)> (/2%(3”

(13)(24)

(14)(23)

Z/3 P9 (Z{L XZ/L); E/7Z</ diveed 5/ D{K%—; 0/2/
D20 Elfre dided o 7502
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October 18, hours 16-17: Braids, some groups of small order,
solvable groups, rings

;é:i\.l/] }7 SL/(M/( (4,100, 111, 2,1,

bt
<l -
e Tu‘(’, i’ﬁmLc,/// - 0.\/0/L7m/® 4 /(hm/%; See 2000,
A(ja/\Ja\. Mo< S“”V’J/ﬂfﬂﬁ} ”f/rn\j L/%L °n &@w% jmﬁ/})‘ //,/;)S’

Su’»--D/‘/uf Productc. &/\/aq /\/ H \ & H \_7/4%71”/
Ny H = ( MxH , ah) (nahy)= (g, (1), A,AL))

Big Banple. B,=TT( (fnzg,@;)/% )= %
nJations,

lotne fint

77/' @,)—*’95/) /) :kb/—f
/ﬂgﬂqg/; jL‘]L 1’)(97Z IS,): PB/] >d§,,) g)} ?:I::::E;:{{}
JOZ}Z)@’) "ﬁ/ﬂg/)v) KL/JOC n—J Aand {K)\ 2.1%57;\3'“” 5
an F/:)v/)dpgfl - F/X]( —_2)4( - EUQZ)_)
Grups of ader QUL Z/z ) Z%)dZ/g = (X>X<Y>
At (22)= Z=< 4,7 ; ¢3(1)=I3J’v YI=X or xj‘” o/‘qu
(1'!03 I E N B R aC“j:JCL’) ooyt
Crowps o ordes 1. T¢ b1, K= or 4], 1=,
&L/}a} ﬂwL ,/akﬂl ont ofF 720{6 I /700%/) For 2Moﬁ he- (Lbof;é
yoor (o Y @ g< 3 PY/J. So & ¢ a £¢/7/'"J//,z(7L
Podicl! T 5dZy * Mt be 24 <26 = 2
(Zp 2b ) Zy it it | Zhrzg

o The Loy action of Z3 on @)6 jﬂ//'v /45/
<(n3)> (/2%(3‘!)

(13) (%)

(14)23)

Z/B )<{ (Zé)d YZ,,Z_J), E/7Z¢/ dived 5/ D[)c —.; O/L
ThA 20 Efve divet o Zfx FEN,

n At
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Thx 2 St Jidd or BIODH i
Solvalle Groys. Dir ¢ 15 Sfulle jF all quotirts D ’T;f
In )‘lLﬁ Jorden-toller S art AyJin,
ﬂﬂ!, IE MG, G 15 sheble [EE N YN on.
2. dF K6 and G 13 Soleth, o sl
A9k HAIH K 2V H%ﬁ Sy, 4, =08,
Ringe. s njedie,

Definition 2.1.1. A ring consists of a set R together with binary operations + and - satisfying:

A/So Jeffrp
Commgde?0 @

1. (R, +) forms an abelian group,
2 (a-b)-e=a-(b-c) Va,b,e € R,
3. 31#0e€ R such thata-1=1-a=a%a e R, and

j.a-(b+ec)j=a-b+a-cand(a+b)-e=a-c+b-cVa,beceR.

Exuq//l}- Z/ K[Ij/ Mnxq (/4)

{ S N Z—zh 3. K2 M K) 2
//\0// /$V)£} EK”W’/JZS. 2. R— R(=] m"JU o . KVKJK[‘I\—]'_)K \7
(IF R & Commiu)

S Mam (KZ—IJ) é’/‘/\,,x,,[f)ilj
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October 20, hour 18: Solvable groups, rings

October-18-11
11:30 PM

Ren/ A[o@ Sl 11,2,
Hu/ 2, dne. dodes 1123212230

T o fost %\agc/@ PR {”ﬂ 515 /,/\ff}”?/zl‘i;’bq /og,%}mﬂjj
R e AL/\D 0
Aguvrdar 1), Soluadlh, | e

T (24~ )Rz = Ay &

SO’\/KL/G C:/O«Y)j. &P - 15 /C/;ﬂl//\éﬂ@ iEoall qucﬁlfm%(

I'n }rlL§ Jordan-Holer Sun o ot Aét/ﬁ/},
_7/4/")1, I M6, & 15 sheble (FE NN W o
2. 30 6 and 6ot Soleth, Lo s 14
A9B WAlog 2 v B — By T, =,
s //)\)c(/t/k

Co~ TF a_ yrouy corteins Aq) N#Y, it & ot el
ffmﬁéoﬁé ,V//;Q

R;’n\‘)&

Definition 2.1.1. A ring consists of a set R together with binary operations + and - satisfying:

/'\/So Jefro
C&l’h//)vﬁ'h%/r‘/o M/r()) ‘

1. (R,4) forms an abelian group,
Zo{a-b)-c=a-(b-c)Va,bce R,

3. 31 #£0& R such thata-1=1-a=aVa € R, and

joa-(b+e)=a-b+a-cand (a+b)-c=a-c+b-cVa,bceR. s -
(1|
Exuq//(}- Z K Ij Mnmﬁé) (]
/ 3. ROIOMpnl K] asde
Moy s Exnm//f\ﬁ R—akijﬁ“fﬂ? (/ W R e /
(IF R & Commitde)
e AN fioe ) A AN /,p\ryj
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October 25, hours 19-20: Term Test

October -23-11

See http://katlas.math.toronto.edu/drorbn/index.php?title=11-1100/Term Test

Subgids. 1 The MCGE <oy,

2. The gemo phémy Theorimf

3. Docderm HO/D/(/j Solyelle Grous.

Y. o mﬂ/é/’oﬂ{} Q‘m//k/r@ ol A, V

S G—6ufs. \/

(. T he %%DL/ ﬂ\wﬂm&, Sl QXﬁm//vs\/
2 Sumicdicut prodads, btk S

(3)fz4s )= (123Y4s) [ L&t n Lt o fere
(3)(234) = (12) (3 ) flod A Schgrey o=F s,
(A3 (123)= (1) (23] ulil  cotmpg Ll
() 3y)3)l0)= 253y (23) & (ez.. ny u

(3P~ 27) An.
( fint Conjugth o VR Y
b rd w8 CGE)
D, Ml Tt e gostts Gl Y GH og

Sororphil I Wy 15 Condyr o Ha
U, 125 gl hely b hpegh
15)/42\ — /_;L, o1 L)(j@/ﬁ/
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H l”ﬁjd(#/
2 1 freve Tt The Sepim dirit srodect of

/o 7@/5/0/\,. EFray 97 s (S forgor) ~/£/M,
2. frovi Mt flet 2 oo bed B <

D
Y Sﬂw\/‘*(- (MOJOM 74 Qﬂ% j@ﬁ//.

‘ 1Cn3], [1i3]
Asido 9>/<(/l)7 E i {[%z];[“slzﬂjj}
123D, (321 )

—~—~— —_—

Re (/\:)l/\ @//\J}/)j [(QJ :




KED Ixf=P

Solve the following 4 problems. Each problem is worth 25 points. You have an hour
and fifty minutes. Neatness counts! Language counts!

Problem 1. Let G be a finite group, let p be a prime number, and let « be the largest
natural number such that p* | |G|. .

1. Prove that there is a subgroup P of G' whose order is p®. (You are not allowed to use
I/ the Sylow theorems, of course). one (nse (,//o'rp

I 2 Suppose that z € G is an element whose order is a power of p, and suppose that z
normalizes P. Show that z € P.

Problem 2. A group G is said to be “torsion free” if every non-trivial element thereof has

infinite order. pe (7 St
(g 1. Prove that a semi-direct of two torsion free groups is again torsion free. A L ( ¥ not

Jo 2. Let 8 be a pure braid on n strands. Prove that if 57 = e then g =e. 3_—,{ &

Problem 3. Let H; and H; be subgroups of some group G. Prove that the left G-sets
G/H, and G/H; are isomorphic (as left G-sets) iff the subgroups H; and H are conjugate.

Problem 4.

’ U 1. Let G be a subgroup of S, that contains both the transposition (12) and the n-cycle

(123...n). Prove that G = S,. (Hint: Conjugate your way up, do not use non
commutative Gaussian elimination).

| 3. 2. Let n be odd and let G be a subgroup of S, that contains both the 3-cycle (123) and
the n-cycle (123...n). Prove that G = A,. (Hint: For the lower bound, conjugate
your way up, do not use non commutative Gaussian elimination).

\{ 3. In the previous part, what if n is even?

N e

7 8 Good Luck!
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.
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= " I J 1) M iy
AL noe A U t g xrn, r V4 L~ Y [t ba = :\ /'] ffk X912
~ ) i 4 - 7
7 Alck N/ XY =S o7 Phs
~ : of
N Chel( &K rq v |
~ ALC K ) VY ) ¢ V ey
o -
i { 7)) TR, ’ 1Ced P 7 )
= g 4\ / Y Hi y 7+ $ Ar [SOr Mo ;J’H/”?/
) ) B N b o ” -
én? [~ = a0 2 SO
o : ‘ 7
\ | - C \ - Q c - ™ o A4
+ T~ r . = y - = Y7 753
Z '\ N [ - L ¥ 1 { 2 / /\/‘ -
< an
L
a o A% 1 AL :"J
L o4 Nale £ &
)
- L J I _\ -y
- p i
A
Further Thoughts

Upon further thought and after talking to some students and some email exchanges, | think | made (at least) three mistakes
around this term exam:
¢ It was too long, overall, especially given my insistence that "neatness counts, language counts". Asking just three of the
four questions would have been enough.
¢ Question 3 required too much abstract thought given the time constraints. | should have either given a significant hint or
left it out.
¢ | shouldn't have "rushed to publish" - | should have given myself a little more time to think before returning the exams.
Marking up is always possible, but it is better done before the grades are first published, not after.
Anyway, in light of the first point above, | will consider this exam as if the perfect mark in it was 75, effectively multiplying
every grade by a factor of 4/3. The few people whose grade now is more than 100 get to keep those extra points, though the
maximal possible grade in this class remains an A+.
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People who haven't tried don't realize how hard learning may be, forcing you to confront your fears and insecurities (yet it is
well worth it!). Try teaching (recommended!) and you'll see it's hard too. After more than 20 years | still make mistakes.

Pasted from <http://katlas.math.toronto.edu/drorbn/index.php?title=11-1100/Term Test>
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October 27, hour 21: Rings, ideals, isomorphism theorems, prime

and maximal ideals

October-25-11
11:22 AM

Rond ,4/@@ Seﬂ&k 2,122 Torm ‘l[cﬂ!, D)'sm;s/ml at 1o Vi
- ~is W

@A/ /. LQ)")\f)S} Al(oﬂf/ J'ﬁowﬂo//fé’j'ﬂ(, ’ /ﬂ‘f{\ -

2 P\ manond /J;;/s) dotzins and Cilds

Definition 2.1.1. A ring consists of a set R together with binary operations + and - satisfying:

1. (H,4) forms an abelian group, /—\ / .
So JGF/GO '

2 (a-b)-ce=a-(b-c) Va,bce R, - r
_ _ COVT)//)quUl/l/O Vo
3. A1Z0e R suchthata-1=1-a=avVa € R, and J '

j.a-(b+ey=a-b+a-cand(a+b)-c=a-c+b-cVa,bce R.

EXn/’)//U- Z/ K[Ij/ /\/\mm//é)

/ - \Z—2z7n 3 /f"’/‘/l,,x,)[/(] s
/\/\o//}’)/ﬁy\f; /:KKM//(S. 2. R— REJatgo . 0 Rx]— o
(If R & Commibde)

S /\/\/IXV) (KZ—IJ) é\”//l/\ﬂx/) [K)EJCJ

/M, Subvra /<e// /sz/. g o
Q. Ts wory el A yuohint 2 fint

»

Ans. DGne R/T

The Tsomorphisn Teotrss. | C:R—5S =) Bfope) = f
DR A% ad hT Ak SIALA’A\% Tck /JI%/

3 TcTck s = %9/%/

U Given an ihld T of A, Tets a Lijadion bduveg

eds  T<Tcr N el oc B/T
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November 1, hours 22-23: Ideals, isomorphism theorems, prime

and maximal ideals

October-28-11
3:10 PM

Acnds. Quatio S flomorphirn P, “Lett— //}(\yf,

R/ /Mcm Sc//cﬁ 2. [—2.3.

w3z @\v()\ /b, Z{%}ZZ
Of  Tch & mrn Lol

Cpo«/rmx TE @ K>S K ~ m@/mﬁm oF f/njgj
e ke (@5) T /;CJ Y A

Q. Is vl Y ijw/ A q/wojf/fmf?:

Ans. Dlne R/T

g, R[x1 /L4117 =,

The Tsomorphisn Theotras. . LRSS =) Bhurtt) =i €
(Cwmple: W Kx3— ¢ = R, 9’@)

= A% iad hT Ak StnL/fﬂj) Tcr

3 TeTek dets 5 DL K5
Y Given an id T of ﬂ< ﬁc/j A L/Jﬁ/m Lt /e
jdiads  TcTgce Lk A@L/@ ot K/T
@‘l#c/ Kr'qj_(. [ The uﬁ/mﬁ
=) [Commitdin, N w9047 %;3,‘*";1 m%
(é/(//ﬂom f//U € not C&Mmur/ﬁ///@ IC(;%/S/;/@ %/\2@

%4@// ¢ H—f {/@LM@#&} /, 0:4J< .

uSle (C”\,Q Cor 2D V‘O‘/é\ﬂl]onjz U}’( .
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" Eshy

2. (:fml@m( ) Joma/ac . CO/nmuﬁ“//w/ hes o o-Jiu'sos
How make 1l For Mol b, BRI s a taf) or o domi]
.. Freny rows on, R % Commurtive, 0
Mair<f Tdeals. | Dofinsbion.
L. Tl s maximad <> BT 1 a el
(f;%j yroot VAQ/ ﬂe Y% /jam//éfjm Theorem.
Honest preoe: =70 x&T = Ra+I <R = Jyek yx+T=11
< J21, x0TI [t =y xy-leL =) [cT

EYM/)NM. L /OZ e Ww\)(/}v;/ /é@\/ in 7
2. ST At o <0}

(l/ﬂ/‘o/,g,/'«n"
TL(O/(,V). E\/C/J j'AM\Q /5 (amifl/'ﬂuj /h A Mﬂx/}m/ /_'M[

Pr oo iy Zorns LM
Theorn Theo  tytds s Conctlon
L ["ﬁ’fiﬁ W=k s
L TE (1) /S &om/&/ﬂm%/ //)/)0(/,: Lison,
2 L (Aytly)= Lin [n) + L/}n[éo)
3 i [ybs) = Liafan) Lin 1)
Proot. € :{LWA Stq's /ﬁ/Kj L ’Zr( ) Hﬁﬂdjonugbfnir}
T - o maeik /gwf Com%/'m'@ y

Lim §— 5/ :0:/)2

+ oy

(=}
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prlrme ICIU\[S [ D(’,/é/"’\/'%/-bl/) PCK /j ﬂ//;”)@ /‘7£ ”LAGE
> 4 cl o LeP.
S Theowm. /%//0 IS = dorpyn IRE P s g

= = A = = _ N agﬁJh“'o = A/f
Vool = abel = [ab]=0 D[EJML)=0 > e = L
< cn S Ta1=0 D aléf) = 07 = [2)=0
CJ [@[Lj ° {Lj 7 7 Lep =) (5)=0

ﬂearo;/). A MAWM% /!&R/ IS P,
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November 3, hour 24: Prime and maximal ideals

Apm«/é Jm f/nﬁ /)omz /l/@ [/Ag,( on 7’;@;,/71)
Rond My Sclike 2./-2.3

g e 4&@, Ll ) =1

Ajc/)J/\. “LH, Jead &

—o. From rows on, R CormurTive.

/‘/\W\X/'V)‘U( Iclekﬂﬁ- [, Dz,/l//)/%és/).

L Tk i MAX/WM <> % IS Al F/'a/o/,

EX«MM(’,. S:/é W“ }’ A, = {/ﬁ// A, ”0}

Fshy

L(ofuf) r\/C/J /W\Q /s C(]/i%/l/ﬂ(ﬁ] 17 A Mﬂx/w;ﬂj /_\mf,
Pr oo \/UMJ Zorh’S | M.
Theortm Thert w&%jm@/}ﬂ%@
L1 fféy,"%f%w} — (K s,
L TE (1) K COVZV&/\?¢47L/ //)f)&(/,://éoa/).
2. L aw;n);w/) /ﬂk}+L/M/éﬂ)
3. Lim [@ylg | = Liinfay)Lim (L)
Proof. (= {QMJ Stq's M/Kj L= Zf(‘%]/tf/fgd p::«J /\f}
T~ o pmaed /QM camlm/m@ il

Lim' §—s S/ = —\7—

+ /Moy .
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Prime Tcals. [ Difinitiny, Pk g //W@ yF alkepP
> acl o L€ P

Y Theown KP s s dermn iRE P is pom

S (LT =y L D Ay
Voot = abel = [rb]=0 S [j00) =0 5a3_677 Le

= =0 = Al=0 2) al £/ = DV/LGW = CAJ*JO
< [W[l)=0 = [sb]=0 = alép Zios o0

ﬂ)\caroV). A I””V\V/'MA( /er/ (< ///mg,
P ThS poit, Rk oo Doman hﬁ?ﬁﬁ@gc@
Primes. . afl (06 A L[ = a=ul,) s
v
2. ;)cJ(&,g):q ] jco/wf‘& J(JCQ// =) G//:(/LQ/_
3 Prires Pgo i Plal = pla o PJE
P y//}nc (6 <f> & P A/
U Treduglle o¢=nb = aef™ v LeK?
Ao 0vire = 1/ JuciLf Connerixanph: in 7 [\=¢),
QI il ()Co/ Norir I/Za.jo’zf)
p=ob = Pl =D AzPC | it 1t pie, as
= perck mclel 9 Lg g 2fi-Fe) =
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Lims Oa/)/b'/) wee  Jo- {/OO/LI'/’VS.

November-03-10

C=bwd suh iak} T=J(%) bt}

J -~ m/\y/mﬂ( /QM Cam%'m’@ T
Thmy. L S ~— 5/ ?\7—’/)4 Lt enels f’/’“)

—Dq(:/m%’m. Sog Tt Ae/ 5 oot d " /F
hé3J
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U\/ 7Z//L F/A/%G/‘ 27 //V

Vo, T e prine = (/—\,65/4-:7 ACke )

//\/é/\/\ L%C/M;u 153///\/ < not 0 J
AMe W §T <2 - 14)6T <7 lpeeT &)
/V\or\a}anf(/rﬁ bicawge T /8 an /éad: AC@)@A‘(M
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November 10, hour 25: Primes, UFDs, One Theorem Two
Corollaries Four Weeks
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November 15, hours 26-27: Euclidean is PID is UFD
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November 17, hour 28: The ring of modules
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November 22, hours 29-30: Proof of the Structure Theorem -
Existence
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Nov 22 Preps
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November 24, hour 31: The "ring" of modules
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November 29, hours 32-33: Uniqueness
November-24-11

2:08 PM W gl
20w [P Ry R eI = Aémﬂ

=7 Structwt of ES. Abelin grews, JC.F.

G:Oﬁj.r Um'()ucnfsi.

HW Y oluc) H&/fQ Qhﬁ Wis sdednll n L. |

IQ/LU/C §0/u7[/0/)5. oﬁ/ M s bine ou 29 Rl ons »

Teasor Oroduds. Einn M 4/
MG N == { é@;(m;@ﬁ;) . New ,a;€é K; @fﬁ%ﬁ”}éni’i”’f@:m(‘")

h@(”,'f’]z):u__d
E xan f)c. 1f € (c/["\ L K R~ K
: ?tfzufe / )) <ﬂ7@55/> <y

brof. Ir;[805] —> [C*Q% vl-der [9)eli=feend 8] =0
Z:’fj,\g[/]b <— ijq Taver st n(ss” [ B0 = [R) 00

hiorm. (tho&f/ ?,0, 0, ;4) < \\/@”'

ﬂ\to/&ﬂ. ﬂ@ \A/}}\/@C@j W/O/k/{y‘ "

/\/\y/\/~m%’j—b—wfa MON | ont
]a)pm\lo 4/32

fleaven. (M V)= Mo/ 15 & bikadh T
fxmr/c. R &, 7" = @2\&@- “5);7%4&6/7 of Se=bevc”
Tn Dznc/m/, 3/'1/(,/\ Q/!Kﬁ\f N //ﬁl) /VJ(;“/X/EM) S S oan R

modult, % st M= S M. Thn Mg 1
nA S paoclde o/ KZ =57

11-1100 Page 52



P/&}/. for A domarn R Tavre 15 Wnifue Frdd @{K}
¢f. R LLak)
1
I\/C Preof /47[(/.
Clar 3¢ MB%WMF?%¥%@7WMMW50
bp T M= RK@@K/@/"'}, The
. Obma(ﬁ) /V\@(K) = K

e Lol of /‘/m%}yg’f

oL Ol”"qi’%/<p> /\/\R/<p> — K+ {‘[j: /)1'/\/%(

3 J/'mk/wylrm (W}/‘?WS/V])WQ—;/ K"(‘/{/: Py (& 5\a5),}/

PERER on R o on R
Y
, AS \3 € Y M
i o) B<aty  on R quf

LJO en Reaty are
ke (m 1~ PPm)=
@) on Rty sat

Kéety on R/CHD syt
RLetS, on R/CPY Sct

Ricrsy on Ricrty , s<T
£p5y 5 ke LJ L—r]r;k)@ f‘]fr

& oswch A oi@(ompoﬂ;/m e (m/'gm(l

LoadizaHon W Crlle of Fractio, it R b o compaditu

oA omai
0Oef A mfbipliative substt € of )Q\O[@]_ (conteing |, Chostd i x}
EXAM(?]QS K\ 1{0}/ R\\E (f //)f/;"qtyj Pol,\/hg of AFO .
r
D¥intion  STR={S1/4 4
i /’?’/’\’—j’i I

Y=
Lo Lo _ = e
S)A/f?-,)ﬁ 5 =) '/;12:65))‘/7‘,}3“/32( 7 \51“‘3; s
— — = 5 e -
r Sa55= V3§ 3= SI/:E’(-L =) /)3 Vbjj j EIJ,_EZ_/L

R\{o} — VEnld ot Ecncdions @(/(/’“
RNF

r N

) K— S«
—~ \ﬂo("t//’?a«f/‘b\q A(} ,ﬁ 1S Tnjectioe

11-1100 Page 53



K\f ~ \\J{’O(/\//’ZA«;Z/"DG at V7 1S injectie
1 A - 5 ”

/}LJJM j/au/gg B( 4},{ ynu/{‘ jfa,\/j of F/n/'}c P/}/Jﬁ
A=7°® @%S =7% Z, o Zo .

f\( /a\l/ﬂB -
ﬁtm/c,}/) TIF F fS F’/\/I,f#e) F* 1< (:j(//,C-
oot Offerwitt, =] hus foo vty roold

(A!) N L oA ovedt of CeF[x] < I~r\l@} Jo)
. Py base aT mest va F) reots

11-1100 Page 54



November 29 checkmarks
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December 1, hour 34: Uniqueness, Corollaries
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Corollary 2. Over an algebraically closed field F, every square matric 'LW
Ch 179¢.

B 0 --- 0
0 By --- 0
S Open ﬂ..u ﬂé
0 0 --- B,

where each B; is either a 1 x 1 matriz (M) for some \; € F, or an bgm Q

§; X § matric with A;'s on the diagonals, 1°s right below the diagonal,

and 0's elsewhere, . V]
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1A - 0 iL F/ﬂa[ /gJ e
0 .o e : I ¢ Same
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December 6, hours 35-36: The JCF, unboxing
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T gad T Tk /o~ (JFD Loy yrome deld i rrmd”

JCF. Ve blvus, A=V Vinwr, mies V/ o
roodnll ovi Flx) vian ocusAa. The

VE® {:@% BORR

\/hat% %f/ [

UFD Blnde— TH 1 bovt ] 1S non St
In @J;Z/jj =QMxJly], <X > /< ///fme

but nst maspad,

B’L)’.Z: l) X‘)\} (X“A)Ll - )[S(VA)S~/

Aon ads by et 4 e gt (7]

o A adks b (*,AA)

1A

Aoy 1¢7ls do That /rac*f/éa,,n-
S_&f/ [Find Al Pflfa/péf/bfw rvM‘Ff/'X
fFor \/G— Vaﬂm;,o/_

\I\/.Kog V=F"ans AcMon(F)

ke~ T
f;=;>c/€,'~/4a; ¢ lar T
clory  <r 7= kT
PE Congjlr

Corollary 2. Ouver an algebraically closed field IF, every square matriz

By 0 0
( 0 By --- 0 )
A is conjugale to a block diagonal mairic B = . . .
0 0 ... B,
where each By is either a 1 x 1 matrix (M) for some \; € F, or an
8 X & matriz with X;'s on the diagonals, 17s right below the diagonal,
and 0's elsewhere,

N 0O v .o 00
0 Y

0 oo N D
o 0 - 0 1 N

Jor some Ny € F and for some s; = 2. Furthermore, B is unique up to
a permutation of its blocks By,
{Corollary: good old diagonalization.)

¢ — ¢

D[KQ/j — A{CQ,i

11 g
g omtd pno }/ o F/]
e 7 : kT
Vm!:a <0 / wtﬁkﬂ
T

\/\/(, \.\/p-r]"" ’[[o lcnol/ IF < ICQ [—!\} /r7L /.é Ma(’04

o o ﬂn%/g LS on’foj 10

Y. ﬂn% 0\")\7

I[CQ/; can LI’ (,\/f/%')L('/f)/ MOJJO <V\/'>/
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AS & Comy’lﬂﬁ:q oF Q)‘ S Taded),

xki; = o xy)= A= = AN,

Go over L\M\)avm‘/ Lrrst i the c’ls'?‘/hm['e@v«/f Cast:

Row and Column Operations The “GCD” Trick
Row operations are performed by left-multplying N by some properly-positioned 2 2 matrix and at the same time - . ) q
lefi-muitiplying the “wacking matnx" P by the same 22 mamx Column operations are sumlar. with left replaced lfg=gedia, bi=sa + tb. the equality | qa p al b =10 allows us to replace pairs of entries in
by nght and Pby O the same columm by their greatest common divisoir (and a zero!), using invertible row operations, A similar trick
RowOp[i , 3 , mat ] := Module[(TT = IX}, works for rows.
TTII(4, 3}, (2, 3)]] = mats kit £ e Mol . .
NN = Simplify[TT.NN]; PP = Simplify[TT.PP]; Tiok[{L - 1 }. k 1 »= Modu e[la‘ ¢ 8 the
1 (q. (8, t})} = PolynomlalExtendedGCD([a = NN[[1, k]]. b= NN[[]. k]]. x]:
Colop(i ., J ., mat ] 1= Module[(TT = II), 8 t
TTI((1, 1), (1, 3}]] = mat; Rowop|[L, 1, [-wq uq]]
NN = Simplify[NN.TT]; Q0= Simplify[0Q.TT]; ],
}i GepTrick(k_. (4_.3_)) 1= Module[(a. b, q. 8, ¢},
{g. {8, t}} = PolynomialExtended@CD([a = NN[[k, 1]]., b=wN[[k. 1]]. x]+
= 8 -b/g
Swapping Rows and Columns cotop[t. 3. (377 )]
1
SwapRowst , 3 ] := nmp[x. 1. (: ;}] I
01
swapColumns(t , § ] = ColOp[l, 3. (1 0)]:
swapBoth[1 , 1 ] 1= (swapmows[1, 1]; SwapColumms[1, 1];) Factoring Diagonal Entries
If1=gedia, bi=sa + th, the equality v a8 * %) is an invertible row-
= . th 1 0 ab t 0 b
column-operation proof of the LA l': )

splitTosusm(s , 3 , & , b ] is= mu.[

{g. 8, t. T1, T2},
{q. (8, t}} = PolynomialExtendedGCD([a, b, x];
If[q: 1.

sevonls 3. (34 1))s cote 5. (2 7))
1

)
Cu=Tg P@,‘)
=T (2.4
@T J/p LC = 2 xt T[40
K”_,I—x:é;\}fo'ﬂ?f:q :iBKH<Q/I

— C:ZB/<@ . Co//)//ﬂ‘e roun |

L o ipFl o1 L 0 s 1py (p ¥Ry L .
p— . T A ted application of the identity | F ; ; D vill bring a matrix ik
770 “JO/JM T //CL”v repeated application of the identity | 1 c:.| Lo pt lo 1) |, P_|1.=. 2 A e

100 0 P OO0
010 0 o

(ﬂ'\q,/‘) Do (n«]/UI/UL) QL 0 o 1 o | tothe Jardan™ form of ; E ; ;‘:ustaginvm'tibiemwandcchmopﬂaﬁm.
o oo p*) 0010p,

& //‘V\./’) 3 - - - = JordanTrick[i , 1 . p_. B_] 1= [Ruwﬂplt.j. [P:I _01]].- Culnp[i. 1. ; EHJ:

S 1T —

I ﬂ:(% gIx vt gaf W/O/g/fJ /\/\Y/\/um%;“—:a MOy
For funsor probe bifinge ’

L Holds 2. Difermimes M/

f 7Lo A Mf\,%wl ':(0/"70/09]7/'_00,

p& 3!
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December 6 Planning

December -03-11

Otlfs.
/Dé/jnomfg/f o/ o UFO refe oo (D,

L”"\D pret (o-142 . mosﬂ% w dicagivy of Condunfs

\//\éow'@_
L B e UFD blunds
2 Cfm//wzﬂ T "ot © GCF  story
S 0o e amphted T2E chy Pollidl
%AQ L%/]/Obw[.
A. D preSahion e,
b Reducttons | M0 Y
C. Kw\/fw ofE (/Z»c .7 /Uo/?/,
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December 6 Debts

eeeeeeeeeeeeee

/HAJJM j/oufj B( ‘7})1 V'W/‘A jfa«/ﬁ of F/'/\/'}'e Pfl/o’ﬁ
A 7@ @%g' ~ 7% Zi, 0 00 ..

ﬂ\{ /QZ/KB -
ﬂ(m/@z/) IF s Fin'le F* 1S (L\j(///C-
f@ﬁ Oﬁe/b\/@{/ DC@—’[ L\ﬂ; 7100 g /OD“B‘

(/m'}u AL oA vt F CeF[x] <D I—r\l@) _fo)
F by hase at west .ij(ﬁ) e

ﬂ\q,o/('/)_ ﬂ& \A/}}'l/(bﬁ@j W/O/o/%J ﬁo/ %0/)50/ //Jaﬁ_/(
MN =gl MOV

L)ﬂm\,o 4/J 372

C?_\j&j'/"\‘\n/'/%oﬂ. LHL K be W’J 60%)#%7461[/“,/@ Ving ﬂj'
AEMualr), U 24(4) = dEHFTA) € RFT . Thesy
%,4 //4) =0,

/ b ({Toa) = nf—t- A
WVOOF I Su Lﬁzl 72147[@ %:/4] So [50 /7/4-5[//4/[: o]

%A//r)bJe%(/l-I~/4):Ja7L/O/2(), o ﬂﬁﬁ;‘j’%ﬁ%‘%”‘/"
Prot TT KEC"M LT Wy Matix R ks an “od)om?”
BY ot B*R=88*=ld(8) L. Tlum

o . of  damudc o6 MRGT |
(FIA)ETA) = UalF L r o, o oA nseg
Z k"
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(Z 8 d*) [A-A) = X,lA)L 0
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