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KAUFFMAN STATES, BORDERED ALGEBRAS, AND A
BIGRADED KNOT INVARIANT

PETER OZSVATH AND ZOLTAN SZABO

ABSTRACT. We define and study a bigraded knot invariant whose Euler charac-
teristic is the Alexander polynomial, closely connected to knot Floer homology.
The invariant is the homology of a chain complex whose generators correspond
to Kauffman states for a knot diagram. The definition uses decompositions of
knot diagrams: to a collection of points on the line, we associate a differential
graded algebra; to a partial knot diagram, we associate modules over the al-
gebra. The knot invariant is obtained from these modules by an appropriate
tensor product.

1. INTRODUCTION

The Alexander polynomial can be given a state sum formulation as a count of
certain Kauffman states, each of which contributes a monomial in a formal variable
t [6]. In [22], this description was lifted to knot Floer homology [23, 25]: knot
Floer homology is given as the homology of a chain complex whose generators
correspond to Kauffman states. The differentials in the complex, though, were
not understood explicitly; they were given as counts of pseudo-holomorphic curves.
A much larger model for knot Floer homology was described in [14], where the
generators correspond to certain states in a grid diagram, and whose differentials
count certain embedded rectangles in the torus. The grid diagram can be used to
compute invariants for small knots [IL 4], but computations are limited by the size
of the chain complex (which has n! many generators for a grid diagram of size n).

The aim of this article is to construct and study an invariant of knots, H~(K),
with the following properties.

(H-1) Letting F = Z/27Z, H~ (K) is a bigraded module over the polynomial alge-
bra F[U]. That is, there is a vector space splitting H™ (K) = @4, .H, (K, s),
and an endomorphism U of H™(K) with U: H; (K,s) - H; ,(K,s—1).

(H-2) If D is a diagram for K, with a marked edge, then H~(K) is obtained as
the homology of a chain complex C~ (D) associated to the diagram.

(H-3) The complex C'~ (D) is a bigraded chain complex over F[U], which is freely
generated by the Kauffman states of D.
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(H-4) The graded Euler characteristic of H~(K) is related to the symmetrized
Alexander polynomial Ag(t) of the knot K, as follows: there is an identi-
fication of Laurent series in Z[t,t™!]

N s _ _Ax()
(1.1) > (=1)*dim Hy (K, s)t* = T
d,s

From its description, this invariant comes equipped with a great deal of algebraic
structure, similar to the Khovanov and Khovanov-Rozansky categorifications of the
Jones polynomial and its generalizations. The structure also makes computations
of the invariant for large examples feasible. In this paper, we also give an algebraic
proof of invariance, hence giving a self-contained treatment of this invariant.

Building on the present work, in [I9], we generalize the constructions to define an
invariant with more algebraic structure. In [I7], we relate the constructions here
and their generalizations from [19] with pseudo-holomorphic curve counting, to
give an identification between these algebraically-defined invariants and a suitable
variant of knot Floer homology [I7]. See [21] for an expository paper overviewing
this materal. A generalization of these constructions to links is given in [I§].

1.1. Decomposing knot diagrams. The knot invariant H~(K) is constructed
by decomposing a knot projection for K into elementary pieces, and using those
pieces to put together a chain complex whose homology is H™(K).

In a little more detail, a decorated knot diagram D for K is an oriented, generic
knot projection of K onto R?, together with a choice of a distinguished edge, which
meets the infinite region. The projection gives a planar graph G whose vertices
correspond to the double-points of the projection of K. Since G is four-valent,
there are four distinct quadrants (bounded by edges) emanating from each vertex,
each of which is a corner of the closure of some region of R?\ G. Let m denote the
number of vertices of G. Clearly, G divides R? into m 4+ 2 regions, one of which
is the unbounded one.

Definition 1.1. A Kauffman state (cf. [6]; see also Figure[d) for a decorated knot
projection of K 1is a map K that associates to each vertex of G one of the four
im-coming quadrants, subject to the following constraints:

e The quadrants assigned by K to distinct vertices are subsets of distinct
bounded regions in R?\ G.

o The quadrants of the bounded region that meets the distinguished edge are
not assigned by K to any of the vertices in G.

Each Kauffman state sets up a one-to-one correspondence between vertices of G
and the connected components of R?\ G that do not meet the distinguished edge.

In [6], Kauffman describes the Alexander polynomial of a knot as a sum of monomi-
als in ¢ associated to every Kauffman state. We recall this description (with slight
modifications to suit our purposes).

Definition 1.2. Label the four quadrants around each crossing with 0, and :l:%,
according to the orientations as specified in the second column of Figure[2. The
Alexander function of a Kauffman state K, A(K), is the sum, over each crossing,
of the contribution of the quadrant occupied by the state. The Maslov function of a
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FIGURE 1. Decorated knot projection for the left-handed
trefoil. The distinguished edge is marked with a star. We have
illustrated one of the three Kauffman states for this projection.

Kauffman state K is obtained similarly, with local contributions as specified in the
third column of Figure[2.
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FiGURE 2. Sign conventions for crossings, and local
Alexander and Maslov contributions. The first column il-

lustrates the chirality of a crossing; the second the Alexander con-
tribution of each quadrant; the third the Maslov contribution.
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Let & = &(D) denote the set of Kauffman states. Kauffman shows that the
Alexander polynomial is computed by Ag(t) = Y e (—1)MEAK) - (Kauff- el
man’s description is slightly different; he does not define the integer M (K), only
its parity, which suffices to compute the Alexander polynomial.)

In [22], we gave a description of knot Floer homology as the homology groups
of a chain complex whose generators are Kauffman states, with bigradings given
by the M and A functions defined above, and whose differential counts pseudo-
holomorphic disks. In certain special cases (for example, for alternating knot di-
agrams, after a possible change of basis), these differentials could be computed
explicitly; but in general, their computation remained elusive (compare [14]).

In the present paper, we define H ™ (K), which is the homology of a chain complex
C~ (D) associated to a diagram. Its generators are Kauffman states, and its dif-
ferential is described algebraically. The construction will involve decompositions of
the knot diagram D, as follows.

Given a generic, oriented knot projection in the xy-plane, we will consider the
intersection of D with half-planes y > ¢ and y < ¢, for generic values of ¢. Inter-
sections with y > t are called upper partial knot diagrams, and intersections with
y <t are called lower partial knot diagrams. The decorated edge of D will contain
one of the points with minimal y value. See Figure
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4 PETER S. OZSVATH AND ZOLTAN SZABO

Ficure 3. Slicing the trefoil diagram. The y = ¢ slice for
the diagram on the left, gives the line with 4 marked points (and
orientations) in the middle. The y > t upper diagram is on the
right.

Our knot invariant will be constructed out of invariants for upper and lower knot di-
agrams. In the spirit of bordered Floer homology [9], we will associate the following
algebraic objects to this picture:

e an algebra associated to the intersection of the knot diagram D with generic
lines y =t.

e a “type D structure” (in the sense of [9], recalled here in Section [2.4)
associated to each (generic) upper diagram.

e a right A, -module associated to each (generic) lower diagram.

Given this data, the complex C~ (D) is obtained, for generic ¢, as the tensor product
(in the sense of [9], recalled here in Section 2.5]) of the invariant associated to the
y >t upper diagram with the y <t lower diagram, where the pairing is taken over
the algebra associated to y =t slice.

In more detail, the intersection of the knot diagram D with a generic horizontal
line y = ¢ can be encoded as a line equipped with 2n points p1,...,pa, (i.e. where
the knot meets the slice), half of which are oriented upwards, and half of which are
oriented downwards. Let & denote the subset of those points oriented upwards.
We will define an algebra associated to this configuration. The points subdivide
the line into 2n — 1 bounded intervals, and two unbounded ones. There are certain
distinguished basic idempotents in the algebra which correspond to choices of n of
those bounded intervals. These algebras are constructed in Section Bl

We will describe certain natural modules over this algebra in terms of the following;:

Definition 1.3. An upper Kauffman state for an upper diagram y >t is a pair
(K, I) where

o K associates to each crossing in the upper diagram one of the four adjacent
quadrants.
e [ is a basic idempotent for the y =1 algebra.

Moreover, these data are required to satisfy the compatibility conditions:

e The quadrants assigned by K to distinct vertices are subsets of distinct
bounded regions in the upper diagram y > t.

o The unbounded region meets none of the intervals in the idempotent I .

e FEach bounded region in the upper diagram y >t either:
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— contains a quadrant associated to some vertex by K, and meets none
of the intervals in the idempotent I; or

— meets exactly one of the intervals in the idempotent I, and is not
associated to any verter by K.

It is easy to see that any Kauffman state can be restricted canonically to give an
upper Kauffman state on any of its upper diagrams; whereas upper Kauffman states
on an upper diagram might not extend to give a global Kauffman state.

(X UX X

FIGURE 4. Upper Kauffman states. Here are all three upper
Kauffman states for the upper diagram obtained from the trefoil
diagram in Figure B with idempotent I represented by the pairs
of darkened intervals.

The type D structure of an upper diagram is generated by its upper Kauffman
states.

We will also describe bimodules for enlarging the upper knot diagram. Specifically,
we will associate bimodules to crossings, caps, and cups, in Sections Bl B and
respectively. These bimodules are generated by certain localized Kauffman states,
and the type D structure of an upper diagram is built as a tensor product of the
bimodules associated to these various pieces. Tensoring together all the pieces gives
the desired chain complex C~ (D) whose generators are Kauffman states.

The topological invariance of H~(K) is established in Theorem The proof
proceeds by showing that H~ (D) is invariant under planar isotopies of the knot
diagram, and then locally verifying invariance under the three Reidemeister moves.
In fact, invariance under Reidemeister moves 2 and 3 are part of the “braid re-
lations” that the crossing bimodules satisfy (see Section [@), while Reidemeister 1
invariance is an easy computation.

The complex C'~ (D) is a chain complex over the polynomial ring in one generator

U. We can set U = 0 to get another chain complex C(D) whose homology H(K)
is also a knot invariant.

Knot Floer homology [23] is an invariant with the above properties, according
to [22]. The differentials appearing in the original definition of knot Floer homol-
ogy involve analytical choices; algebraic constructions over a larger base ring were
given in [I5] and [2], and a chain complex with many more generators was given
in [14]. The invariant H(K) corresponds to the version of knot Floer homology
denoted H/FT{(K ) and H~(K) corresponds to another version of knot Floer ho-
mology, denoted HFK ™ (K). In [17], we verify that H(K) and H~(K) coincides
with knot Floer homology H/FT{(K) and HFK™ (K).

The methods of this paper are conceptually similar to the computation of Heegaard
Floer homology groups of three-manifolds by factoring mapping classes [11]; but
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the present constructions are ultimately algebraic in nature, as is the invariance
proof we give here; compare [28]. Although the bimodules we write down here
might seem ad hoc in nature; the holomorphic theory did give us guiding principles
for what to look for; see Section [L4l (See also [17])

1.2. Organization. In Section [2] we discuss the algebraic preliminaries, based on
the algebra from of [12], using throughout the notions of bimodules of various
types (DD, DA, and AA). In Section Bl we describe the algebras associated to
knot diagram slices, along with a canonical (invertible) dualizing bimodule of type
DD. In Section 4l we associate natural type DD bimodules to crossings, which
are simple to describe. In Section [6] we construct the corresponding type DA
bimodules, which are most useful to work with. These bimodules induce a braid
group action on the category of modules over our algebras, as verified in Section
In Section [{l we construct the type DD bimodules associated to a critical point
in the knot diagram, and verify the “trident relation”, which describes how these
bimodules interact with nearby crossing bimodules. The critical point bimodules
have two kinds of corresponding type DA bimodules: the bimodule associated to
a maximum, constructed in Section 8 and the bimodule associated to a minimum,
constructed in Section@ The theory is equipped with several symmetries, collected
in Section [0l In Section [IT} we construct the knot invariant from the constitutent
bimodules, and verify its invariance properties. In Section [12] we verify a few basic
properties of this invariant.

A bordered theory for tangles in the grid context was developed by Ina Petkova
and Vera Vértesi [24]; compare also [10]. In a different direction, Rumen Zarev [27]
constructed a “bordered sutured” invariant that can also be used to study knot
Floer homology. Explicit computations of H (K), for three-stranded pretzel knots,
were done by Andrew Manion. A version of this construction for singular knots is
also studied by Manion [13].

In [19], we give a slight variation on the present construction, together with a
sign refinement. The techniques from that paper lead to efficient computations
of H-(K) for large knots [20]. Similar to fast computations for Khovanov ho-
mology [3] for non-alternating projections, there are various cancelling differentials
in the invariants associated to partial knot diagrams that allow for fast computer
calculation. Details will be explained in [I9]. As an illustration, we took the
Gauss codes (which specify a knot up to reflection) for the knot Kj from [5],
to obtain a 91-crossing presentation of K. The Poincaré polynomial of H (K),
Py (m,t) =3,  dim Hy(K,s)m%* , is given by

2t4mS + £3(Tm® + 3m3 + m) + 2(10m* + m3 + 16m? + m + 3)
+t(Tm® 4+ 2m? 4+ 39m + 2+ 3m ™) + (4m? + 2m + 53 + 2m = + 2m~?)
+t H Tm+2+39m +2m 2+ 3m ) + 210+ m T+ 16m 2+ m 3 + 3m )
+t73(Tm™ 4 3m 3 +m ) 2t Im 2
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2. ALGEBRAIC PRELIMINARIES

We recall some algebraic preliminaries from bordered Floer homology. Further
background on A algebras can be found in [7]. Most of this material (except
Section [29]) can be found, with more detail, in [12].

2.1. Algebras. In this paper, we will be concerned with differential graded alge-
bras A (DG algebras) in characteristic 2.

The DG algebra A is an abelian group equipped with a differential pu;: A — A, and

a multiplication map po: A®A — A, satisfying the usual compatibility conditions Vi
will ¢ tver Le

M% = 0; A need for mdﬂ"WJ’E
p2 o (1 @ Id+1Id®p) = p1 o pe;
p2 o (p2 @ Id) = pg o (Id ®pu2).

(The latter two are the Leibniz rule and associativity rule respectively.) It is cus-
tomary to abbreviate pi(a) by da and pe(a®0b) by a-b.)

Our algebras are strictly unital; i.e. they are equipped with a distinguished multi-
plicative unit 1 which is a cycle. We will typically think of our algebras as defined
over a ground ring k, which in turn is a direct sum of finitely many copies of
F = Z/2Z, equipped with a vanishing differential. This means that there is a
distinguished subalgebra of A, identified with k, whose unit 1 is also the unit in
A. Moreover, A as a bimodule over k, p; as a bimodule homomorphism, and
po: ARk A — A is a bimodule homomorphism. (Our algebras will be typically
not finitely generated over the ground ring k.)

2.2. Gradings. Our algebras will be equipped with gradings, a Maslov grading,
which takes values in Z, and an Alexander multi-grading which takes values in
some Abelian group A = A4, compatible with the algebra actions as follows.

The algebra A is equipped with a direct sum splitting A = @(d%)ez@/\ Age. A
non-zero element a € Agy is called homogeneous with grading (d;¢); or simply
homogeneous with respect to the grading by Z ® A, when we do not wish to specify
its actual grading. Similarly, if a € @ ., Aa;e for some fixed £ € A, we say that a
is A-homogeneous (with grading ¢). We require

p1s Age = Ag—1e p2: Adyye, @ Adgies — Adytdosy 12,

In our present applications, the group A4 is (3§Z)™ C Q™. Lt Whsts /"?2

The algebras considered here will satisfy the following further condition:

Definition 2.1. We say that the Alexander multi-grading on A is positive over k
if the following two conditions hold:

e k is the set of algebra elements in A with Alexander multi-grading 0. . TL
e For ay,...,ap with Alexander multi-gradings A1,..., ¢, if Ele Ai = 0,1 rf" U‘{‘I :
then each \; = 0.

{25
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In fact, in this paper k will consist of homogeneous elements with bigrading (0;0).

2.3. Modules. We will consider several kinds of modules over our algebras. A right
differential module over A is a right k-module M , equipped with maps mi: M —
M and my: M ®x A — M satisfying

I
=

m2

my
ma o (mp @ Id+Id®ui) = mq oma;
ma o (mg ® Id) = mgy o (Id ®us).

We will consider modules that are strictly unital, meaning that ma(z,1) = x for
all x € M. In this case, mo is a right k-module map mo: M ®x A — M.

Weakening associativity, one naturally arrives at the notion of an A,, module M .
A right Ao module over A is a right k-module M, equipped with maps

i—1
—~
mi: MK ARk Qx A= M
for i > 1, satisfying the following strict unitality conditions:
(1) me(z®1) =z forall z € M

(2) miz®a1 ®---®a;—1) =0 if i > 2 and there is some 1 < j <i—1 with
a; = 1;
and a compatibility condition which is perhaps best phrased in terms of the bar
—
construction. (See Equation (21)) below.) Define 7*(A) = @;2j A ®xk -+ Qx A,

with the convention that the 0" tensor product of A is k, which is a chain complex,
with a differential induced by p; and us; i.e.

dla1 ® -+ ®a;) Za1 Q- ®aj—1 @ p(a;) ®ajp @ @a;

+Za1®~--®a3—71®u2(aj®aj+1)®-~-®ai,

with the understanding that d vanishes on 7°(A). Consider T*(M) = M ®x
T*(A). The maps m; (i > 1) induce a map m: 7*(M) — T*(M) by the formula

m($®a1®"'®ai)ZijH(:C@al®---®aj)®aj+1®---®al
=0

The compatibility condition is equivalent to the condition that

(2.1) m(m(z ® a)) + m(z @ d(a)) = 0;

i.e. the map dy,: T*(M) — T*(M) given by dy,(z®@a) =m(zr®a) + = ®@d(a) is
a differential.

Left differential modules and A,, modules are defined analogously (though in ad- e OEJJA
herence with the conventions laid down in [9], our A modules will typically be [93: Liys weten
right modules). A differential module is an A, module with m; = 0 for all ¢ > 3.
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Gradings are as follows. The modules M we consider will typically have a Maslov
grading by Z, and a further Alexander multi-grading set S, which is a set S
with an action by A4. That is, there is a direct sum splitting (as k-modules)
M = ®d€Z,s€S Myg.s and we assume that each summand Mg, is a finitely generated
k-module. The actions m; will be graded as follows.

Mt Mayis @ Adyyoy @ oo Ady_1i0, — Mi—2+2§;é dyss+3it g

We will typically record the algebra A as a subscript for the A, -module M,
writing M4 if M is a right A.-module, and 4 M if M is a left A, -module.

Given two A, modules M4 and N4, a morphism from M4 to N4 is a sequence
i—1

—
of k-module maps {¢;: M4 Qx AQx - - ®k A — Na};>1. A morphism naturally
induces a map ¢: M4 ® T*(A) = Na® T*(A) by

Q(w®a1®---®an)=Z¢i+1(ﬂc®a1®---®ai)®ai+1®---®an.

i=0
When this induced map is a chainm;%wz say that the morphism is a homomor-
phism. More generally, the space of morphisms can be given a differential, so that

dMor (@) =dy o+ gody,.

Let 9004 resp. 49M0d denote the category of right resp. left A, modules over
A. This is a differential category (so the morphism spaces are chain complexes).
Specifically, given M4, N4 € Mod 4, let Mor4 (M, N) denote the chain complex
whose elements are maps {¢;: M @ A1 — N};>1, with differential given by

[
(dg)i(w,ar,. .. ai-1) = Y dimjir (my (a1, a5-1) a5, a51)
j=1

i
+ qu{\ij+l(¢j(x,a17 .. .,aj,l),aj, .. .,ai,l)
j=1

i—1
+ Z¢i(x7a/17 e 7ﬂl(aj)7 . '7ai—1)
j=1

1—2
+ Z bi—1(x,a1,. .., p2(aj, aj1), ..., ai-1).
j=1

There is a convenient graphical representation of formulas such as the one above.
We represent elements of M by dashed arrows, elements of 7*(A) by doubled
arrows, and various maps between them by labelled nodes. For instance, the map
m: M ® T*(A) — M, the morphism ¢: M ® T*(A) — N, and the differential
d: T*(A) — T*(A) are represented by the pictures

7 Z

|
I
m
|
I

=
— <=
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Using the map A: T*(A) — T*(A) ® T*(A) defined by A(a; ® -+ ® a;) =
T ol ® - ®a;) ® (ai41 ® - - ®aj), the differential of ¢ can be written:

ISR
7+7+_

I
I
!
1

=
¢
I
I
l
I
1

-S-e----

¢- Q<= S-----

Let M4 be a right A, -module over k, with a (Z-valued) Maslov grading and an
Alexander multi-grading with values in S. We can form the opposite module 4 M ,
which is a space of maps from M to F, also equipped with a Maslov grading and
a grading by S,

(2.2) AM = P Homp(M_g -, F),
d€eZ,seS

with action specified as follows. For fixed ¢ € Homyp(M,F) and ay...,a,-1 € A,
let M;(a1 ®...a;—1 ® ¢) be the homomorphism from M to F whose evaluation on
x is given by ¢(m;(x ® aj—1 ® --- ® a1)). (Note that the tensor factors appearing
here are over Z/27; when M is strictly unital, we can think of the tensor factors as
taken over k; with the understanding that in a;—1 ® - - - ® a1, the bimodule actions
of k on the a; are also opposites.)

2.4. Type D structures. A left type D structure over A is a left k-module
X, equipped with a k-linear map 6': X — A ®y X, satisfying the compatibility
condition (2 ®Idx)o (Idg ®5') ot + (11 ®Id) 0§ = 0. A right type D structure
is defined analogously.

The maps will be drawn

l 51

L/
1 —

2 ‘{1
[

As in the case of modules, our type D structures will have a grading by Z (the
Maslov grading), and an Alexander grading with set set S = Sx, a set with an
action by A4. (In our case, this will typically be a quotient of A4.) Thus, X is
given a direct sum splitting X = @deZ;seSXd§S7 where each Xy, is a k-module.

=0
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(In fact, in the cases of relevance to us, X will be finitely generated as a k-module.)
The actions respect these gradings, in the sense that

51: Xd;s — @ Ado;lo ® Xd1;51-
do+di=d—1;4p+s1=s
We abbreviate this, writing 6*: Xg.s = (A® X)g_1.s-
A left type D structure X induces a left differential module AKX X in a natural
way. As a left A-module, the space is AQk X ;i.e. given a € A and b®x € ARk X,

we define ma(a,b® ) = ua(a,b) ® . The operator m; = p1 ® Idx +(pe ® Idx) o
(Id 4 ®8%) which can be graphically represented by

induces differential on A ®x X = AX X; ie. m? = 0. It is easy to see that the
differential and the A-action satisfy a Leibniz rule; i.e. AKX X is a differential
A-module. (This is the special case of a more general construction: it is the tensor
product of A, viewed as a bimodule over itself, with the type D structure X .)

- ————Conversely, let M be a left DG-module over A that splits as a left A-module as a
direct sum of modules that are isomorphic to left ideals in A by elements of k; i.e.

(2.3) M=A Y9
geG

for some finite set G, and a map Y: G — k. There is a k-submodule of M,
X =@,cck-Y(g). Restricting the differential m; to X gives a map ot X —
A ® X = M; the hypothesis that m? = 0 is equivalent to the condition that &1
determines a type D structure.

We will typically record the algebra as a superscript for a type D structure, writing
AX to denote a left type D structure X over 4. There is an analogous notion of
right type D structures; for a right type D structure, we record the algebra (as a
superscript) on the right, e.g. writing X“.

Analogously, we let AMod and Moo denote the category of left resp. right type
D structures. For this category, MOl“(AP, AQ) is defined to be the chain complex
of maps h': P — A®y Q, where the differential is specified by

d(h') = (uf' ®1dg) o h' + (5! ®1dg) o (Ida @h') 0 0p + (i3 @ 1dg) 0 (Ida @) o .
There is also a composition map, which is a chain map Mor(AP, AQ)@Mor(AQ, AR) —
Mor(*P, “R), defined by taking f* ® ¢' to

(24) (fog)' = (u2®1dz)o (Ida®g") o f.

If X is a left type D structure, we can form the opposite type D structure as

A .
follows. As a k-module, X  is a space of vector space maps from M to F:

X'= P Homp(X_yy,F).
d€EZ;s€ES
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This inherits naturally the structure of a right k-module: the action of ¢ € k on
¢: M — F is the map that sends x to ¢(¢-x). The requisite map 31 : YA — YA(X)A
is adjoint to the map ' for “X; i.e. given ¢ € YA, define 3" (¢) € Hom(X,F) ®x
A C Hom(X, A) to be the map that sends = to (§'x,$), where

(,): A® X @ Hom(X,F) - A

is induced by the evaluation map.

2.5. Tensor products. We recall the pairing between A,, modules and type D
structures from [9], which in fact can be thought of as a model for the derived
tensor product. (See for example [12, Proposition 2.3.18])
Fix first a type D structure AX . There are maps for integers j > 0 with
J
. —_——

(2.5) M X = ARk - Qk AKX,
with the following inductive definition:

e 60 is the identity map;

e ! is as specified by the type D structure;

e and finally, ¢ = (Id ge;—1 ®0%) 0 6771,

The sum » 7% ¢/ is notated

(Note that in general, the image of § is contained in ([[_, 7*(A)) ® X .)

Recall that if M is a right A.-module and X is a left type D structure, then
under suitable circumstances, we can form the tensor product M X X. This is a
chain complex whose underlying vector space is M ®y X, and with differential
oo
Op@x) = (mj1 @Idx)o (p@ & (z))
j=0

| ! g :

L 51 : 5
= m1 . + 7z 0+ 51+ — /:
L ome - m
oL me L

In general, the sum appearing in the definition of d has infinitely many terms.
The suitable circumstances needed to define 0 are those where the above sum
is finite. For instance, if the module M has the property that for all p € M,
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mjt1(p,ai,...,a;) = 0 for all sufficiently large j and any sequence ag,...,q;,
then the sum is guaranteed to be finite. Such an A, module is called a bounded
Ao module. Similarly, finiteness is guaranteed if X has the property that for all
x € X, there is a j with the property that 7z = 0 for all sufficiently large j. Such
a type D structure is called a bounded type D structure. To recapitulate, M X X
exists if either M 4 or AX is bounded.

Let M be a right A, module with Alexander grading set S and X a left type
D structure with Alexander grading set T'. Then the tensor product M K X is
naturally graded by the product of Z (the Maslov grading) and the Alexander
grading set S xpA T = (S xT)/A4.

2.6. Bimodules. If A and B are two differential graded algebras over ground rings
j and k respectively, a left/left type DD bimodule is a type D structure over the
tensor product A ® B. In particular, it is a left module over j ®p k. A left/right
type DD bimodule is a left/left type DD bimodule over A ® B°P.

A left/right type DA bimodule is a j — k bimodule equipped with maps for ¢ > 1:
i—1
—N—
6i: X @ Bk @k B— A®; X,
satisfying the structure equation

0=(uf®Idx) o (z®a1 @ ® a;_1)
i—1

+Z5il(x®a1®"'®ajfl®ﬂ?(@j)®aj+1®'-~®0Ji,1)
j=1

i—2
+Z53($®a1®“'®%—1 ® 15 (a; ® ajy1) ® Qjpo @ - @ a;i—1)
j=1

+ > (gt @Tdx) o (Ida @0} j11) 0 (0} (@ a1 ® - @ aj1) ®a; @ @ a;_1)

j=1

Here, we think of B as the algebra of inputs, and A as the output algebra.

Example 2.2. Fiz an algebra A over k. The identity bimodule AIdA 1s the type
DA bimodule whose underlying k-k bimodule is k, so that the maps (5J1» have the
form

j—1

——
b Aoy oA A
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and whose operations are given by 63(a) = a, and 5} =0 for j=1 and j > 2.
Example 2.3. Let ¢: B — A be a homomorphism of DG algebras over a base ring

k. This can be viewed as a bimodule A[d)]g with a single generator over k, which

we denote 1, with 03(1,b) = ¢(b) ® 1 and 6; =0 for j #2.

Our DA bimodules ®X 4 will be bigraded as in Section Specifically, there will
be some set S with action by A4 @ Ag, and X = @(d;s)GZEBS X(a;s)- The actions
respect these gradings as follows:

0i + Xayis Ok Bagits @1+ @1 Base, = (A®X)i g5 a0e5i 0

A left/right type AA bimodule over A and B is a left/right bimodule over I(.A)
and I(B), equipped with maps indexed by integers 4,5 > 0,
i J
—
mij;: A®ra) @ @A) © X Que) BOyp) @ @B — X.

defined for all non-negative integers ¢ and j, satisfying a structure equation which
we will state shortly. The maps can m;);|; can be assembled to form a map

m: T*(A) @ya) @M @yp)y T (B) - M

that is represented by the diagram
& b

X

I

I

I

I

I

¥

m

I

I

I

I

I

U

and satisfies the structure equation (for all ¢ € T*(A) and b € T*(B)):

a b+ a b+a x b =0
v U 1
d d 1
VY N\ . /

W/

x
|
|
|
|
|
N
m
| |
! v
} m
| |
| |

X

|

I

|

|

|

4

m

|

I

|

|

|

|

As a basic example, if A is a DG algebra, we can view it as a bimodule over itself;
in this case, we write 4.A4. The operation mgy|o is the differential on the algebra,
myjijo(a ®b) =a-b, and mo(b®c) =0b-c, for any a,b,c € A (except now b is
viewed as an element in the bimodule). All other operations vanish.

Bimodules have opposites, defined by the straightforward generalization of Equa-
tion ([22). For example, the bimodule 4A 4, the opposite bimodule of 444, con-
sists of maps from A — F; more precisely given (d,¢) € Z® A,

(2.6) A(a,) = Homg (A(_a,—0), F).
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This has operations
moj1jo(x — ¥(z)) = (z — P(dx))
myjijo(a ® (z = ¥(x))) = (z = P(z - a))
mopp (@ = P(x) @ b) = (z = P(b- x))

A right/right type AA bimodule over A and B is a left/right bimodules over .4°P
(the “opposite algebra”) and B.

A morphism between type DA bimodules h': AXg > AYg isa sequence of maps
j—1

—N—
{h}: X QkBRg - @k B—= A®; Y};‘;l , abbreviated
Bl

'

The differential of h' is the morphism dh' represented as the sum

A homomorphism is a morphism whose differential is zero. Two homomorphisms
are homotopic if their difference is the differential of another morphism.

Morphisms can be composed; given morphisms f!: Xz — “Yg and g': “Yz —
AZB, the composition is defined by the picture

7

7

A

o .

—

L

2

(-

K

Morphisms, homomorphisms, and homotopies can be defined for bimodules of other
types in a straightforward way; see [12, Section 2.2.4].

2.7. Tensor products of bimodules. We recall here the tensor products of var-
ious types of bimodules; see [12 Section 2.3.2] for details. Let A, B, C be three
differential graded algebras over base rings i, j, and k respectively, and and let
AXg and BY; be type DA bimodules, their tensor product X XY is a type DA
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bimodule structure on the vector space X ® Y (where the tensor product is taken
over the ground ring of B), with structure maps §': X ®;Y — A®; X ®; Y which

can be represented as
| /
|
|

s
4
o

e

Here the map Jy is obtained by iterating 81 (as in Equation (ZH)).

!
!
|
|
|
|
|
+

The following is immediate from the definition:

Lemma 2.4. Let A, B, C, and D be four differential graded algebras, and fix type
DA bimodules “Xp and Yy and ¢ Zp. Then, there is an isomorphism

(XX BY, )R “Zp 2 XX (BYe R “Zp).

Given a type DA bimodule AXg and a type DD bimodule 5 Y€, their tensor
product AXgK BYC, when it makes sense, is a type DD bimodule over A and C.
The type DD structure map is described by

!

!

|
~

dy

7N\
o

¢ ———

(2.7)

>
- e

h

where II(by ® -+ ®b;j) = by -+ b;.

Of course, the sum implicit in the above description is not always finite; we describe
a case where it is. (See also [12 Section 2.2.4].) Consider the map

8 Y = (B¥) @Y ® (C%)
obtained by iterating _51 (i.e. so that the map dy appearing in Equation ([Z7) is
given as dy = > 77 83 ).

Definition 2.5. For fized integer j > 1, alength j B-sequence out of y € X is any
sequence of algebra elements (b1,...,b;) in B with the property that, for a suitable
choice of z € X and sequence (c1,...,¢;) inC, (h® - ®@b;) 2R (1 Q-+ ®¢j)
appears with non-zero multiplicity in §7(y).

Definition 2.6. Fiz DG algebras A, B, and C, and bimodules AXg and BYC.
We say that X is Y -compatible over B, or when it is unambiguous, simply Y -
compatible if for any non-zero x®y € XY , if j is a sufficiently large integer, then
for any length j B-sequence out of y (b1,...,b;), we have that 531-+1(x, b1,...b;) =
0. Similarly, a morphism ¢ € Mor(X,X") is called Y -compatible if for any x ®
y € X®Y, if j is sufficiently large, then for any length j B-sequence out of y
(b1,...,bj), we have that ¢}+1(x, bi,...,b;) =0. If X and X' are Y -compatible,
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we say that they are Y -compatibly homotopy equivalent if there are Y -compatible
morphisms ¢: X — X', v: X' - X, h: X - X, and : X' — X', so that
dp =0, dp =0, Yo¢p=Idx +dh and ¢pop) =Idx, +dh'.

Proposition 2.7. Fix AXg and BY€. If X is Y -compatible, we can form the
type DD bimodule X XY , as defined in Equation 21). Moreover, if AXz'g 18 also
Y -compatible, and it is Y -compatibly homotopy-equivalent to X , then X XY and
X'®KY are homotopy equivalent type DD bimodules.

Proof. It is straightforward to see that the Y -compatibility ensures that all the
infinite sums appearing in the needed maps are all finite. O

For a very simple special case, suppose that AXg has the property that for all
sufficiently large j, 5} = 0; then X is Y -compatible for all Y€,

Lemma 2.8. Let A and B be DG modules, and let AMg be a type DA bimodule
with the property that (5J1» = 0 for all sufficiently large j. Then, M is homotopy
equivalent to a type DA bimodule with 5} =0 for j > 2.

Proof. Let M’ be the bar resolution of M ; see [7] or [12], A My = A MpXRPBaP Ky
Bpr. The desired homotopy equivalence is obtained from the homotopy equiva-
lence ®1dg — BBar® K Bx by tensor product with the identity map on M.
(Boundedness of M’ ensures that this is a homotopy equivalence; compare [12]
Lemma 2.3.19].) O

We have the following version of associativity (compare [12, Proposition 2.3.15]):

Lemma 2.9. Let A, B, C, and D be four differential graded algebras; AXp and
cZP are bimodules of type DA; and BYC is of type DD . Suppose that *Xg and
c¢ZP are both bounded, in the sense that for sufficiently large j, 5}- =0. Then,

(AXgR BYOYR 2P ~ X R (BY°R 2P).

Proof. This is clear if 5]1- =0 for all j > 2 on “Xz. We can reduce to this case
by Lemma O

2.8. Taking homology of bimodules. By the “homological perturbation lemma”,
Ao structures persist after taking homology. (See for example [7] for the case of
algebras.) We will make use of the analogous result for bimodules.

We start with a standard result from homological algebra:

Lemma 2.10. Let k = F* for some k. Let Y be an S-graded chain complex
over k, and Z = H(Y). Then, Z is also an S-graded chain complex (with trivial
differential), and there are S-graded chain maps f: Z —Y and g: Y — Z and
an S-graded map T:Y —Y satisfying the identities

ToT=0 Tof=0 goT =0
gof=1dg fog=Idy+00T +To0.

We will use two versions of the homological perturbation lemma:
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Lemma 2.11. Let 4Yp be a strictly unital Ao bimodule with grading set S, let
Z denote its homology. Let f: Z — Y be a homotopy equivalence of S-graded
complexes of k-modules as in Lemmal2Z10. Then there is an Ao, bimodule struc-
ture on Z , denoted oZp, and an A, homotopy equivalence ¢: sZp — AYp with

dojijo = f-

Proof. By hypothesis, we have maps f: Z — Y and g: Y — Z so that fog =
[d+0 0T + T od. The differential on Z vanishes; i.e. mg;)p = 0. Operations
my(1; with 4+ 7 > 0 are described by

x b+
)
! \

m

+

D<=
+

m(a@x®b) = a

D<=
D> < o
D<o

N
7
N

(== Q —
m-m QIS - K

- QI NSNS -

where a1 ® -+ - ®a; €a € T*(A) and by ® ---®b; = b € T*(B); and each node
laebelled by m contains an operation mg i, with a +b > 0; where the splitting
operator A is generalized to have arbitrarily many outputs. With those operations,
we have an A -bimodule homomorphism defined by ¢g1j0 = f and ¢;);; with

1+ j > 0 specified by
X b +
j /
! N\

Pla®x®b) = &
m

D<=
D < I
+

N

.
T
!

— eSS e

(again where each m-labelled node must have at least two inputs). With these
definitions, it is straightforward to verify that ¢ is a homotopy equivalence of A
bimodules; compare [7]. Strict unitality of both m? and ¢ follows immediately
from these explicit descriptions of m? and ¢, the conditions that T2 = fo T =
T og =0, and the strict unitality of Y. O
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x®b) = x b+ x b + x b + -
v v b vV
f/ f A f A
Voo e
l l l
g T T
& l l
i ) |
l - g T
v
[ !
-9
o
(A

FIGURE 5. ¢! action on Z

We will also use a variant for DA bimodules:

Lemma 2.12. Let “Yg be a strictly unital type DA bimodule with grading set S,
and let *Z be type D structure over A. Suppose that there are type D structure
homomorphisms f: Az 5 Ay (i.e. as the notation suggests, we are forgetting
here about the right B-action) and g: AY 547 and a type D structure morphism
T:4Y — 4 so that

fog=1Idz, gof=Idy+dT, ToT=0.
(Here, ToT denotes the composite of type D structures; see Equation (Z4).) Then
AZ can be turned into a strictly unital type DA bimodule, denoted AZs ; and there
is an Ao homotopy equivalence ¢: AZg — AYg with ol =f.

Proof. “Z is already equipped with an action §1. For j > 1, operations 5]1 on
b=b; ®---®bj_1 are specified by in Figure [l similarly, define ¢{ = f, and for
j>1,¢' onb=b; ®---®b;_1 is as shown in Figure @l O

2.9. Koszul duality. Let A and B be two differential graded algebras A. Let
AXB be a type DD bimodule and pY4 be a type AA bimodule. We say that
these two bimodules are quasi-inverses if there are homotopy equivalences

'AXB& BYAZAId_A and BY_A|Z 'AXBZBIdB;
and “XPB resp. gY4 as a quasi-invertible type DD resp. type AA bimodule.

To see that X and Y are quasi-inverses, it suffices to exhibit homomorphisms
o AXBR Y4 — Aldy and ¥ gY4 R X8 = 51d5 so that the maps

Ida X' : 4 A4 K AXBR gY4 — 4 A4
V'R 1dg: gYa RAXB K zBs — 3Bs
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¢l (x®b) = x b+ x b + -
. .l
f/ f A
l 1/
l l
T T
l !
i 1
! &
I
Ll

FIGURE 6. ¢' morphism

induce isomorphisms on homology, according to [12, Corollary 2.4.4].

Definition 2.13. Let k be a ring that is a finite direct sum of F. Let A and
B be two DG algebras, both of which are positively graded over k (in the sense of
Definition [211), with Alexander grading specified by the same Abelian group A =
Aq = A. A bimodule “XB s called a Koszul dualizing bimodule if it satisfies
the following properties:

(K-1) AXPB is graded by Z.® A, where the action of Aq @ Ag is specified by the
map Ao ® A — A given by (a,b) — (b—a).

(K-2) AXB has rank one; i.e. there is an isomorphism “XB = k as bigraded
k-k bimodules. (In particular, AXB s supported in bigrading (0;0) ).

(K-3) AXP is quasi-invertible.

If such a bimodule exists, A and B are called Koszul dual to one another.

For a Koszul dualizing bimodule, it follows that
(2.8) §s'(x8) c @ AretXxE @B,
AEAN\O
(Indeed, this conclusion holds even for AXB as in the definition that do not satisfy

Property )

Definition 2.14. If “XB is a type DD bimodule, we can form the candidate
quasi-inverse module

(2.9) AMor(AX® K 5By, A 1d4) = 5Bs K "X K 4 A4

Lemma 2.15. For a type DD bimodule AXB satisfying properties |(K-1)| and
[(K-2), the candidate quasi-inverse module has a subcomplex kX BYA Xk which is

isomorphic to k.
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Proof. For any DD bimodule, k X BYA X A is a subcomplex of the candidate
quasi-inverse module. Comditions |(K-1)| and |(K-2)| ensures that Equation (2.8)

holds, so the induced differential on kX BYA X A is simply the differential on A;

and therefore kKX Kk is a subcomplex. Condition |(K-2)|now gives the desired
identification of the subcomplex with k. O

Lemma 2.16. Fiz k as above in Definition 213, and let *X® be a type DD
bimodule satisfying Conditions of Definition [2Z13. Suppose that the in-
clusion map from k to the candidate quasi-inverse module coming from Lemmal2.13]
induces an isomorphism on homology. Then the candidate quasi-inverse module is
a quasi-inverse of AXB.

Proof. Let gY4 be the candidate quasi-inverse. Our goal is to show, under the
stated hypotheses, that zpY 4 is a quasi-inverse to AXEB.

To this end, consider a DA bimodule by tensoring X with Y:
AXBR sV =AXER 5B R X" R 4 A4,
The differential on this bimodule is given pictorially by:

X A XBXA X

l B B X
l
1 1
5k oL
+ mZ, + + "
B

B
m
1[1/0 M1

| | l

S
S

A

(Arrows that output 1 € A, which would appear in the second, third, and fourth
terms, are suppressed.) There is a natural map h: AXB R BY 4 — A Id 4, defined
by 2 ® ¥ — ¥(x ® 1), where here 1 € B is the unit; i.e. given x € X and
Y eY =AMor(*XB K gBp,A1d4), @1 € “*XB K Bg, so Pz ®1) € A1dy.
This natural map can be viewed as a DA morphism. Recall that a DA morphism
AXBR gYa — A1dy is specified by a sequence of maps indexed by j > 1:

j—1
R AXBRgY A0 AR 0 A— A
it BYARAR ® A — A.
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The morphism under question has h} =0 for j > 1, and it was specified above in
the case where j = 1. Pictorially, h is represented as follows:

XBXA
|t

F

K

Where here K denotes the Kronecker pairing, and 1 is dual to the map 1: F — B.
The verification that h is a DA bimodule homomorphism is straightforward.

So far, we have not used the hypothesis on the homology of Y4 (which is needed
to verify that h is a homotopy equivalence). From the hypothesis, there is a rank
one bimodule pZ 4; this is the bimodule structure induced on k from its quasi-
isomorphism with gY4 as in Lemma 211l Let ¢: gZ4 — Y4 be the induced
bimodule quasi-isomorphism. In more detail, denote the isomorphism k = X by
L+ x,; taking its dual and using an isomorphism k = k induced from an F-
basis for k (which in our case is supplied by the basic idempotents), we get an
isomorphism k — X denoted ¢ — T,. Now, ¢g10(t) =107, ® 1.

We claim that on the bimodule gZ 4, for all k£ > 0,

(2.10) my1j0 = 0.

So see this, observe that, the image of mkmo(bl, ...,bg_1,x) is supported in the
portion in grading A(z) + A(b1) + - -+ + A(br—1) which, since A(z) = 0 (because
of Condition |[(K-2)), means that A(b1) + --- + A(bg—1) = 0. By positivity of the
grading on A, we conclude that each A(b;) = 0, and hence that each b; € k; so these
algebra elements have Maslov grading 0. Since Z is supported in Maslov grading
0, as well, we conclude from the grading conventions that k£ = 1, as required by

Equation (ZI0). Similar reasoning shows that for the bimodule homomorphism,
for all k£ > 0,

(2.11) Pk|1j0 = 0.

To verify h is a DA bimodule quasi-isomorphism, consider the induced AA-
bimodule homomorphism

(Id4 Bh): 4 A4 RAXBR Y = 4 A4 RAXB R gB K XA R g AL — 4 A4

To verify that it is a quasi-isomorphism, we form the following composite

AAARAXER g7, 14835 40 x RBRX KA AT A,
which we denote k. From Equation (2I0), we conclude that the chain complex on
the left is identified with A. From Equation (ZIT), we conclude that that rg|1|o is

the chain map (Id4 ®h{)o (Id qmx ®do|1]0) that sends a®z, ®¢ to a; in particular,
it is an isomorphism of chain complexes. (I
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Remark 2.17. In fact, if AXB s quasi-invertible, the quasi-inverse is always
given by the above bimodules by the argument from [12] Proposition 9.2]; i.e. there
are quasi-isomorphisms:

BY.4 =~ Mors (585, 58YA)
~ Mor*(*XB K zBg, " XB K Y5)
~ Mor*(*XB K zBg, A 1d4);

the first of these is true for arbitrary gY.a, the second uses the fact that XX induces
an equivalence of categories, and the third uses the fact that X and Y are quasi-
muverses.

3. THE ALGEBRAS

We describe differential graded algebras used in the construction of our knot in-
variant. In fact, we will find it convenient to work with a more general con-
struction B(m, k,S), where 0 < k < m + 1, and S is an arbitrary subset of
{1,...,m}. The integer m is called the index. The integer k is the number of
occupied positions; together with the index, it determines the base ring k = I(B).
When & C S; € {1,...,m}, then B(m,k,S;) will be a differential subalgebra of
B(m, k, 82) .

When S = ), the differential on the algebra B(m, k,) = B(m, k) vanishes. In fact,
this algebra is the quotient of a larger algebra By(m, k), which we define first.

When constructing the knot invariant for a knot with bridge number n, we will
have m = 2n, k =n, and S will correspond to those (n) strands that are oriented
upwards. In fact, for the purposes of the knot invariant, it would suffice to work in a
summand corresponding to certain idempotents; see Remark[IT.121 We have chosen
to use the larger algebra in our constructions, as it satisfies a duality described in

Section 3.8

3.1. The algebra By(m, k). We define By(m, k), which is a graded algebra over
F[U1,...,Upy], whose (Alexander multi-grading) set is ($Z)™. (See Section 2Z2)
Basic idempotents in By(m, k) correspond to idempotent states, or I-states for short,
x = (x1,...,xk), which are increasing sequences of integers

(31) 0< <..<zxp <m.

The basic idempotent corresponding to x will be denoted by I. The elements Iy
are generators of a ring k = I(m, k) satisfying:

I .1 _{ I, ifx=y

x Y 0 ifx#y.
Remark 3.1. Recall from Section [l that these idempotents can be interpreted as
marking intervals which are intersections of the regions in a knot diagram with the
y =t slice. In fact, the basic idempotents referred to there do not allow for the
unbounded intervals, corresponding to replacing Equation (B1)) by the condition

(3.2) 1<z < - <xp<m-—1.

Our basic idempotents now will be as in Equation B.I)); we return to the restricted
case in Section [12.
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The unit 1 in the algebra is given by the sum of the basic idempotents.
Given an I-state x, define its weight v* € Z™ by
(3.3) vf = #{z € x|z > i}.

Given two I-states x and y, define their minimal relative weight vector w*y &€
(3Z)™ to be given by

X,y 1 X y I_; #U’ /z"‘% ﬁ/]
w;” 25’”1‘ _Uz"- absollite fo’qbz Co
- L
Bo(m, k) is defined so that there is an identification of F[Ujy,...,Uy]-modules ne ij ﬂ"ﬂ

I - Bo(m, k) - I, 2 F[Us,...,Uy]; denote the identification by
@Y F[Un,...,Up] = Ix - Bo(m, k) - Iy
A grading by (3Z)™ on Iy - Bo(m, k) - I is specified by

(3.4) w(d(UP .. Ul)) = w™Y + (ty, ... tm),
for non-negative integers t1,...,tm, -
Multiplication
(T Bo(m, k) - Ty ) « (I Bo(m, k) - L) = (L Bo(m, k) - 1)
is the unique non-trivial, grading-preserving F[Uy, ..., U, ]-equivariant map. Ex-
plicitly, given I-states x, y, and z, if we define ¢*¥% = U ...k, where 2
ti =wY +w)”® —w”, then for a,b € F[Uy,...,Un], f f p

Y (@) % ¢V (b) = ¢*%(a - b- gV

Suppose that x is an I-state with j — 1 € x but j ¢ x. Then, we can form a new
Istate y = x U {j} \ {j — 1}, and let R¥ = ¢*¥(1). We define

Ri= > R
{x‘j—lEx,jéx}
so that

L R; =

RY ifj—1lexandj¢x
0 otherwise.

Similarly, let LY = ¢¥*(1), and L; = 3 LY. Less formally R; moves

{y|j€y,j*1€y}
one of the coordinates of an I-state from the (j — 1)%! position to the j'* and L,
changes it back from j** to (j — 1)**. The elements L; and R; are called the left
shifts and right shifts respectively. See Figure [71

For i =1,...,m, U; induces an algebra element in By, defined by Y ¢**(U;).
For notational simplicity, we also denote this induced element by U;.

Proposition 3.2. The weight function from Equation [B4]) descends to a grading

w=(w1,...,Wwn) on By(m,k) with values in (%Z)m.

Proof. It suffices to show that
w(@™Y (1) * ¢V*(1)) = w(¢™¥ (1)) + w(¢”*(1)).

which follows from the definition of ¢g*¥>*. O
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o [o]o]

Ry L,y
12 3 4
|o|o]o]

FIGURE 7. Picture of algebra elements in Bj(4, 3). Idempo-
tents Ijg2 3y and Igj 53y are pictured here; the algebra elements
Ly and R; which connect them are indicated (e.g. Ijo23y - R1 -
1{1)273} is DOD—ZGI‘O). Here, 1{0)273} . Rl . Ll = 1{0)273} . Ul .

We have no further need to distinguish the product on the algebra By(m, k) from
other products; so we will abbreviate a*xb by a-b.

In the notation from Section [Z2] By(m, k) is graded by the Abelian group A =
(%Z)m. Recall that an element a € By(m,k) that is supported in some fixed
grading A € A is called homogeneous.

Proposition 3.3. The algebra Bo(m, k) is generated over F by the elements L;,
R;, U;, and the idempotents I .

Proof. Let a be a homogeneous algebra elements with Iy -a-I, =a. If x =y,
then a factors as a product of U;. Otherwise, suppose that some ¢ = x; > y;;
and indeed choose ¢ minimal with this property. Then, it is easy to see that we
can factor @ = L; - b. Otherwise, there is some y; > x; = i, and we can choose t
maximal with this property. Then, we can factor a = R;y1 - b. In both cases, the
total weight of b is smaller than that of a, so the result follows by induction on
weight. O

3.2. The B(m,k). The algebra B(m, k) is the quotient of By(m, k) by the relations

(3.5) Livi-Li=0
(3.6) Ri- Riy1 = 0;
and also, if {x1,..,2x} N{j— 1,5} =0, then
(3.7) I U, = 0.

As we shall see, the relations Equations B3] and (B.6) guarantee that algebra
elements in B(m, k) cannot move coordinates in the idempotents states by more
than one unit. We formulate this quotient operation as follows:

Definition 3.4. Let J be the (two-sided) ideal in Bo(m,k) that is generated by
Lit1-L;, Ri- Riy1, and Ic - Uj, when {x1, ...,y N{j— 1,7} = 0. Let B(m,k)
be the quotient of Bo(m, k) by this two-sided ideal.

Note that J is generated by elements that are homogeneous with respect to the
weights. Thus, the weights induce a grading on the quotient algebra B(m, k).
The ideal J can be understood concretely. To do so, we set up some notation.

Definition 3.5. Two I-states x and y are said to be far if there is some i =
1,..., k with |x; —y;| > 1; otherwise they are called close enough.
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FIGURE 8. The ideal Z(x,y) is generated by U U2, Us, Us,
UgUg7 and U11.

Given two I-states x and y, we define an ideal Z(x,y) C F[Uq,...,Uy]. If the
I-states x and y are far, let Z(x,y) = F[U1,...,Uy]. If x and y are close
enough, let Z(x,y) be the ideal generated by monomials U,y - - - U;, taken over all
0 <i<j<m where ¢ and j satisfy the following conditions:

e i,j€{0,....m}\ (xNy)
e for all integers ¢t with i <t < j, t€exNy.
e wyY=0foralli+1<t<j.

Definition 3.6. For i < j as above, we call the interval [i + 1,j] a generating
interval for x and y. (Observe that a generating interval can have i+ 1 = j, and
this corresponds to U .)

Proposition 3.7. For all I-states x and y, Ix - J - Iy, = ¢*Y(Z(x,y)).

Proof. Let T = @, , ¢*¥(Z(x,y)). First we prove Z C J; ie. for any two
I-states x and y we have ¢*Y(Z(x,y)) C J .

If x and y are far, so that Z(x,y) = F[Ux,...,Un], then we claim that ¢*Y(1)
can be factored as a product a - R¢Ryy1 - b or a- LyLi_q - b for some ¢t. This is
obvious, for example if there is an 7 with z; > y; + 1, then ¢*¥(1) decomposes as
a-Ly-Li_q-b, where t = z;.

If x and y are not far, we show that for all generating intervals [i + 1, j] for x and

v, the algebra elements ¢*¥ (U1 ...U;) arein J.

Consider first the case where ¢+ 1 = j. Then, ¢*¥(U;) can be factored as a - I -
Uj - b, where j — 1,7 ¢ w. In general, if i < j is a generating interval for x and
v, ¢Y(Ui+1---U;) has a decomposition as

(@-Liy1---Lj1) Ly -Uj-Rj_1---Riyy-b,
where j — 1,7 ¢ w. In these cases, Iy - U; € J. (For example, for the I-states x
and y in Figure[®

) =) Ty Us V(1)
¢x,y(U11) :¢x,w(1) 'Iw 'U11 -L12 where w = {1,4,5,6,7,8,9,12}
Y (U Uz) = ¢*%(1) -1y - Uz - ™Y (1) where w = {0,3,4,7,8,10,12})
This completes the proof that Z C 7.

To prove that J C 7, we first prove that Z is an ideal; i.e. if a is an arbitrary
algebra element, then a-Z C Z; and also Z-a C Z. In view of Proposition [3.3] it
suffices to verify this in the case where a = Iy - U;, Ix - R;, or I - L;.

When a = Ik - U;, the result follows readily.
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By symmetry, we can consider the case where a = Ix - R; -1, # 0. Let ¢ denote the
index with z; =4 — 1 and y; = 9. We wish to show that Ix - R; - ¢¥V*(Z(y,z)) C
¢*%(Z(x,z)). There are cases:

(1) If x and z are far, the statement is vacuously true.

(2) If y and z are far, but x and z are close enough, then z; = i — 2 and
g*¥* = U;. Futhermore we have i € x, i —1 ¢ z, and w;"* = 0. It follows
that U; € Z(x,2z) and this finishes the argument in this subcase.

(3) If y and z are not far, and x and z are not far, as well, then there are
two subcases according to the value of z;.

Bh) If z; =i, the generating intervals for x,z are contained in the gener-
ating intervals for y,z, and the containment is clear.

@Bb) If z; =i — 1, there can be at most one generating interval for (y,z)
which is not also a generating interval for (x,z), and that is an interval
which terminates in . Since g*¥* = U;, it follows that

Lo Ri - ¢V *(UjUjpa - - Uica) = ¢°%(UjUja -~ Us).
The containment ¢*Y(Z(x,y)) - R; - I, C ¢*%(Z(x,2)) follows symmetrically.

We must now verify that the definining relations for J are contained in Z. Clearly,
if Ix - R; - Ri+1 - Iy is non-zero in By, then x and y are too far, and so Z(x,y) =

F[Uy,...,Un], proving the containment. The same argument works for L;i1 - L;.
Finally, if x N {i —1,i} = 0, then U; is a monomial corresponding to a generating
interval for (x,x), so U; € Z(x,x). O

The following lemma will be useful later.

Lemma 3.8. Let a € B(m, k) be homogeneous, and suppose that w;(a) € Z. Then
a - R; # 0 implies that a - U; # 0; similarly, R; - a # 0 implies that U; -a # 0.

Proof. Suppose that b=a-R; #0, and b =I,-b-I,. Since w;(a) € Z and b # 0,

it follows that w;"Y = 1. Thus, it follows that i is not in any of the generating
intervals for x and y,so b-U; #0, so a-U; # 0, as well. (|

Proposition 3.9. A homogeneous non-zero algebra element a = Ix-a-I, € B(m, k)
is uniquely characterized by its initial (or terminal) idempotent and its weight.

Proof. Fix initial and terminal idempotent states x and y. By Proposition 3.7,
I - B(m, k) -1, is the quotient of the polynomial algebra F[Us,...,Uy] by an ideal
which is homogeneous with respect to the weights. An element of this quotient
space in turn is uniquely determined by its various weights.

Note that the weight of @ modulo 1 determines w*¥. It follows that x and w(a)
determines y. (|

3.3. Defining B(m,k,S). Let S C {1,...,m} be a subset. Define B(m,k,S) to
be the differential graded algebra obtained by adjoining new algebra elements C;
for i € S to B(m,k), which satisfy the following properties:

e The C; commute with all other algebra elements in B(m, k, S).
e The square of C; vanishes.
e The differential of C; is Uj;.
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This construction can be done since the U; are in the center of B(m,k,S) and
dU; = 0. More formally, if S = {i1,...,i,}, then B(m,k,S) is defined by the
formula
B(m,k,S) = : o s
( ) {C? =0,dC; = Uj}jes

The algebra B(m, k,S) is equipped with a distinguished basis as an F-vector space,
with basis vectors corresponding to the following data:

e A pair of idempotents x and y that are not far,

e a monomial p in F[Uy,...,U,] that is not divisible by any monomial as-
sociated to any generating interval for x and y,

e a (possibly empty) subset J of S.

The corresponding algebra element is ¢*¥ (p)-[] jed C';. We call these basis vectors
pure algebra elements.

3.4. Gradings. Note first since B(m, k) is obtained as a quotient of By(m, k) by a
w-homogeneous ideal, the w-grading by (%Z)m descends to a grading on B(m, k).
The w-gradings extend to B(m,k,S), by declaring w;(C;) =1 if i = j and 0
otherwise.

Explicitly, for 1 < i < m, the i*" weight w; of L; and R; is 1/2, and w; of Uj;
and C; is 1, and w; vanishes on L;, R;, U;, and C; with j # i. These functions
each induce gradings on B(m,k,S); i.e. if a and b are homogenous elements with
a-b#0, then w;(a-b) =w;(a)+w;(b).

We will consider the following specialization, called the Alexander grading:

(3.8) Alex(a) = =Y wi(a) + > _wi(a).

sES tZS

For i =1,...,m, there is a filtration m; B(m,k,S) with values in {0, 1}, specified
by the function on pure algebra elements b so that m;(b) = 1 if b is divisible by
C; and 0 otherwise. This extends to a filtration on the algebra:

B(m, k,S) = B(m, k,S)m;=0 ® B(m, k, S)m,=1,

where B(m, k,S)m,=c for ¢ =0 or 1 is the vector space spanned by generators a €
B(m, k,S) with m;(a) = c. We call this a filtration, because the differential on the
algebra d preseves B(m, k,S)m,=0, but not B(m, k,S)m,=1. Elements of B(m, k,S)
that are contained entirely in B(m, k,S)m,—0 or B(m,k,S)m,=1 are called m,-
homogeneous. Note that > ", m; induces a Z-grading on B(m,k,S) that drops
by one under the differential. We will be interested in a different normalization of
this, the Maslov grading, defined by

(3.9) m(a) = #( C; in a)—2Zws(a)=Zmi(a)—22ws(a).

seES seS

3.5. Examples. When k& =0, B(m,0) 2 F; where 1 =Ij. The elements L;, R;,
and U; are zero. When k =m+ 1, B(m,m+ 1) = F[Uq, ..., U,,]; there is only one
idempotent 1 =1Ig . my-
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Some other examples can be illustrated by the use of path algebras. Given a directed
graph I', the path algebra is the F-vector space generated by sequences of edges
ey % - - -x e, where the terminal vertex of e; is the initial vertex of e;11. We include
also trivial paths, based at any vertex. If two paths can be concatenated, then their
product is the concatenation; otherwise it is zero.

For example, consider Figure [, which is a graph with two vertices and four edges.
Two of the edges (closed loops) are labelled by U, but they are not the same, as
they have different initial points. Identifying L+ R and Rx*L with the corresponding
closed loops labelled by U, we obtain the algebra B(1,1).

o] | | |e]
oo S

FIGURE 9. Picture of B(1,1). The two idempotents Iy, and
I;y are pictured, with arrows corresponding to algebra elements
connecting idempotents. The algebra B(1,1) is the quotient of the
pictured path algebra, where R« L and L * R are identified with
the two closed loops labelled by U (that are distinguished by their
starting points).

| [e[T1  [Jel mEON
e )N S

FIGURE 10. Picture of B(2,1). The three idempotents Iy,
I;1y, and Iy are pictured, with arrows corresponding to alge-
bra elements connecting idempotents. The algebra B(2,1) can be
thought of as a quotient of the pictured path algebra, divided out
by relations Ry« Ro =0, Lox Ly =0, RyjxL; =U;, L;yx R; = Uj,
Ul*UQZUQ*Ul.

3.6. Symmetries in the algebras. Consider the map p: {0,...,m} = {0,...,m}
with p(i) = m — i. There is a map
(3.10) R: B(m,k,S) — B(m,k, p,.(S))
where p!. (i) = m + 1 — i, characterized by the following properties:
e R(Ix) = Ip(x).
e If a € B(m, k) is non-zero and homogeneous with weights (wy(a), ..., wmy(a)),

then R(a) = b is the non-zero element that is homogeneous with weights
given by w;(b) = wm41-i(a).
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FIGURE 11. Picture of B(2,2). The three idempotents I},
Ij0,2}, and Iy 5y are pictured, with arrows corresponding to alge-
bra generators. The algebra B(2,2) can be thought of as a quo-
tient of the pictured path algebra by R; x L, = U;, L; * R; = Uj,
Ui xLo=LoxUy, Uy * Ro = RoxUy, Uy x L1 = L1 x Uy, and
UQ*Rl :Rl *UQ.

We extend this to B(m, k,S) D B(m, k) by requiring R(C; - a) = Cry1—; - R(a).
Note that forall i=1,...,m and j €S,

R(L;) = Rmt1-i R(Ri) =Limy1—i RUi) =Umt1—i R(Cj) = Cryi—j
Clearly, this induced map R induces an isomorphism of algebras.

Another symmetry identifies the algebra with its “opposite” algebra. Specifically,
the map o(Ix) = Ix extends to an isomorphism of rings

(3.11) o: B(m,k,S) = B(m, k,S)°P,
with O(LJ = Ri, O(Rl) = Li, O(UZ) = Ui7 and O(Oj) = Oj .

3.7. Canonical DD bimodules. Let
(312) 81 ZB(m,kl,Sl), Bg :B(m,kQ,SQ)
where k1 + ks =m+1 and S = {1,....m} — S1.

Note that there is a natural one-to-one correspondence between the I-states for B

and By: if x € {0,...,m} is a ki-element subset, then its complement x’ is a k-
element subset of {0,...,m}. In this case, we say that x and x’ are complementary
I -states.

We define a DD bimodule B; and By as follows. Let K be the F-vector space
whose generators kyx correspond to I-states for B(m, ki, S1). We give K the struc-
ture of a left module over I(B;) ® I(B2), determined by

| kx if x =y and w is complementary to x
(Iy ® Lw) - Fix = { 0 otherwise.

The algebra element

A=Y (Li®Ri+Ri®Li)+ » C.aUs+ > U@Ci€B @B
=1 seS teSs
specifies a map §': K — B; ® B, ® K by 6*(v) = A®v (where the tensor product
is taken over I(B1) ® I(B2)).

These data can be represented graphically, as follows. Take m vertical segments,
and orient them arbitrarily. The upwards pointing segments specify Sz and the
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downwards pointing ones specify S;. We draw a horizontal arc crossing each of
the vertical segment as a placeholder, and keep only half of each vertical segment
above (resp. below) the horizontal arc if the segment is oriented upwards (resp.
downwards). The horizontal arc is divided into m + 1 intervals by the vertical arcs.
An element of ky is represented as a collection of m + 1 dark dots corresponding
to the intervals in the horizontal segment, each of distributed either above or below
te horizontal segment. The set of intervals whose dots are below give x. When
illustrating generators of B1 ® Bo ® K, we draw the algebra element from 5B; below
the diagram for kx and the algebra element from By above. See Figure [[2 for an
illustration.

51 .1.‘ — .l/% + .l.z
[ )
C1 Ua
il ol.‘o _ Q‘o + .lﬂ‘/ + ol.‘o + ol.‘o
U, (o2
Cy Ug
51 .1.‘. — ﬂ/‘. + .:].‘. + .l.é:
1

FIGURE 12. The canonical DD bimodule. In the left column,
we have the three generators for the DD bimodule, with By =
B(2,1,{2}) and By = B(2,2,{1}). They correspond to the I-
states {2}, {1}, and {0} respectively. To the right we have the
non-zero terms in the differential. To read off the algebra element
in By, reflect the picture vertically. For example, if the three
generators on the left are denoted E, F', and G, then the first
equation expresses 6 (E) = (Lo @ Ry) @ F + (Co @ Us) @ E.

Lemma 3.10. The map §' satisfies the type DD structure relation.

Proof. This is equivalent to the statement that dA + A - A = 0, thought of as an
element of By ® Bs. We consider the four types of terms A: L; ® R;, R; ® L;,
C; ®U; when i € S1, and U; ® C; when i € So. In dA+ A- A, some of the terms
cancel since U; and C; are in the center; other terms cancel when the indices ¢ and
j are sufficiently far (|é —j| > 1). When |i — j| = 1, terms of the first type and the
second type cancel. When i = j, a term of the first and second type cancel with
differentials of terms of the third or fourth type. ]

The two out-going algebras B; and By are graded by %Zm,

grp, (a1) = (wi(a1),...,wn(a1))  grg,(a2) = (wi(az), ..., wn(az));

the canonical DD bimodule is also graded by %Zm where (v1,v2) € %Zm &) %Zm
acts on w € $Z™ by (v1,v2) - w = (v1 — vz + w). In fact, the module is supported
in grading 0; i.e. for each term a; ® as in A specifying 67, grs, (az) = gry, (a1).

3.8. The canonical DD bimodule is invertible.
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3.8.1. A candidate for the inverse module. The main result is to prove that the
bimodule defined in the previous section is invertible. Let

Y3, .8, = Mor®! ((62 (32)32) X3z, (81762K)a BIHBl)-
This is naturally a Bs-B;-bimodule (of type AA, with both actions on the right).

As a vector space, Y is spanned by elements of the form (Elb), where @ € By
and b € By, where here B is opposite bimodule to B, thought of as a bimodule
(as in Equation (2.6])), subject the restriction that the left idempotent of @ is
complementary to the left idempotent of b. Recall that By is the By-module
consisting of maps from By to F. This is a left-right Bs-Bs bimodule by the rule

x-a-y=(E—aly-§-x))),

for 2,y € By and @ € By. We can take these generating vectors so that @ is dual
to a generating algebra element in Bs; note that the right idempotent of a is the
left idempotent of its dual @.

The differential on Y has terms (alb) — (L; - a|R; - b), (alb) — (R; - a|L; - b),
and furthermore (@|b) — (U; - @|C; - b) if i € S1; otherwise (alb) — (C; - a|U; - b).
Finally, there are terms (a|C; - b) — (a|U; - b) or (U; - alb) — (C; - a]b). The action
by By-Bj is given by

(@lb) - (b2 @ by) = (€= a(by - €)[b-b)

We draw pictures of this action as follows. We draw a pair (a|b) where a and b are
pure algebra elements, by drawing first a graphical representation of a (dual to @)
on top of a graphical representation for b. In this picture, the right idempotent of
b is on the bottom, and the right idempotent of @ is the initial state (on the top)
of a. See Figure [[3

FiGUureE 13. Graphical representative of elements of Y.
Here we have a picture of (Ly - UZ - C3|L; - Ly - Us) in Y, thought
of as an element of B2(2,1,{1,2}) ® B1(2,2,0).

3.8.2. An example: Consider By = B(1,1,{1}) and Bz = B(1,1,0). The algebra
By has generators L, R, and U, and idempotents I;oy and I;;y. Moreover,

while B; has the same generators, and an additional C'. The bimodule decomposes
into four summands, according to the right idempotent of (ab).

In right idempotent If1y ® Itoy, the complex further decomposes into summands.
One of these summands contains the single element (If1}|I;0}). Another summand
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is the square

(Tr1y - Ullgoy) Ly |U - Tioy)

(ZIL)
/ \
\ /

See Figure[I4l for a picture. (In fact, there are infinitely many different summands.)

-

\ .
.

FIGURE 14. Terms in the differential of Y. We have drawn pairs
of algebra elements; the top algebra element should be dualized to
get the corresponding generator.

.
_|_\

In right idempotent Ijpy ® Iyoy, there is a collection of acyclic complexes. For
example, in the portion with total weight 1/2, we have:

11) (RlTjoy) Ty |1

In the portion with total weight 3/2, we have:

(R|C - Ijgy) — I{O}\L )
(R-Ullyoy) —— (Ljoy - UIL) —— (R|U - I0y) —— (Ljoy|L - U).

(3.15)

3.8.3. The candidate is the inverse. We show now that the candidate inverse from
Section[3.8Tlis indeed the inverse for the canonical type DD bimodule, by verifying
the hypotheses of Lemma Continuing notation from earlier, the algebras B;
and Bs are as in Equation [B.12); Y is as in Section B.81] generated by pairs (@|b),
with a € By and b € B;.

Proposition 3.11. The rank of the_homology group of Y s (m]jl) ; it 15 gen-
erated by the elements of the form (Ie|Ix), where x and x' are complementary
idempotents.
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Lemma 3.12. The candidate compler Y decomposes into a direct sum of com-
plezes C(Z,x,y), indexed by idempotent states x and 'y and Z € (%Z)m, where
C(Z,x,y) 1is the vector space generated by pairs (a|b) where a and b are pure
algebra elements with Ix-a=a and b-Iy, =b, and w(a) + w(b) = Z.

Proof. Since the left idempotent of a is the right idempotent of @, the splitting by
idempotents corresponds to the splitting of ¥ according to right idempotents. The
fact that the splitting by Z is well defined follows immediately from the definition
of . (More abstractly, it is a formal consequence of the fact that J' on the
tautological DD bimodule is specified by an algebra element A = 3" a; ® b; where
the weight of a; equals the weight of b;.) O

Write the differential 0 on Y as a sum of terms 0 = Zj; 0;, where 9; involves
terms on the *" strand. More precisely, there is a differential d;: B(m,k,S) —
B(m, k,S) that vanishes unless ¢ € S, in which case d;(C;) = U;, but d,(C;) =0
for all j # ¢ and d;(L;) = d;(U;) = d;(R;) =0 for all j =1,...,m. Define
(3.16)

o,(alb) = { (@ld;b) + (R; -a@|L; - b) + (Li -a|R; - b) + (Ui - @lCy - b) if i€ &
’ (dzalb) + (Rl E|Ll . b) + (Ll -E|Ri . b) + (Cz -E|Ui b) if i € Sy,

where d;: By — Bo is dual to the differential d;: By — Bs.

Lemma 3.13. The differential & on Y can be written as 8 = > .-, d;, where
92 =0 and 0;00; =0; 0 9; for i #j.

Proof. This can be seen directly. A little more conceptually, on homogeneous
generators (a|b) where a and b are pure algebra elements, the functions w;(a) for
j=1,...,m and

m; (b) ifje&

(3.17) m; (a@|b) ={ 1—m;(a) ifjeS,,

for j =1,...,m induce a filtration on C(Z,x,y) by (3Z)™ x {0,1}™. Restricting
to values with j # i, we have a filtration on C(Z,x,y) with (3Z)™~! x {0,1}™1.
The associated graded object is clearly (C(Z,x,y), ;).

Proposition 3.14. Fiz idempotents x and y and a total weight Z ; suppose more-
over that the weight Z is non-zero. Then there is a position i with the property
that H.(C(Z,%,y),0;) =0

Proposition 314 is proved using the following lemma:

Lemma 3.15. The chain complex (C(Z,x,y),0;) splits into subcomplezxes indezed
by (3Z)™"* x {0,1}™~1 that are spanned by (alb), where a and b are pure al-
gebra elements whose weights w;(b) with j # ¢ and values m;(a@lb) (as defined in
Equation BIT) above) for all j # i are specified.

Proof. This follows from the form of 9;: it does not involve any of the C; with
j # i, and it does not change the weight of b away from 7. O
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Lemma 3.16. For fited Z and i € {1,...,m}, x, y and (%Z)m’l x {0,1}m 1,
consider the corresponding subcomplex C of (C(Z,x,y),0;) as in Lemma [3.13.
Then H(C) # 0 precisely when there is a single element in C. When the homology
of C is mon-zero, there are pure algebra elements a and b, and a single generator
(@lb) in C; and one of the following holds:

o w;(a) =w;(b)=0
o wi(a) +w;(b) =1
o w;(a)+w;(b) =1 and either a =ag-C; or b="by-C;.

In particular, writing z; = w;(a) + w;(b), if H(C(Z,x,y),0;) # 0, then z; < 1.

Proof. When z; = 0, the statement is clear; otherwise, there are cases, according
to the local picture of the summand of C(Z,x,y) near i. Specifically, if C(Z,x,y)
contains an element (@|b) with a = Ix-a- I, we consider separately the two cases:

(C1) i—1,i€w.
(C-2) Exactly one of ¢ —1 or 4 is in w.

There is a third case, where neither i—1,¢ € w; but that is symmetric to Case
by a symmetry that exchanges roles of B; and Bs, and then dualizes C'.

There are five further subcases of Case as follows. if ¢ — 1 and ¢ are the
jt" and j + 1°' terms in the sequence w, we further subdivide according to the
placement of the j** and the j + 1% terms in the sequence of x. Since x and w
are not too far, the pair {j,j+1} must be one of {i—2,i—1}, {i,i+1}, {i—2,4},
{i—1,a4+1}, {i—1,4}, {i—2,i+1}.

The cases where {j,j+1} = {i—2,i} and {i—1,i+1} are exchanged by reflection
of through a vertical axis (compare the map R from Equation BI0)), as are
{i—2,i—1} and {4,474 1}. Dropping two symmetric cases, we arrive at the four
pictures in the first three columns of Figure

Similarly, in Case if i—1 € w (which can be arranged after a vertical
reflection) is the 5" term in w and i is the k* one in the left idempotent of b,
then we further subdivide according to the placement of the j'* and k' terms in
x and y respectively. These possibilities (after eliminating symmetric duplicates)
are represented in the remaining pictures in Figure
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FIGURE 15. C(Z,x,y) cases.

We consider now Cases|(C-1)|and |(C-2)|separately, and further subdivide them into
subcases (that are related to the cases in Figure [IT)).
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Case |(C-1), with z; = 1/2. (The first column in Figure [[5l) There is now a
single generator of this type, of the form (alb) with w;(a) = 1/2 and w;(b) = 0.
so the homology is one-dimensional.

Case with z; ¢ Z and z; > 1/2. (Again, this is illustrated in first column
in Figure [I8l) This has two further subcases, according to whether i € S; or So
(i.e. whether C; € By or By). If i € S, there are two generators of the complex,
(aUF|b) and (aUF~'C;|b) where k = zi—3 > 1, and a and b are fixed pure algebra
elements with w;(a) = %, w;(b) = 0. To see that both types of terms appear, note
that under the present hypotheses on a = a - Iy and w, if a # 0 then U; - a # 0,
as well. Clearly,

0;(aUF|b) = (aU}~"Cy|b),

so the homology of the corresponding complex vanishes. When ¢ € Ss, the terms

are of the form (aU7|b) and (aU!|C;b), and the homology again vanishes.

Case |(C-1)|, with z; € Z. When i ¢ Sy, we either have a single element (a|C;b)
with w;(a) = w;(b) = 0 (as in the third column of Figure [[8} this can also appear

in the second column), or elements of the form (a—Uﬂb) and (a—Uij|Cib), with fixed
a, b so that w;(a) = w;(b) = 0, where j = z; and the differential is given by

&(aU]|b) = (aU7 ~'|C; - b);
so the homology is trivial. The case where i € So works similarly. We either have a
single element element (aC;|b), w;(a) = w;(b) = 0 or elements of the form (@H))
and (aU}~'C;i|b). Once again, the differentials cancel out the homology.

Case with z; = J. (This is the fifth or the eight column of Figure [fl)
There are two possibly non-zero elements in the complex. These elements have the
form (a- R;|b) and (a|L;-b), where w;(a) = w;(b) = 0. There are two subcases: in
one subcase, only one of a- R; or L;-b is zero, so we have a single generator. (This
case occurs in the fifth column of Figure [[3l) In the other case, when both a - R;
and L;-b are non-zero (which occurs now only in the eighth column of Figure [TH),

we have that 9;(a - R;|b) = (G|L; - b), so the homology is trivial.

Case[(C-2)}, with z; ¢ Z, and z; = 3+t > 1. (These cases are illustrated in the
fifth and eighth columns of Figure [[8l) Suppose that i € So. We can assume that
all the generators a corresponding summand of C(Z,x,y) have the following form

(@R.U} [bUY), (aR;U?pC;UFY), (aU? |LDUF), and (aU?|LibCiUFY), for fixed a
and b with w;(a) = w;(b) =0, and j+k + 1 = 2.

Note that at least one of aR; # 0 or L;b # 0, otherwise the chain complex would
be trivial. If aR; # 0 and L;b = 0, then there are exactly two elements in the
chain complex, (aR;U},b) and (an_l,Cib), and the differential cancels them.
(Again, cases of this kind can occur in either the fifth or the eighth columns of
Figure [5l) If aR; = 0 and L;b # 0, there are once again two terms, (@, L;bU})
and (@, L;bC;UL™1), and these two terms cancel in the differential.

In the remaining case where aR; # 0 and L;b # 0, we show that H(C(Z,x,y),0;) =
0, using a further filtration on the complex, induced by the function on pure
algebra elements a and b that associates to (a|b) the " weight of b, w;(b).
This induces a grading on the vector space underlying C(Z,x,y) = @ke%z}—k'
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Writing 9§(alb) = (ald;b), we have that 9; = 9% + L, where 9}: Fr, — Fr, and
L: Fr = @sp, Fe- (We are using the form of 9; from Equation (3.16]).) Thus, the
associated graded complex on (C(Z,x,y),d;) is equipped with the differential 9%,
and we will show that its homology vanishes.

When k € Z, the complex Fy is spanned by (aRZ—UZ-j, bUF) and (aRZ—UZ-j, bOUFY,
and they are connected by a differential in 9§. Similarly, when k > 1, the complex
Fryy contains the two elements when (aU?, LibUF), and (aU/, L;bC;UF1), and
these elements are connected by a differential in j. Thus, H(Fk, ) = 0 except
when k& = 0 and 1/2; and Fy is generated by the single element (aR;U/|b) and
Fi/2 is generated by the element (a—UﬂLib). Thus, by a simple filtration argu-
ment, H(C(Z,x,y),d") is computed as the homology of a two-dimensional vector
space generated by these latter two generators (aR;U!|b) and (aU?|L;b); and these
two elements are connected by a differential. This completes the verification that
H(C(Z,x,y),0;) = 0 in this case. See Equation (I3 for an illustration when
z = 3/2 (and observe that for the diagram, the horizontal coordinate in the plane
measures the filtration considered here). The case where i € S; works similarly:
the homology of 9 is now supported in F; and Fit1/2, with generators (aR;|U!b)
and (a|L;U}b), with a cancelling differential.

Case [(C-2)|, with z; = 1. Assume that ¢ € Sy. The chain complex C(Z,x,y) is
spanned by four vectors elements of the form

(E|Czb), (6|Uzb), (CLUZ|b), (CLRZ|RZ . b),

where a and b are pure algebra elements with w;(a) = w;(b) = 0. One of the
following must hold:

e All four elements are non-zero (which can occur in the ninth column of
Figure [[5)). In this case,

9;(al;|b) = (aRy|R; - b) + (@|C;b)  9;(@|Cib) = (a@lU;b)  di(aRi|R; -b) = (@|Uid),

and the complex has trivial homology. (See for example Equation ([B.13]).)

e a-R;, =0 and R;-b = 0, in which case also aU; = bU; = 0, so three of
the four vectors are zero, and the remaining vector (@|C;b) generates the
homology.

e a-R;,=0but R;-b#0. In this case U; -b # 0 (by Lemma [3.8)), so two of
the above elements (@|C;b) and (a|U;b) are non-zero. These two elements
are connected by a differential, and the homology is trivial.

e a-R; #0 and R; -b = 0. In this case, once again, two of the above
elements are zero, and the remaining two are connected by a differential,
so once again the homology is trivial.

The case where i € So works similarly.

Case with z; € Z and z > 1. Let (a]b) be some non-trivial generator in
the complex, where i € w, so i+ 1 & w. If either a- R; =0 or R;-b= 0, then the
argument works as in earlier cases (i.e. we have a pair of generators that cancel in
homology). Otherwise, as in the case where z; € Z and z; > %, we consider the
filtration by the weight w; of the b component. If i € Sy, then for Fj with k> 1,
H(Fy,0%) = 0, since the complex Fj, has two terms in it that are connected by a
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differential in d%. The remaining two terms are the generators of Fj, with k = 0
and %, which have the form (aU}|b) and (aU} ' R;|R;-b); and these two terms are

connected by a differential. The case where ¢ € S; works similarly. [l
Proof of Proposition B.14l Let f: {1,...,m+ 1} — Z be defined by

f@i) =#{j|j <iand jex}+#{jlj <iandjey}
It is easy to see that i — 1 < f(i) <i+1.

Choose n minimal so that the weight z, # 0. There are three cases:

Case 1: f(n) =n. (Note that in this case, z; € Z.) We claim that H.(C(Z,x,y), 0y)

0. By Lemma [3.16] we need only consider cases where z,, = 1.

See Figure [[6l when n — 1 € x; the cases where n — 1 € y work similarly.

'
o
[ ]
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FIGURE 16. Four cases where f(n) =n. This is Case 1 from
the proof of Proposition [3.14

We claim that in all the cases from the figure, we will have an element of the form
(a-Uy,|b) (where wy(a) = 0) in the subcomplex. This is clear because in each
case, either n is not contained in a generating interval, or the generating interval
containing n also contains n — 1; but w,—1(a - U,) = 0. Thus, Lemma
completes the case.

Case 2: f(n) =n+1. (See Figure[[7l) Again, we claim that H.(C(Z,x,y),0p) =
0. Note that in this case, z, € % + Z; so by Lemma [3.16] we can assume z, = %
The two possible chain complex generators are (a|L, - b) and (a- R,|b). Since
by assumption z; = 0 for ¢ < n, and clearly n is not the left endpoint of any
generating interval (in either By or Bg), it follows that both aU,, # 0 and bU,, # 0;
and correspondingly a - R, # 0 and L, - b # 0; i.e. both generators are non-zero,
so they cancel in homology.

f!%x/ \#!i

FIGURE 17. f(n) =n+ 1. This is Case 2 from the proof.

Case 3: f(n) =n—1. Since f(m +1)=m+ 1, we can find a minimal j > n so
that f(j) = j. Note that z;_; = 1 (mod 1). We distinguish four further subcases.
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Case 3a: zj_1 > % By Lemma B.10] H.(C(Z,x,y),0;-1) =0.
Case 3b: j<m+1 and z;_; = % and z; = 0. We claim that
H*(C(Z,x,y),aj_l) =0.

The two possible generators are of the form (a|R,;-b) and (a - L;|b). Since z; =0,

J

o<

!4\4 /49

<e

FIGURE 18. f(n)=n—1 and z;_1 = 3.

it follows that a-U;_1 # 0. and b-U,_1 # 0, so both generators are non-zero, and
cancel in homology.

Case 3c: j=m+1 and 2, = 3. H.(C(Z,x,y),0n) =0, exactly as in Case 3b.

Case 3d: j < m+1 and z;_; = 5 and z; > 0. We will show H,(C(Z,x,y),9;) =
0. We have illustrated five cases in Figure The remaining cases are symmetric,

TE 0 S AN
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WO NN
FIGURE 19. f(n)=n—-1, zj_1 =1, z; =1.

obtained by switching the roles of a and b.

In the first four of these five cases, observe that the corresponding chain complex
contains a non-zero element of the form (a - U;|b) with wj(a) = w;(b) = 0. Thus,
by Lemma BTG the homology is trivial (since the generating intervals on B con-
taining j also contain j — 1). In the final case, the homology is also trivial by
Lemma [3.T6] since C; is not present in the displayed generator. O

Proof of Proposition B.11l Decompose H(Y') into the summands C(Z,x,y) as
before. Suppose that the total weight Z is non-zero, and choose ¢ as in Propo-
sition 3.14l As in the proof of Lemma [B.I3] there is a filtration on the complex
C(Z,x,y) of Y, whose associated graded object is (C(Z,x,y),9;). It follows at
once by an elementary spectral sequence argument that H(C(Z,x,y),0) =0 if Z
is a non-zero weight vector.

It remains to consider summands where the weight is zero. These correspond to
pairs of complementary idempotents, equipped with a vanishing differential. There

are, of course, (m;' 1) such complementary pairs, as claimed. O

Theorem 3.17. The module Y is a quasi-inverse of the type DD bimodule K.
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Proof. Note that B is positively graded over k, using the grading set A = (%Z)m.
Conditions of Definition 2.13] are obvious from the construction of K.
The remaining condition of Lemma is supplied by Proposition B.IT} so the
result follows from Lemma O

3.9. Grading sets associated to one-manifolds. Our knot invariant will be
constructed by tensoring together bimodules with a particular kind of grading set.
We formalize these grading sets presently, and study the boundedness needed for
forming the tensor product.

Let W be an oriented disjoint union of finitely many intervals, equipped with a
partition of its boundary 0W = Y7 UY> into two sets of points. Let Y; consist of
m; points. Let s; denote the number of intervals in W that connect Y; to itself,
and sg denote the number of intervals that connect Y7 to Y5 in W. Let S; be
those points in Y7 for which the oriented boundary of W appears with positive
multiplicity in the oriented boundary of W, and let S; be those points in Y5
for which the oriented boundary of W appears with negative multiplicity in W .
Choose any integer 0 < s < 5o+ 1. Let By = B(mq, s+ s1,81), Ba(ma, s+ s2,S82).

We can think of the Alexander multi-grading of B; as taking values in H°(Y;; Q):
the weights of algebra elements are functions on the points in Y;. The sum of
grading groups H®(Y1;Q) @ HO(Y2; Q) = H°(OW;Q) act on HY(W,0W;Q), via
the coboundary map d°: HY(OW) — HY(W,0W).

Remark 3.18. In fact, the grading on the algebras is supported in H°(Y;; %Z) -
H°(Y;; Q). Also, the grading set for our modules is contained in H*(W,0W; %Z) ;
compare Equation ([d3]).

Definition 3.19. Fiz W as above. A type DA bimodule 82X51 1s called adapted
to W if it has a Z-grading (compatible with the Maslov grading on the algebra) and
an Alexander multi-grading, with grading set H*(W,0W) as described above, and
it is finite dimensional (as a vector space).

Proposition 3.20. Let W1 be a disjoint union of finitely many intervals joining
Y1 to Ya; and let Wa be a disjoint union of finitely many intervals joining Ya to
Y5. Suppose moreover that W1 UWs has no closed components, i.e. it is a disjoint
union of finitely many intervals joining Y1 to Ys. Given any two bimodules BzXllgl
and B3 X %2 adapted to W1 and Wy respectively, we can form their tensor product
BgX[%z X B2X[1;1 (i.e. the infinite sums in its definition are finite); and moreover,
it is a bimodule that is adapted to W1 U Ws.

Proof. Recall that the grading set of X2 X! is H'(Wa, Y3UYs)® H (W7, YoUY7)
modulo the coboundary of H°(Y3), which is identified with H'(WoUW7,Y3UY7).
Clearly, the tensor product is finite-dimensional.

Next, we argue the necessary finiteness. Fix algebra elements (ai,...,ar) € Bj.
Fix generators x1,y; for X' and x,y> for X2. Suppose that (b; ®---®b;) @ y1
appears in (5{ (X1,a1,...,ap). Since X! is graded, for each point i in Y5 that is
matched by Wi to a point in Y7, we have a constant K, depending only on the
gradings of (ai,...,a;) and x; and yp, so that
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(In more detail, consider the component of W; that matched i € Yo with some
i € Y1, and let & and 7); be the coefficient of gr(x;) and gr(y;) in that component.
Since X, is graded,

wi(by @ -+ @bj) + 1 =& +wilar @ @ ap).

Now let K = |§; +w;(a1 ® - - ®ag) — n;|.) By the same reasonining, we can adjust
K so that, for any two points ¢ and 4’ in Y3 that are matched in W7,

[wi(by @ -+ @ bj) —wir(by @+~ @b;)| < K.

Suppose that ¢ ® yo appears with non-zero multiplicity in 5]1+1 (x2,b1,...,b5),
then for any point ¢/ in Y3 that is matched by W5 to Y3, we can further adjust K
(depending now on x2 and ys) so that

|wl(b1 ®®bj) —wl/(c)| <K.

By further adjusting K if necessary (depending only on xo and ys ), we can arrange
that for any two points ¢ and 7' in Y5 that are matched in W5,

|wi(by @ -+ @ bj) —wy (by, ..., bj)| < K.

Grading properties ensure that

4
(3.18) m(x1) + m(xz) — m(y1) — m(y2) + »_m(a;) =m(c) +£—1

i=1

By the above considerations, for any point ¢ in Y5 that is contained in a path
connected component of WoUW; that meets Y7, there is a bound on w; (b1®- - -®b;)
depending only on X1, X2, y1, y2, and (a1,...,as).

Suppose next that i € Y5 is contained in a component of Wy U W7 that meets Y3
but not Y;. Consider the inital point p of that arc, with respect to the orientation
it inherits from W, and observe that p € S3. The above considerations give a
bound on |w;(by ® --- ® b;) — wy(c)|, again depending only on x1, X2, y1, ¥y2,
and (aq,...,ar). Finally, observe that since p € Sz, Equation ([3.9) shows that we
can adjust K so that (depending on |Sa|) with |m(c) + 2wp(c)] < K. An upper
bound on m(c) is provided by Equation (3I8). Thus, we have an upper bound on
wi(b1 ®---®@b;) for any ¢ in Y, that is contained in component of Wy U W7 that
meets Y3 but not Y7.

Since W5 U W7 has no closed components, we have obtained a universal bound on
any weight w;(b; ® --- ® b;) for i € Yo. That upper bound implies also an upper
bound on j; for if j could be arbitrarily large, we would be able to find arbitrarily
large k so that 6¥(y') = by ® - @by @ y” . (Here, 6F: X' — BS* @ X is the
map obtained by iterating §'.) But

m(y') —k =m(bp) + -+ m(bpir) +my”),

so since X! is finitely generated, we conclude that m(b,,) + - -+ m(b,,4x) can be
arbitrarily large, contradicting the above obtained universal bound on the weight
of by ®---®b; at each point in Y3, in view of Definition .91

The resulting bound on j shows that the coefficient of y; Kys in d(x1 K x2) is
a sum of finitely many terms. The result now follows since X2 X X1 is finitely
generated. (See Figure 201) O
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FIGURE 20. In the proof of Proposition B.20, the total weights
of the algebra elements at the circled points in Y7 and Y3 give
bounds on the weights at points of Y2 (drawn as dark dots) of the
algebra elements in by ® --- ®b;.

4. DD BIMODULES FOR CROSSINGS

Having defined the algebra associated to y = t slice of the generic diagram, we
turn now to the definitions of the modules associated to the partial knot diagrams.
In Section Bl we will construct DA bimodules associated to special partial knot
diagrams, consisting of a collection of vertical strands passing through the region
y1 < y < yo in the plane, containing exactly one crossing. Before doing this, we
construct presently a simpler type DD bimodule associated to such a configuration.

4.1. The DD bimodule of a positive crossing. We describe first the DD
bimodule P; associated to a positive crossing between the i** and (i+1)% strands.

Let 7: {1,...,m} — {1,...,m} be the transposition that switches ¢ and i+ 1.
Let

(41) 81 = B(m, kl,Sl) and 82 = B(m, kg,Sg),

where k1+ky = m+1, |S1|+]|S2| = m, and S;N7(S2) = 0. We think of the algebra
B1 as coming from above the crossing and algebra Bs as coming from below.
i+ 1
+

FiGure 21. Positive crossing DD bimodule generators.
The four generator types are pictured to the right.

As an I(m, ko, S2)-I(m, k1, S1)-bimodule, P; is the submodule of I(m, ks, S2) QF
I(m, k1,S1) generated by elements I, ®Ix where one of the following two conditions
holds:

e xNy=0or
e xNy={i} and {0,...,m}\ (xUy)={i—1}or {i +1}.

In a little more detail, generators correspond to certain pairs of idempotent states

x and y, where |x| = k; and |y| = k2. They are further classified into four
types, N, S, W, and E. For generators of type N the subsets x and y are
complementary subsets of {0,...,m}, with ¢ € y. For generators of type S, x

and y are complementary subsets of {0,...,m} with ¢ € x. For generators of type
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W,i—1l¢dxand i—1¢y,and xNy = {i}. For generators of type E, i +1 ¢ x
and i+1€y,and xNy = {i}.

The differential has the following types of terms:

(P-1) Rj® L; and L; ® R; for all j € {1,...,m} \ {i,i + 1}; these connect
generators of the same type.

(P-2) Ur;y®Cj if j € S1 and C.;y @ Uj if j & Si; these connect generators of
the same type.

(P-3) Terms in the diagram below connect generators of different types:

(4.2)

Note that for a generator of type E, the terms of Type|(P-1){with j = i4 2 vanish;
while for one of type W, the terms of Type [(P-1)|with j =4 — 1 vanish.

Proposition 4.1. The bimodule B2.B1p s o DD bimodule.

Proof. The square of the differential, which we must verify vanishes, is obtained by
either differentiating any of the terms of the Types|(P-1)| above or, multiplying
together two of them.

We start by analyzing the terms of Types Clearly, all of those terms have
vanishing differential. The non-zero algebra elements obtained as products of pairs
of such elements either connect generators of any type to itself, or it connects IN
and S or W and E.

As an example, consider products of terms of Type |(P-3)| connecting W' to itself.
Those products that factor through N give terms

(1®L;) (U1 ®R;i + Rit1Ri ®Liy1) =U;11 QU; + Riy1R; ® L;Liyq
and those that factor through S give
(Li®1)- (R @ Uit1 + Lit1 @ Rit1R;) =U; @ U1 + LiLiy1 ® Ry R;.

Note that (RiJrlRi X LiLi+1 + LiLi+1 X Ri+1Ri) X ‘W vanishes for idempotent
reasons: if x and y are pairs of idempotent states with (I ® Iy) - W # 0, then

xNn{i—1,5,i+1} +]yn{i—1,4,i+1} =3.

The terms U; ® U;41 and U;11 ® U; cancel with the differentials of terms of

Type|(P-2)|with j =4 and ¢ + 1.
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Next consider products of terms of Type [(P-3)| connecting N to S. The products
that factor through W' give terms:

(U1 @R+ Riy1Ri ® Lit1) - (L; ®1) = LiUjy1 @ Ry + Rix1U; @ Liyq.
Similarly, the products that factor through E give
(Ui ® Lit1 + LiLit1 @ R;) - (Riy1 ®1) = Ri1U; ® Lig1 + LiUit1 ® Ry;

thus, these two factorizations give terms that cancel in pairs.

The cancellation of terms of Type in pairs or with differentials of terms of
Type [(P-2)| with j =4 and ¢ + 1 proceeds to other types of generators similarly.

Next, we consider products of pairs of terms of Type When j # i,i+1, these
terms cancel differentials of terms of Type[(P-2)|exactly as in the proof Lemma 310l
When the generators are of type E and W, there is a possible complication in this
argument, since in that case, the corresponding term with j =4+ 2 or ¢ — 1 of
Type might vanish. For example, for terms of type E, and i+ 2 € S, there
is a possibly non-zero term C; o ® U, 12 of Type but the terms of Type|(P-1)
of the form L;io ® R;y2 and R;yo ® L;1o vanish. However, the differential of
Cit2 ® Uiy2 vanishes in the idempotents of E (since if I, ® I« is of type E, then
i+1¢xand i+ 1 &y, and either i1 +2 € x or i +2 ¢€ y; in either case,
Uitz @ Uiy2) - (Iy ® Ix) = 0).

Consider next terms that are products of terms of Type[(P-3)|and those of Type
Typically, these are easily seen to cancel in pairs; the case where support of the
Type is immediately next to {i,i + 1} requires special care. Consider for
example the terms of the form L;;s ® R;12. Each term of Type commutes
with this term; but both product might be zero. For example, L; ® 1 commutes
with (Li+2 X Ri+2). Also, if a = L;Liy1 ® R;, then (Li+2 & Ri+2> -a = 0 and
a-(Lit2 ® Riy2) = 0.

The remaining terms of Type and are easily seen to commute with each other
and with terms of Type|(P-3)] giving the desired cancellation. O

It is interesting to note that the bimodule has some symmetries; for instance,
(4.3) 82,61731_ o~ 31,32731_

by a symmetry which switches the roles of N and S, and fixes W and E.

4.2. DD bimodule for a negative crossing. We can define a type DD bimodule
for a negative crossing. The generators are the same as for a positive crossing.
Terms in the differential are also the same, except that those of Type are
replaced by the following:
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(4.4)
Proposition 4.2. The bimodule N; is a DD bimodule.

Proof. This follows exactly as in the proof of Proposition LIl Note that Dia-
gram (4] is obtained from Diagram [£.2] by reversing all the arrows, and switching

the roles of L; and R;. More formally, for B; and B2 as in Equation (@),

. . . —=By,B; BPBP—=
B1:B2 A7 is obtained from the opposite module of P;, P; > ="' "2 P, using the

isomorphism B; = B;P (denoted o in Equation (BI1)). O

4.3. Gradings. The bimodules P; are graded by the set S = Q™ as follows Let
€1,...,emn be the standard basis for Q™. Let
(4.5)

gr(N) = SE8 gr(W) = B2t g(E) = Zde g(s) = Zagte,

Now, if (a ® b) ® Y appears in 0X, then
(4.6) gr(X) = gr(a) — 7%"gr(b) + gr(Y),

where 78" is the linear transformation acting by 7; on the standard basis vectors,
and gr(a) = (w1(a),...,wn(a)). Verifying Equation (6] is straightforward, using
Equation (4.2)).

In the notation of Section[2.2] the grading set of P; is half-integral valued functions
on the the arcs in the diagram, thought of as an affine space for Ap, x A, in an

obvious way.

Similarly, for N, the gradings of the four generators N, S, E, W are given by
(4.7)

gr(N) = =555 gr(W) = —hest gr(E) = S gr(S) = S,
Note that the modules determine these gradings only up to an overall additive
shift. The present gradings are consistent with conventions on the multivariable
Alexander polynomial [6]; for further motivation, see Remark [7.3l

4.4. Motivation. The modules 62’817% and 82’81M came from considering a ver-
sion of Lagrangian Floer homology in the four-punctured sphere, shown in Fig-
ure 22 taken with respect to a single S-circle and four a-arcs that go out to the
punctures. Regions in the complement of this configuration are labelled by algebra
elements (as shown in Figure 22 for the negative crossing).
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O
Ri1®1

FIGURE 22. Four-punctured sphere for a negative cross-
ing. The four punctures are connected by four arcs as shown; an
auxiliary circle meets the four arcs in the points N, W, S, and
E. Regions are labelled by algebra elements as shown.

FIGURE 23. Terms in Equation (£4) as arising from disks.
The shaded region on the left represents the term (R; ® 1) @ W in
§1(S); the one on the right represents the term (L; ® R;41R;) ® S
in 61(E).

The arrows in Equation (£4]) count rigid holomorphic bigons, and their contribu-
tion is obtained by multiplying the algebra elements specified by the regions; see
Figure 23] for some examples. This relationship is central to [I7].

5. DA BIMODULES ASSOCIATED TO CROSSINGS

Our goal here is to construct certain DA bimodules associated to crossings, which
are in a suitable sense Koszul dual to the DD bimodules constructed in Section [
see Lemma for the precise duality statement.

For the construction, choose integers k£ and m with 0 < k < m 4+ 1, and let
S C {1,...,m} be arbitrary. Let =: {1,...,m} — {1,...,m} be the map that
transposes 7 and i+ 1. Let By = B(m,k,S) and By = B(m, k,7(S)). (Note that
By and Bs here denote different algebras than they did in Sectiond) The aim of
the present section is to construct a type DA bimodule Bz ’Pgl , which we think of as
the bimodule associated to a region in the knot diagram t5 <y < t; that contains
exactly one “positive” crossing, and no local maxima or minima; and the crossing
occurs between the " and (i 4 1)** strands, as shown on the left in Figure
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(Positivity here is meant with respect to a braid orientation, e.g. where all the
strands are oriented upwards, which might differ from the orientation specified by

S.)

i i+1 4 41

L% 0k

FicUrRE 24. Positive crossing DA bimodule generators.
The four generator types are pictured to the right.

Consider the submodule P! of I(m,k) ®r I(m, k), consisting of Ix ® I, where
either x =y or there is some w C {1,...,4—1,i+1,...,m} with x = w U {i}
and y =wU{i—1} or y =wU {i+ 1}. Thus, there are once again four types of
generators, of type N, S, W, E as pictured in Figure 24 i.e.

> L NI, =N, Y IS I, =8,

S 4 iZx
Z Iijux\(i-1y - W-Ix =W, Z Iiyux\(iv1y " E-Ix = E.
igx i+lex
i—1€x i ¢ x

This description has a geometric interpretation in terms of Kauffman states.

Definition 5.1. A partial knot diagram is the portion of a knot diagram contained
in the (x,y) plane with to < y < t1, so that the diagram meets the slices y = t;
and y = to generically. The knot projection divides the partial knot diagram into
regions. A partial Kauffman state is a triple of data (K,y,x), where K is a map
that associates to each crossing one of its four adjacent regions; x is a collection
of intervals in the intersection of the diagram with the y = t1 slice; and y is a
collection of intervals in the intersection of the diagram with the y =ty slice. The
regions assigned to the crossings are called occupied regions; those that are not are
called unoccupied. The data in a partial Kauffman state are further required to
satisfy the following compatibility conditions:

e No two crossings are assigned to the same region.

e If a region R is occupied, then x contains all the intervals in RN (y = t1)
and y contains none of the regions in RN (y =ta).

o If aregion R is unoccupied, then either x contains all but one of the regions
in RN (y =t1) and y contains none of the regions in RN (y =t3); or x
contains all of the regions in RN (y = t1) and the region y contains exactly
one of the regions of RN (y = t2).

The compatibility conditions can be formulated more succinctly as follows: each
region contains exactly one of the following: a quadrant assigned by K, an interval
in RN (y =t1) not contained in x, or an interval in RN (y = t2) contained in y.

The picture is simplified considerably when the partial knot diagram contains a
single crossing. In that case, it is straightforward to see that the generators of the
bimodule P! defined above correspond to partial Kauffman states; K is one of
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N, S, W, or E; y specifies the right idempotent of the generator and x the left
idempotent of the generator.

The bimodules P! are graded by the set Q™ in the following sense. Define gradings
of the generators N, S, E, and W as in Equation (@3] (only now thinking of these
as generators of P’ rather than P;). The actions J; respect this grading, in the
following sense. Suppose that X is some homogeneous generator, and ay,...,ap €
By are homogeneous elements, then d;(X,a1,...,a;) can be written as a sum of
elements of the form b ® Y where Y are homogeneous generators and b € Ba is
are homogeneous elements of the algebra, with

(5.1) gr(X) + 78 (gr(a1) + - - + gr(ae—1)) = gr(b) + gr(¥),

where here gr(a;) and gr(b) denote the weight gradings on By and Bs.

There is also a Z-grading, specified by where the grading of a generator type
coincides with the local Maslov contribution of the corresponding Kauffman state
as in Figure[2l For instance, if all crossings are oriented upwards, then

(5.2) M(N)=-1 M(S)=M(W)=ME)=0.
The modules respect this Z-grading: for X, Y, a1,...,as,—1 and b as above,

(5.3) M(X)+M(a1)+---+M(ag_1)+€—1:M(b)+M(Y).

The partial knot diagram with a single crossing in it determines in an obvious way
a collection of arcs. Equation (5] can be interpreted as saying that the bimodule
P’ is adapted to this one-manifold with boundary, in the sense of Definition 3,10

We consider first the case where S N {i,7i + 1} = 0, we will specify these actions
by localizing to the crossing region, defining first bimodules over B(2) = B(2,0) ®
B(2,1)® B(2,2) ® B(2,3), and then extending them to B(m, k,S) (with SN{i, i+
1} = @) in Subsection The local models when SN {i,i+ 1} is non-empty is
defined in Section [(£.3] and it is extended in the general case in [5.4]

5.1. Local bimodule for a positive crossing. We define first a type DA bi-
module P over B(2) = B(2,0) ® B(2,1) ® B(2,2) ® B(2,3). Note that B(2) is
defined over I(2) = 1(2,0) & I(2,1) & 1(2,2) & 1(2,3) = FS.

As an I(2)—I(2)-module, P has four generators N, S, W, and E. As an F-vector
space, P is 12 dimensional, and all 12 basis vectors appear on the right hand sides
of the following four expressions, which determine the I(2) —I(2)-module structure:

N=Tpy - N-Ipy + Ty - N-Tgoay + Loy - N Loy + T ogy - NI gy
S=1I,-S-Iy+ I{o} -S- I{O} + 1{2} -S- 1{2} + 1{072} -S- 1{0)2}

W = I{l} -W . I{O} + 1{172} -W. 1{072}

E=1I; -E I + Iy E- I



KAUFFMAN STATES, BORDERED ALGEBRAS, AND A BIGRADED KNOT INVARIANT 49

Next, we define the §; and 3 actions on P. Some of these actions are specified

in the following diagram:
(5.4)

1®1+ LiLy ® L1 Ly + RoR1 @ RoRy

Here, dashed arrows indicate d; actions; while &, for k& > 1 are indicated by solid
arrows. For example, §1(W) =L; ® S.

Further actions are obtained by the following local extension rules. For any X €
{N, W, E,S} and any pure algebra element a € B(2),

(5.5) 63(X, 01Uy - a) = U1 Us - 63(X, a).
and also:

e If b® Y appears with non-zero coefficient in 63(N,a), then (b-Us) ® Y
appears with non-zero coefficient in (N, a-U;) and (b-U;) ® Y appears
with non-zero coefficient in 6 (N, a - Us).

e If b® Y appears with non-zero coefficient in §3(W,a), then (Uz-b) ® Y
appears with non-zero coefficient in §3 (W, U; - a).

e If b® Y appears with non-zero coefficient in 63(E,a), then (U; -b) @ YV
appears with non-zero coefficient in 83 (E, Uz - a).

For example, the action 63(W,1) = W combined with the local extension rules
shows that 63(W,U;) =Us @ W + L1 Ly @ E.

The above rules uniquely specify the F-linear map §3: P @ B(2) — B(2) @ P(2).
We wish next to specify 3. As in the case for 63, we define these on a basis. More

formally, an algebra element is called elementary if it is of the form p - e, where p
is a monomial in U; and Us, and

e e {1, Ly, Ry, Lo, Ry, Ly Lo, RoR:}.

Having specified cations §1(X,a), where X € {N,S, W, E} and a is elementary.
we turn to defining 5§ (X,a1,a2) where a; and as are elementary.

Suppose that a; and as are elementary algebra elements with a1 ® as # 0 (i.e.
there is an idempotent state x so that a; - Iy # 0 and I - as # 0); and suppose
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moreover that Uy - Uz does not divide either a; nor az. In this case, 63(S, a1, az)
is the sum of terms:

° ]’%1Ui5 QR E if (Gl,a2> = (Rl,RQU%) and ¢t >0
° LQUfUén' ®Q E if (al,ag) S

{(U{Hrla U2t)a (RlUlna L1U2t)a (LQU{HFI? RQUQtil)} when 0 <n <t
{(Us, UMY, (RUS, LU, (LUi™', ReUP™)} when 1<t <n

o LU @W if (ay,az) = (L2, L1U}') and n > 0
° RlUfU;(@W if (al,ag) S

{(UFHUP), (LU RUP), (RULSTH LU N} when0<t<n
{(Up, U, (LU, RUY), (RUP LiUSTY)Y, when1<n <t

° L2UfU51®N if (al,ag) S

(U LoUY),  (RiUT, LiLoUS), (LoUPTYUS)}  whenO<n <t
{(LUE, UMY, (UL, LU (R\UL, L1 LoUP)} when1<t<n
{(L2, UP)} when 0=t <n

e RUIUY @ N if (a1,a2) is in the following list:

(U RUP), (LoUL, RoR U, (RULT U} when 0 <t <n
n t+1 n t+1 n t
{(RyUp, U (UP, RUS, (LU, RyR1US)Y  when 1 <n <t
Ry, UL when 0 =n < t.
2

For example, 5311(8, Ul, U22) = (L2U12) ® E + (R1U1U2) ® W.

Extend this to the case where U;U; divides a; or ag or both, by requiring

(5.6) 63(Z, (U1 U3) - a,b) = 63(Z, a, (U1Us) - b) = (U1 Us) - 65(Z, a, b).
Proposition 5.2. The operations §; defined above give P the structure of a DA
bimodule over B(2) = B(2,0) @ B(2,1) @ B(2,2) & B(2,3), which is graded as in
Equations (&.1) and (B3).

We prove the above proposition after some lemmas.

Lemma 5.3. The actions §} respect the gradings, as in Equation (G.1]).

Proof. In the present case, the gradings on P’ are specified by
gr(N) = “HEl gr(W) = So6 gr(B) = “ote gr(s) = St

Bearing this in mind, the lemma is a straighforward verification using the above
defined actions &} . O

Observe that if b ® Y appears with non-zero multiplicity in &; (X, a1,...,am—1),
and X is a fixed generator, and the a; € B(2) are elementary for i =1,...,£—1,
then the output algebra b is uniquely specified in Equation (&1]).

Lemma 5.4. Given a monomial p in Uy and U and an algebra element

ac {p7 Rl D, L2 D, R2R1 D, L1L2 p}a
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there is a unique X € {N,W,E} and b so that b ® N appears with non-zero
multiplicity in 53(X,a). Similarly, given a monomial p in Uy and Us an algebra
element from

ac {p7 Ll'p7 R2'p};
and a fized state type Y € {W,E}, there is a unique state type X € {N, W, E}
and b so that b®Y appears with non-zero multiplicity in 53(X,a).

Proof. This follows from a straightforward inspection of Diagram (5.4) and the
local extension rules. For example, if Y = N, then if a = p-e where p is a
monomial in Uy and Us, and e € {1,L1Ls, RoR1}, then X = N. For e = Lo,
write p = UFUy . If >y, then X = W, and if « < y, then X = E. The case
where e = R; works similarly. O

For any elementary a and Y € {N, W E} with a ® Y # 0, define I(a,Y) to be
the generator X € {IN, W, E} as defined in Lemma[5.4l Otherwise (i.e. if the pair
(a,Y) is not covered by the lists of Lemma [5.4), define I(a,Y) = 0.

Lemma 5.5. Fiz elementary algebra elements ay, as in B(2), with S®a;®az # 0,
an elementary b and Y € {N, W, E} so that bQ@Y # 0 and

(5.7) gr(S®a; ®as) =gr(bY).

Suppose moreover that ay - ao # 0. Then the element b ® Y appears with non-
zero multiplicity in 83 (S, a1, az2) if and only if I(az,Y) # 0 and I(a1,I(az,Y)) #
I(ay - a2,Y); (i.e. one of them is E and the other is W ).

Proof. This follows from a straightforward inspection of the definition of 63. O

i—1

——
We introduce a notational shorthand. The maps §}: P B®--- @B — B® P
i—1

~ —_—
naturally extend to maps §}: B& P@B®---® B — B® P, by the rule
5fbRrRa® - ®ai_1)=b0-0}(r®@a;-®...a;_1).
Fix elementary algebra elements aq,a2 € B(2,k), so that S® a1 ® as # 0. When
k = 2, a1 - as is always non-zero. On the other hand, when k = 1, the actions

83(S, a1, az) are those for which a1-az = 0 and b®Y (as specified by Equation (5.7)))
appears with non-zero multiplicity in 63(63(S,a1),a2).

Lemma 5.6. With the above definition, if a1, as, and as are elementary, then
g% (5; (S, aip, ag), ag) + g% (6%(8, al), as, a3)

(58) —|—5§(S,a1 'CLQ,CLg)—F(sé(S,CLl,CLQ ~a3) =0

Proof. The above actions §2 defined above vanish on B(2,0) and B(2, 3), so Equa-

tion (5.8) is obvious. On B(2, 1), the non-trivial §1 actions are

63(S, Ri, RoUL) = RiUL @ E  63(S, Lo, L1UT) = LU @ W
63(S, Lo, UM = LyUy @ N 63(S, Ry, US™) = RiUF @ N

with k,n > 0. For these, the verification of Equation (5.8) is straightforward.
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In B(2,2), if a1 ® az ® a3 # 0, then in fact aq - as - as # 0; so we wil henceforth
assume that a;-a2-as # 0. We treat two subcases separately, according to whether
or not a; = (UUs)".

Case 1: a; = (U1Us)¢. The first and the fourth terms in Equation (5.8)) vanish,
and the middle two agree by Equation (5.6]).

Case 2: a; # (U Us)*. In this case, 63(S,a;1) = 0, so the second term in Equa-
tion (5.8)) is missing. Given Y € {N, W, E}, let

a=1I(a1-aI(a3,Y)), B=1I(ar-az-a3Y),
’}/:I(al,I(CLQ'ag,Y))a 5:I(a1,I(a2,I(CL3,Y))).

By Lemma B35 b® Y (where gr(S ® a1 ® az ® az) = gr(b ® Y)) appears with
non-zero multiplicity in:

e 03(S,a1 - az,as) if the set {a, B} equals {W,E}
o 03(S,a1,az - ay) if {v,8} = {W,E}
o 03(03(S,a1,a2),a3) if {a,0} = {W,E}

Equation 0.8 states that either o = 8 = v = § or exactly one of the three relations
(a = B,8 = v,a = 0) holds. To establish this, we will need the following two
observations about I(a, Z):

Observation 1. If a is elementary and Z is a generator type, then I(a,Z) is
uniquely determined by a and whether or not Z = N, except in the special case
where a = (UUs)* for some £ > 0. For example, if a = Ly -p or Ry -p, where p
is a monomial in U; and Us, then I(a,Z) =N;if a = Uy - U and Z € {W,E},
then I(a,Z) =W if z >y and I(a,Z) =E if z <y.

The generator types {IN, W, E} are further grouped into two classes, {N} and
{W,E}; in this language, the Observation 1 can be phrased as saying that if
a # (U1Uz)*, the class of Z and the algebra element a uniquely determines I(a, Z).

Observation 2. If a; and as are elementary and a; - as # 0, then the class of
I(a1, I(ag, Z)) agrees with the class of I(a; - a2, Z).

By the second observation, the class of I(as - a3,Y) agrees with the class of
I(az,1(as,Y)), so by the first observation, (a1, I(az-a3,Y)) = I(a1, I(az,I(a3,Y)))
ie. v =4, so if any two of the conditions (o = 3,8 = v, = §) holds, the third
one holds, verifying Equation (5.8) when a; # (U1Us)". O

Proof of Proposition Note that in B(2,3), there is only one non-trivial
generator, and it is N; so 6; = 0 for all £ > 2. In fact, P! in this case is
simply the identity bimodule for B(2,3), and the A, relation holds. A similar
simplification occurs for B(2,0), where the algebra is one-dimensional, and S is
the only module generator.

We turn to the more interesting cases, in the summands B(2,1) and B(2,2). Vary-
ing n, we verify the DA bimodule relation with n algebra inputs aq,...,a, (and
one module input), subdividing further each verification according to whether we
are in B(2,1) or B(2,2).

When n = 0, the A, relation is clear from the form of &7 .
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When n = 1, terms of the form 6! o 6} cancel in pairs, except in the special case
where a; = (U1Uz)*, in which case a term of the form 6} o} cancels with another
of the form 43 o &7 .

When n = 2, we find it convenient to label the terms in the A, relation as follows:
(5.9)

‘ a1 as ‘ a1 as ‘ ai az
! | ¢ |
g V » | J
A= 93 B= ! C = VR
N | 51 5l «
I ! 3 3
D v a a
al as ‘ ai a2 ‘ a1
Lo v vy
g 53 g
D = “ E = v F= v
o} % 0! 1% 0]
2 2
a :/ v I/ !
‘ ay as
51
o
Ho & 6%

So that the A, relation on a DA bimodule with two inputs reads
A+B+C+D+E+F+G=0.
On the algebras we are considering presently, u; =0,s0 A= B =C =0.

When n = 2, since all actions are U;Us-equivariant, the case where at least one of
ay or ap is (U Uz)! is straightforward: the only two possibly non-zero terms are
D and FE, and they cancel.

When n = 2, and we are in the summand in B(2,2), and the starting and ending
generator is in {E, W, N}, the A, relation follows from Lemma B35 and the
observation that a; - as # 0. Specifically, in this case, A= B = C =0, and the 43
actions are defined so that the term in G cancels D and F.

When n =2 and we are in the summand in B(2,2), and the starting and ending
generator is S, then A = B = C = G = 0, and we find that terms of type F
cancel in pairs, except in the special cases where a1 - ay = (U1Us)?, which are the
cases where D # 0, in which case there is a single cancelling term of type F'. This
is verified by looking at the formulas defining 63. For example, consider an A,
relation with generator of type S, a; = UJ', and ay = UL. If 1 < n <t, there is a
term of type F', factoring through E, and this cancels against another term of type
D, factoring through W, when n < t; otherwise, it cancels against a contribution
of type D.

When n = 2 and we are in the summand in B(2,1) and the initial generator is of
type {E, W, N}, terms of type D and E cancel except in special cases where E
contributes but a; - az = 0, in which case there is a cancelling non-zero term of
type G. When the initial generator is of type S, and neither of a; nor as equals
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(U Us)*, the only possible non-zero term, which is of type F, vanishes thanks to
the algebra; for example, in the Ao, relation 03(S, Ri, RoUS) = R1UL @ E, and
5%(E) = R2 ®S, but Rl 'R2 =0 in 8(2,1)

The cases where n = 3, the Ay, relation trivially holds except in the special cases
where the initial generator is of type S. That case was covered by Lemma

The case where n > 3 is obvious. O

5.2. Extension. Fix integers k£ and m with 0 < k < m 4 1, we extend the
bimodule P to a bimodule B(m’k)’Pé(mk), as follows.

Let a € Byo(m, k) with a = Ix-a- I, and suppose that x and y are close enough.
Suppose moreover that a is pure, in the sense that it corresponds to some monomial
in Uy,...,U, under ¢*Y. We define the type of a, denoted t(a), which is an
expression in in Uy, Us, Ry, L1 Ry and Lo, defined as follows:

RoyRy U 72U 72 i (a) = wipa(a) = L (mod 2Z)
and v}, <),
(@) wii(a)—L
Ly LU W72 75 i g(a) = wiga(a) = & (mod Z)
and v¥ | > o),
L (a)—1
RgUlw"(a)U;ﬂ”l( )72 if wi(a) € Z and wit1(a) = 5 (mod Z),
and v}, | <o),
1 (a)—1 .
t(a) = Ly @yl if w;(a) € Z and wi1(a) = 3 (mod Z),
and v}, > v)
i(a)—% rrwit1(a .
Ry UMW 2 (@) if wi(a) =1 (mod Z) and wi;1(a) € Z,
and v¥ <o)
i(a)—% rrwit1(a .
LlUIU’( ) 2U, i+1(a) if wi(a) =1 (mod Z) and wit1(a) € Z,
and vX > v)
Uf”(a) U;'J”l(a) if w;(a) and w;11(a) are integers.

Similarly, there is a map t from generators of P’ to the four generators of P, that
remembers only the type (N, S, W, E) of the generator of P?.

Definition 5.7. For X € P, an integer £ > 1, and a sequence of algebra elements
a,...,ap—1 in Bo(m, k) with specified weights, so that there exists a sequence of
idempotent states Xq,...,Xp with

o X =1, X I
o ap =1y, -a; Iy, fort=1,...0-1
e x; and xiy1 are close enough (for t=0,...,0—1),

define Dy(X,a1,...,a0_1) € Bo(m,k) @ Pt as the sum of pairs b®@Y where b €
Bo(m, k) and Y is a generator of P, satisfying the following conditions:

e the weights of b and Y satisfy
(5.10) gr(X)+ 8 (gr(a1) + - -~ + gr(ae—1)) = gr(b) + gr(¥)

e There are generators Xo and Yy with the same type (i.e. with the same
label {N,S,W,E}) as X and Y respectively, so that t(b) ® Yy appears
with non-zero multiplicity in 6} (Xo,t(a1), ..., t(ar—1)).
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Clearly, Dy =0 for ¢ > 3. Setting 6 = D1, we get
H(W)=L1®8S, 61(E)=R:®8S, 6i(N)=03:(S)=0.
Lemma 5.8. Suppose that any a; € Z(x¢,X¢41) (the ideal studied in Proposi-
tion[3.7), then the projection of De(X,a1,...,ar—1) to B(m,k) ® P? vanishes; i.e.
the maps Dy induce well-defined maps
-1
§;: PP @ B(m,k)® - @ B(m, k) — B(m, k) @ P,
forall £ =1,2,3.

Proof. For the ] operations, the result is obvious.

The operation 63 can be written as a sum of 16 terms, corresponding to the terms
in the labels on Figure (5.4

For example, consider 63(E,a - Uf,,), where w;(a) = w;41(a) = 0 and £ > 0.

According to Equation [5.4] this can be written as a sum of two terms,
RiviRi-a- U ' @W 4 a Ul QE.

We check that for any idempotent states x and y with E-Ix # 0 and IX-OL-UZﬂ_l-Ix #+
0,if In-a- UfH € J, then the two output terms also vanish. If a is divisible by
a monomial corresponding to a generating interval for (x,y) that is disjoint from
{i,i4+ 1}, each output elements are also divisible by such monomials, and the claim
is clear. It remains to check the claim when a-U,;y; is the monomial corresponding
to a generating interval U;ii---Ug for the incoming element. In this case, the
output is divisible by U;yo---Ug, which corresponds to a generating interval in
both output algebras.

The other non-trivial checks include the following:
63(W,Up -+ Uj) = (Us -+ Ui—1Ui31) @W + LiLiz1(Us - Ui—1) @ E
S3(N,Uiy1---Us- L)) = (U; - Ug) @W + L Li11U;(Uisa - - Ug) @ E
6%(N7Ua"'Ui—1 L (Uo-U)OW + LiLis1(Uy---Ui1) @B
63(W, Uy U - Liy1) =Ugq---U;_1-Li - Liz; ®N
(W, Uy---Ui_1-R)=Ugy---Ui_1 ®N

where the monomials Uy ---U; and Ujyq---Ug (with a < 4 and 8 > i+ 2)
correspond to generating intervals for the input, for suitable choices of idempotents;
it is then straightforward to check that the outputs are also zero. The remaining

non-trivial checks are symmetric to the above ones (under the symmetry exchanging
W and E, and L; with R;41).

&

Q

)
)
)
)

For (531,, we must show that if a; or as € J, then the output D3(X, a1, a2) projects
to zero in B(m, k)®@P*. In cases where min(w;(a;)+w;(az), w;+1(a1)+wir1(az)) =
1. ie. when (t(a1),t(az)) € {(Ri, RoUY), (La, L1UT), (L2, UTY), (Ry, U3}, are
considered separately. In all these cases, the generating intervals for a; and as do
not contain ¢ or ¢+ 1, so the result is obvious.

For the remaining cases, the following stronger assertion holds: if a; and as satisfy

(511) min(wi(al) + wi(ag), wi+1(a1) + wi+1(a2)) > %,
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and a; - a2 € J (i.e. aj-ag projects to zero in B(m,k)), and with Iy a1 = a1
then D3(X,a1,a2) € J. For instance, the terms in §3(S,a1,a2) in B(2) that
output LoUIUY @ E (all of which satisfy Equation (5.11])) give rise to actions with
ai,as € B(k,m) with Ix - a1 - aa = a; - as with

idp, wilar-az)=n+1>1, wiri(ar-az)=t>1
and output algebra element b = I -b- I, with
1€y, i+1dy wib)=t>1

It is easy to see that if aj - as is divisible by a monomial corresponding to a
generating interval of the form U, ---U;, then so is b; checking cases where a; - as
is divisible by other generating intervals is even more straightforward. Remaining
cases where the output contains W work similarly. Cases where the output contains
N are easily verified, as well. The stronger statement (following Equation (G.11])
now follows. O

For example, 5% (N, RiyoRi+1) = RitoRiy1 R QW + Ri10U, Q E.

As another example, choose R; with j # ¢ or ¢ + 1. Then, for all generators X,
63(X,R;) = R; ® X. (Note that in this example, t(R;) =1.)

As another example, 6% (S, Ri, RH_QRH_l) = 6%(8, RiRiJ’_Q, Ri+1) = RiRiJ,_Q R E.
Let 6; =0 for all £ > 4.

It will be useful to have the following characterization of d3:

Lemma 5.9. The operation 63(X,a1,az) contains only those terms b @Y where
both Equation (BI0) holds, and one of the following two conditions holds:

(C-1) (t(ar),t(az2)) € {(Ry, RoU3), (Lo, Ly UT), (szU"H (R, U3} and t(b)@
t(Y) appears with non-zero multiplicity in 83 (t(X),t(a1),t(a2));
(C-2) ar-az # 0, I(az,Y) # 0 and I((a1), I(H(az), t(Y))) # I(t(ar)-t(az), t(Y)).

Proof. In the proof of Lemmal[h.8 we showed that if we are not in Case then
Equation (&IT)) holds, and so we conclude that a; - az # 0. Thus, our description
of 63 follows from Lemma O

Proposition 5.10. The above maps give P' the structure of a type DA bimodule
over B(m,k)-B(m,k).

Proof. The proof of Proposition adapts, with a few remarks. In the verifica-
tion of the A, relation with two algebra inputs, that proof decomposed accord-
ing to whether we were working in 5(2,1) or B(2,2). In the present case, when
(t(a1),t(az)) € {(R1, RUS), (L2, LiU), (Lo, UM, ( the Ay relation holds ex-
actly as it did in B(2,1). Otherwise , if a; - a2 # 0, the proof of the A, relation
for B(2,2) applies, using Lemma [5.9 Finally, if a; - az = 0, then by Lemma (5.9
the term involving 63 (F or G) vanishes. The term D vanishes by Lemma
The verification of the A, relation in B(2,2) shows that the remaining possible
non-zero term, which is of type F, has the same contribution as a term of type F,
G, or D, all of which contribute 0.
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Consider next the case of three algebra inputs ay, as, and az. When a1-a2-a3 =0,
the verification (now in the proof of Lemma [5.6) works as it did in B(2,1). In the
remaining cases, the earlier proof of the A, relation in B(2,2) (contained in the
proof of Lemma [5.6) still applies, as it hinges on the description of J3 (Lemma [5.5))
which still holds in this case (according to Lemma [5.9]). O

5.3. Adding C;, locally. We extend the local bimodule P defined over B(2) to
a bimodule 8(2’7(5))P5(273), where S is a non-empty subset of {1,2}.

In the local module P, there were i actions connecting generators of types
{N,W,E} to {N,W,E} or S to S. We extend these to similar actions so that

(512) 5%(X, Cl -a) = CQ (5%(X,a) 5%(X, CQ -a) = Cl . (5%(X,a)

when the formulas make sense; i.e. the first holds when 1 € § and the second when
2 € S. Similarly, we extend the previous 63 actions so that

Cy-05(S,a1,a2) = 63(S,C1 - ar,a2) = 65(S,a1,C4 - az)
Ol '5311(8,&1,042) = 5311(8,02 . al,ag) = 5%(8,&1,02 . ag).

For example, 531)(01R1, OQRQ) = 5%(0102]’%1, RQ) = R101CQ & E.
We specify further 83 actions from S to {N, W, E}:
5%(8, CQ) =RioW

5%(3,01) =LK 5%(8,0102)=CQR1 QW +C1 L, QE
51(S,U\Co) = U1 Lo @ 64(S,ULC1Ch) = U1 Caly ® E
5%(8,01[]2) =RiU; W 5%(8,0102[]2) =Ci1RU; @ W
5%(S,R102> =R ®N 5%(8,]%10102) =RiCo®N

51(S, LsCy) = Ly @ N 51(S, C1LyCy) = CyLy & N
5%(S,R101U2) =RUs ®N 5%(S,R101U202) =RCiU; ® N
5%(8, U1L202) =LU; @ N 5%(8, UlClLQCQ) =U1LCo @ N

These are extended to commute with multiplication by U;Us (as in Equation (&0])).

By Equation (5I2), the actions 63(S,1) = S gives rise to actions d3(S,Co) =
C1 ®S. The first action listed above, i.e. the relation §1(S,Cy) = Ry ® W, is now
a consequence of this fact, together with the A, relation with module element S,
the single algebra input C5, and output module element S. The second action on
the above list follows symmetrically. The actions on the left column of rows three,
five, and seven respectively are forced by the following 3 actions (with S = 0)

6%(85 U17 UZ) = L2U1 X E
03(S, Lo, U1) = Ly ® N
63(S, R U, Uy) = RiU; @ N

and the Ao relations with inputs (S, Uy, C2), (S, Ls,C1) and (S, R1Us,C1) re-
spectively. The remaining actions on the left column follow symmetrically. The
actions in the second column follow from actions from the first column column of
the form (S,da) and A relations with inputs (S, a).

Lemma 5.11. For any S C {1,2}, the above actions induce a type DA bimodule
structure on 8(2’7(3))PB(273).
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Proof. It suffices to prove the lemma in the case where S = {1,2}. For example,
if & = {1}, the outputs of the §; actions lie in the subalgebra B(2,{2}).

We consider the A, relation with n incoming algebra elements ay, ..., ay, .

It is a straightforward verification to check that the actions defined above are con-
sistent with the A, relation with n =1 input.

When n = 2, and the incoming generator is not S, the A, relation follows from
Equation (&.12) together with the A, relation with & = 0.

When n = 2 and the incoming generator is S, label the terms in the A, relation
as in Equation (59). The key point to verifying this relation now is that when
differentiating a; or as (in terms B or C' above), the Uy or Us-power can change
by at most one so the corresponding 63 action with a; and ay is non-zero when the
action with (day,az2) and (a1, das) is. However, there are borderline cases where
this change in the Uy or the Us power is enough to to turn off one of those actions.
These are precisely the cases either the product ajas acts non-trivially (i.e. where
D contributes), or there is an iterated d3 (i.e. E contributes).

For example, consider the case where a; = U'CY, and ap = U} with n,t > 0, and
consider the terms where the output generator has type E. We have the following
non-zero terms in the A, relation:

A0 0<n—-1<t, BZ0&s0<n<t, D#0&n=t>0,
E#0&n=0,t>0;

Thus, for all choices of n,t > 0, there are either no non-zero terms or exactly two,
and so the Ao, relation holds. Other cases where n = 2 and the initial generator
is of type S work similarly.

Consider the case where n = 3. Recall that the algebra has a filtration in {0,1} x
{0, 1} given by the functions (mj, mg), with the property that if a is a pure algebra
element not divisible by C;, then mj;(a) = 0 and m;(Cja) = 1. Clearly, the
operations 5} respect this filtration, in the sense that if a (mp, my)-homogeneous
element b ® Y appears with non-zero multiplicity in 5} (a1,...,a¢-1), and each a;
is homogeneous (with respect to ), then for j = 1,2,

T

1

(my(b), m2 (b)) < p_(mi(ar), ma(ar)).
k=1

For the terms that preserve this {0,1} x {0, 1}-filtration, the A, relation with 3
inputs is an immediate consequence of Proposition (.10l Consider next terms that
drop filtration level by one. Note that each §} action of this type has ¢ = 2 and
end in the span of {N, W,E}, while all §3 actions start from S. It follows that
there are no such terms that appear in the A, relation with 3 inputs. (It also
follows that there are no terms of this kind in the 4., relation which drop by more
than 1.)

For n > 3, the A relation is easy. ([l
5.4. The general case of P'. Let By = B(m,k,S), where 0 < k < m + 1

and § C {1,...,m} is arbitrary; and let Bz = B(m,k,7(S)). In cases where
Sn{i,i+1} # 0, we must modify our earlier constructions as follows.
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Extend the type t(a) to be a monomial in Uy, Us, L1, Lo, Cy, Ca, R1, Ra, so that
t(Ci-a)zcl-t(a) 1fC’Za7é0
t(Ci—i-l . a) = Cg . t(a) if Ci—i—l - a 75 0;
and t(a) is as defined before when a is a pure algebra element not divisible by C;
or CiJrl .

Let ¢(S) C {1,2} be the set with 1 € ¢(S) iff i€ S and 2€¢(S) iff i+1€S.

Definition 5.12. For X € P! and a sequence of pure algebra elements ay, . .. ,a;_1
in Bo(m,k,S), so that there exist a sequence of idempotent states Xo, ..., X; with

o« X=1I, X-I
o ay=1I, -a; Iy, fort=1,...,¢
e x; and xpy1 are close enough (for k=10,...,0—1),

define Dy(X,a1,...,ae—1) € Bo(m, k,7(S)) @ P* as the sum of pairs b® Y where
b € Bo(m, k,t(7(S))) and Y is a generator of P!, satisfying the the conditions of
Definition [5.7, with the understanding that now &} (Xo,t(a1),...,t(as—1) is com-
puted using the crossing over B(z’tOT(S))PB(g)t(s)) ; and the additional condition that

forany k#i ori+1,andany m=1,...,0—1

7

DZ(X,al,...,C'k-am,...,ag,l):Ck~DZ(X,al,...,am,...,ag,l).

Lemma 5.13. _If any a; € T(xy,X¢41), then the projection of De(X,aq,...,a0-1)
to B(m, k) ® P* vanishes; i.e. the maps Dy induce well-defined maps
-1
5 P@B(m,k,S) ® - @ B(m, k,S) = B(m,k,7(S)) @ P,
forall £ =2,3.

Proof. Lemmal5.8 takes care of most of this; we must check further the additional
53 actions from S to {IN, W, E} listed in the beginning of this subsection; but this
is straightforward. O

Proposition 5.14. The above maps give P’ the structure of a type DA bimodule
over B(m, k,7(S))-B(m, k,S).

Proof. This follows easily from Proposition [5.10, handling terms with C; inputs
as in Lemma .11 O

5.5. The negative crossing. Consider the map R: B(m, k,S) — B(m, k,S) from
Section B0l Recall that o(a - b) = o(b) - o(a), o(Ix) = Ix, o(Ly) = Ry o(R) = Ly
o(Uy) =U; and o(C;) =C; forall t=1,...,mand j€S.
Let A" be generated by the same generators {N,S, W, E} as before. If §](X) =
b®Y in P?, then §1(Y) = o(b) ® X in N If 63(X,a) = o(b) ® Y in P!, then
83(Y,0(a))) = o(b)®X in N If 63(X, a1, a2) = b®Y in P!, then §3(Y,0(az),0(a;)) =
ob)® X.
More succinctly, the opposite module of P? is identified with

Ba (fi)lgl = 5 51-5;1» = BlNéz,

under the identification of B;* = B, for t = 1,2 (Equation (3.1])).
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For example, in N, we have actions
5i(S)=Ri®W+L;y1 ®E
5(E,R)=Ri1 R ®N
65 (W, R;U", Riy1) = Ri Ul @ S.
Proposition 5.15. The above maps give N the structure of a type DA bimodule
over B(m, k,7(S8))-B(m, k,S).

Proof. This is a formal consequence of the above definition. O

5.6. Gradings and partial Kauffman states. As noted earlier, P? is adapted
to the underlying manifold. Thus, its grading set takes values in H(W,0W). We
can specialize to a simply Q-graded-graded setting as follows.

Recall (Equation (B.8])) that the algebra has an Alexander grading with values in
Q, obtained from the map ¢: %Zm — %Z defined by

-1 ifies
#lei) = { 1 ifigs.
There is an induced grading on the bimodule, given by
(5.13) A(X) = 6(gr(X));

which we can think of, more abstractly, as the evaluation of the grading, thought
of as an element of H'(W,0W), against the element [W,d] € Hy(W,0W) induced
by the orientation of W.)

It is now an immediate consequence of Equation (51) that
A(X,a1,...,a0) = A(X) + A(a1) + -+ + Aar) = A(b) + A(Y),
if b® Y appears with non-zero multiplicity in 5§+1(X, ay,...,ap).

Proposition 5.16. The Q-valued Alexander grading on gemerators from FEqua-
tion (BI3) for the crossing bimodules is computed by the local Kauffman contribu-
tions displayed in Figure[2.

Proof. This a straightforward check using Equation (513), (@3]), and (1), consid-
ering all the possible orientations of the braidlike positive and negative crossing. [

6. BRAID RELATIONS

We prove that the DA bimodules P¢ and N satisfy the following braid relations:

Theorem 6.1. Fiz m, k with 0 < k < m+1, i with 1 <i < m-—1, and
Sc{l,...,m}. Let By = B(m,k,S) and By = B(m,k,7;(S)). Then,

(6.1) Biph R BN o~ Bildg, ~ BINE R Beph

Given j # i with 1 < j <m-—1, let Bs = B(m, k,7;7:(S)) and By = B(m, k,7;(S)).
Ifli—j| >1

(6.2) Bspl R Brpy o~ Bopl ® Bpl
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while if j =i+1, let Bs = B(m, k, 7;7417:(S)) and Bg = B(m, k, 7,7i+1(S)) ; then,

(6.3) Bopp, RPPR R Bpy ~ Bopitlm Bopp g Bapift,
AU SO 1 o
e all

i

FIGURE 25. Bimodules and algebras appearing in Theorem [G.11

We will prove the above with the help of the following:

Lemma 6.2. Fix m, k with 0 < k < m+1, ¢ with 1 <i < m-—1, and
Sc{l,...,m}. Let By = B(m,k,S), By = B(m,k,7(S)), Bl = B(m,m+1—
EAL,...,m}\S). Let 8273%1 be the DA bimodule from Section[d, and let BrPr K
be the canonical type DD bimodule from Section[3.7 Then,

(6.4) Bapi g BuBifc ~ BaBip,
1
(65) BzNé X BI’B,IIC ~ Bz,B’lM
1
where the type DD bimodule appearing on the right is the one defined in Section[7

Proof. We start by verifying Equation (6.4); and for simplicity, we assume i = 1.
The computation depends on SN {1,2}.

We start with the case where {1,2} C S. In fact, in this case, P! KK = P;.
The arrows connecting N, W, and E are all induced from 8, actions on P*. For
example, the differential from N to E labelled by LiL; ® Ry from Figure 4.2 is
obtained by pairing the term L; ® R; term in the canonical DD bimodule pairs
with the action 63(N, L) = L1Ls ® E in the P!, as shown on the left diagram:

N N

+

ot 0

|
|
Wy IV
51 : Y 51 : [N
\ﬂ* 7)1 | v Oq’ ’pl | 14
WY . L .
E

N
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C1®Uz +U2®Cy

C1®Ua+Uz®Cy

C1 ® Uz

FIGURE 26. P! XK when SN {l1,2} ={2}

On the right, we demonstrate how to construct the term (Co ® U;) ® N in §1(N)
(of Type [(P-2)).
The differentials into S come from the ;] action on P?, and the differentials out

of S come from §1 and 431 actions on P?. For example, the two terms out of S
involving the generator E arise as follows:

S !
s 1 v
o 9k
| 5 | I
1y B K
oL I < v Ra_ oL 2,
P! - K
v T e
E /L ! \©
E

(Note that since I bimodule is a left/left bimodule, the multiplication appearing
on the right is taking place in (B])°P.)

Terms of Type|(P-1)|are easily constructed from pairing differentials in the identity
DD bimodule with the part of P? that behaves like an identity bimodule.

Consider next the case where SN {1,2} = {2}. Then, P! X K is given as in

Figure26 and outside actions (i.e. of Type and with j # 1,2). Consider
the map h': P1RK — P,

1 [ S+ (L:®Cy)QE if X =S8
X)) = { X otherwise.
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Uy ® Ca +U2 ® Cy

FIGURE 27. P!XK when SN {l1,2} =0.

Let g': P, — P! XK be given by the same formula. It is easy to verify that h'
and g are homomorphisms of type DD structures, h'og! = 1d, and g'oh! = Id.

The case where SN {1,2} = {1} works similarly.
When SN {1,2} =0, PLKRK is given as in Figure 27
Consider the map h': P1RK — P;

RHX) = S+(La®Ch) - E4+(Ri®Cy)- W if X =8
T X otherwise.

Let g': P — PLX K be given by the same formula. It is easy to verify that h'
and g! are homomorphisms of type DD structures, h'og! = 1Id, and g'oh! = Id.

Equation (64) in cases where ¢ # 1 works the same way. Equation (€3] can be
proved similarly. (Or alternatively, it can be seen as a consequence of Equation (6.4))
and the symmetry of the bimodules, phrased in terms of the opposite algebras.) O

Lemma 6.3. Fquation ([61)) holds.

Proof. Since (P'RIN KK ~ PR (NKK) ~ P RN; (by associativity of X and
Lemma[6.2]), the verification that P* KN ~ Idg, , will follow from the identity
(6.6) PRN; ~K,

which we verify presently. For notational simplicity, we assume that ¢ = 1.

The verification of Equation (6.6l can be divided into cases, according to SN{1,2}.
Consider first the case where SN{1,2} = {1,2}. Classify the generators of P*KIN}
into types, labeled XY, where X, Y € {N,S, W, ,E}, where the first symbol X
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denotes the generator type in P® and Y denotes the generator type in N;, as
illustrated in Figure

B .

)3 T

)52 T U U A

FIGURE 28. Tensoring bimodules on the left; at the right, the
generator type of NE=NXEX1.

By a straightforward computation, we find the following kinds of differential: the
outside actions, C1 ® Uy, Cs ® Us, and additional arrows indicated on the diagram
on the left of Figure Canceling arrows (i.e. setting N = NN + (1 ® R;)WS +
(1® L2)ES and S = SS; and noting that the quotient complex is acyclic) gives the
diagram on the right (in addition to the C; ® U; arrows for i = 1,2 and the outside
arrows). This is, in fact, the canonical DD bimodule, verifying Equation (6.0).

Similarly, if SN{1,2} = {2}, we compute the bimodule to be as given in Figure B0l
Again, we have suppressed the outside arrows, and additional arrows of the form
Cs ® Uy that connect every generator to themselves. By contrast, we did include
self-arrows of the form U; ® C7, since not all generator types have these kinds of

TYReT+T7TR® Y

I1®1

IT®1
TR+ Ty @7
Ry ® L1+ La ® Ro

FIGURE 29. Arrows in P'XA; when SN {1,2} = {1,2}.
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Y RT+ TR Y
i)
o)
©
=
TO®n

FIGURE 30. Arrows in P'XN; when SN {1,2} = {2}.

terms. We can reduce to the previous case by changing basis; replacing SS by
SS+ (R1®C1) ® WS. A similar computation works for SN{1,2} = {1}, only now
the reduction to the previous case involves the change of basis SS+ (L2 ® Cs) @ ES.
Finally, when SN{1,2} = 0, we get a bimodule which can be reduced to the earlier
case by the basis change SS + (R1 ® C1) @ WS + (Ly ® C3) ® ES.

Once again, cancelling arrows we find that this gives the identity DD bimdoule.
The other two computations needed to verify Equation (6.6) work similarly.

Having verified that P* ®N? ~ 5 1dg, , the verification that N X P ~ B Idg,
is a formality:
— B — Bs.. —_iB2 __iB1
d=Td="Py RPN, ~ 5N Rp,P

op .
1 =1

_ B = ngﬁi - BlNi %4 827)1'
- ng Bcl)p - Ba B2

Lemma 6.4. FEquation ([6.2) holds.

Proof. In view of Lemma [6.2] and the invertibility of K, it suffices to show that
PIRP; ~ P RP;.

Note that generators for both bimodules in Equation (G2]) correspond to partial
Kauffman states in the partial knot diagrams contianing the two crossings. Clearly,
these generators are independent of the order; to see that the bimodules are in-
dependent of the order, it suffices to construct a third, more symmetric bimodule
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(where we think of the two crossings as appearing in the same level), that is quasi-
isomorphic to both.

Generators for this bimodule will also correspond to partial Kauffman states. There
will in general be 16 generator types, labelled by pairs of letters among N, S, W,
and E, corresponding to the four local choices at each of the two crossings. The
computation is mostly straightforward. In the special case where the two crossings
are adjacent, there are only 15 generator types: there are no generators of type
EW. This occurs, for example , when ¢ = 1 and j = 3; see Figure BIl In
this case, the DD bimodule is as specified in Figure (where, as usual, we have
suppressed here the distant arrows and the additional arrows of the form U, (i) ® C;
or C-(1) @ Uy). O

\J\
VO

FIGURE 31. When the two crossings appearing in Equation (G.2])
are adjacent, there are only 15 types of partial Kauffman states; a
partial Kauffman state cannot associate E to the crossing on the
left and W to the one on the right.

Lemma 6.5. Equation [63) holds.

Proof. We describe the case where ¢ = 1. We first compute 8373%2 X 62’6/1731.
Again, generators correspond to partial Kauffman states, which we now label as an
ordered pair, showing which crossing is associated to which region; see Figure
When {1,2,3} C S, after cancelling arrows, we find that the bimodule is given
as in Figure B4l along with the usual outside arrows and self-arrows of the form
Ci®Uy,7, (i) or Ui®C4,7 (i), depending on whether or not i € S. When {1,2,3}NS
is a proper subset of {1,2,3}, we need to apply additional homotopies to obtain
this bimodule, as in the proof of Lemma [6.2}

Tensoring this on the left with 53 ’Pgs , and following the labelling conventions from
Figure[35], we find that the bimodule is homotopic to one of the following form from
Figure 36, along with the usual outside arrows and self-arrows.

Tensoring in the other order gives the same bimodule; this can be seen quickly
from a symmetry on the answer. The picture after the Reidemeister move can be
realized as a rotation by 180° (i.e. rotate the leftmost picture in FigureBH]). There
is a corresponding action on the algebra, exchanging the two tensor factors of the
algebra, and further exchanging R; and L4_;. The corresponding symmetry of
the bimodule can be realized by rotating the description from Figure [36] by 180°.
The fact that the bimodule is fixed by the symmetry implies the claimed invariance
under Reidemeister 3 moves. O

6.1. Other symmetries in the crossing bimodule. The canonical DD bimod-
ules commute with the action of the braid group, in the following sense.
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& < &
® ® ®
[\ 2l 2l
~ _ =
— = — = — =
N ® N ® = ®
+ |2 + |2 + |2
2l Il 2l
_ ~ _
® ® ®
=) =) =)
1®Lg Us @ Ly + L3Ly ® R3 R4®1 R3®Uy + L4y®RaR3
—_— —— —
NW _— NN —NE— ——NS—/ ———
U. R R4 R L 1®R. L U. R. L3L L3®1
q4® 3+ R4R3®@Ly . ® R4 Q4® 3+ R3®LgLy = 3
M N N M
® ® ® ®
= = = =
3| |+ S|+ 3| |+ 3| |+
® el ® =) ® ) ® el
— N — ) — N — (V)
= E = =
® ® ® ®
5 S s 5
1®Lg Uz ® Ly + L3gLy ® R3 R4®1 R3®Us + L4® Ry R3
—_— — s
WW___— " WN— S WE—_ —— WS—_ ———
B Us®R3 + R4R3® Ly _ 1®@ Ry . Ly®Us + R3®L3Lyg L3®1
X 54 ~ X
o Il I\l o
~ x ~ ~
® ® ® ®
Al ™~ A ™~ [l ™~ [l ™~
Tl e e Tl Tl e
+ [ + - + [y + [
[al ~N [al [al
=) =) =) =)
® ® ® ®
~ [ ~ ~
1®Lg Us ® Ly + L3Ly ® R3 R4®1 R3®Us + L4® Ry R3
_— P —_—
SW— —"—SN— —"—SE— = ———SS— @@ ——
Us®R3 + R4R3®@Ly 1Q R4 Li®Us + R3®L3Ly L3®1
S S 5
® ® ®
s s s
||+ ol |+ o |+
gl |2 2| |z 2| |2
® ® ®
= = =
~ &~ ~
N nN M
Us ® Ly + L3La ® R3 Ry®1
—_— —_—
EN—  ——EE——_  ——ES
1® Ry Ly®Uz + R3®L3Ly

FIGURE 32. P!XP;. This is drawn on the torus; e.g. the arrows
that point off to the right wrap around to the left.

Y| WY
P
N A

FicUure 33. At the right, we have shown a generator of type
SW; or equivalently, Xo4.
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R1 ® L1Lo Ry ® L1L2

L1 ®1
n® Ty
Uy ® Lo
YT

Yoy ey ® &1
o
=
o
w
LiLaL3 ® Ry

Lo®1
€N ® ey
Uz ® L3
Y ®T

R3Ry ® L3 R3R2 @ L3

F1GURE 35. We illustrate here generators of type Y15 and Yay4 respectively.

Lemma 6.6. Fiz 0 <k <m+1 and an arbitrary subset S C {1,...,m}, and let

By = B(m, k,S), By = B(m, k, 7:(S))
By =B(m,m+1—k{1,....m}\S) By=Bmm+1—k{l,....m}\n(S))

. . - ! /! . /
There is an equivalence 8273;31 K BuBIC ~ BI'PZS,2 X BBz

Proof. This is an immediate consequence of Lemma [6.2] and the symmetry of the
P; from Equation (L3). O

7. THE DD BIMODULE OF A CRITICAL POINT

In Sections Rland [ we will construct DA bimodules 52 Qp; and BIUBé (where the
algebras will be made precise shortly) associated to a region in the knot diagram
where there are no crossings and a single critical point, which can be a maximum
(as in Section [)) or a minimum (as in Section [@)). In the present section, we will
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Ry ® L1LaL3

s —
Yis &/ —Yz5 Y34

L1®1

€1
1}15“&93 2y
Lo®1
Y ®T

EY®1
L1L2L3®H
1

N

1® La 1® Ly

> _
Y()l — YE)2 —_ }fl2

Uz ® Ra Us ® Ry
R3RoR;1 @ L3

FIGURE 36. PP} KB Pz XB2.51 P,

construct a type DD bimodule, called the type DD bimodule for a critical point,
BBz which is related to the aforementioned type DA bimodules via equivalences

’ ’
B2Qp B BB ~ BrPigand B2 W PrBic ~ BB

(See Propositions [8.4] and for precise statements.)

Fix integers ¢, k, and m with 1 < ¢ < m+4+1 and 0 < k < m+ 1. The
algebras appearing in the bimodule for a critical point are specified as follows. Let
dc: {1,...,m} = {1,...,m+ 2} be the function

N if j <c
(71) ¢c(])_{ j+2 lijC

Let By = B(m,k,S1) and Bo = B(m+2,m+ 2 —k,Ss), where S; C {1,...,m}
and Sy C {1,...,m+2}, so that gbc(Sl) NSy = ?® and |81| + |82| =m+1
and |S2 N {c,c+ 1} = 1; equivalently, So = ¢.({1,...,m}\ S1) U {c} or & =
dc({1,...,m}\S1)U{c+1}.
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In this section, we construct the type DD bimodule for a critical point, denoted
& = BvB2g, where here ¢ (which we will sometimes drop from the notation)
indicates where the critical point occurs.

Having specified the algebras, we now describe the underlying vector space for &..

We call an idempotent state y for By an allowed idempotent state for Bo if
lyn{c—1,c,c+1} <2 and cey.

There is a map 1 from allowed idempotent states y for By to idempotent states

for By, where x = ¢(y) C {0,...,m} is characterized by

(7.2)  |yn{c—1,ce+ 1} +[xn{c—1} =2 and be(x) Ny = 0.

As a vector space, &. is spanned by vectors that are in one-to-one correspondence
with allowed idempotent states for Bs. The bimodule structure, over the rings of
idempotents I(53;) and I(B2), is specified as follows. If P = Py, is the generator
associated to the idempotent state y, then for idempotent states x and z for By
and By respectively,

[ Py, ify=zandx=1(y)
Ik ®L) Py = { 0  otherwise.

To specify the differential, consider the element A € B; ® Bo

(73) A= (1®LcLet1) + (1® ReprRe) + > Ry @ L) + Lj ® Ry

j=1
(1®ClUcy1) ifceS zm: C;@ Uy ifj€ES
(1®UCCC+1) ife+1€8s, — Uj®0¢(j) if j €& )
where we have dropped the subscript ¢ from ¢. = ¢. Let
5! (Py) = (Iw()') ®ly) A® Z P,

where the latter sum is taken over all allowed idempotent states z for Bs.

BuBzg - defined above, and equipped with the map
ot E.— (Bl ®Bg) ® &,

specified above, is a type DD bimodule over By and Bs.

Lemma 7.1. The space

Proof. The proof is a straightforward adaptation of Lemma B.10 O

It is helpful to understand &, a little more explicitly. To this end, we classify the
allowed idempotents for Bs into three types, labelled X, Y, and Z:

e yisoftype X if yNn{c—1,¢,c+1} ={c—1,c},
e yisoftype Y if yNn{c—1,¢,c+1} ={c,c+ 1},
e yisoftype Z if yNn{c—1,¢c,c+ 1} = {c}.

There is a corresponding classification of the generators P, into X, Y, and Z,
according to the type of y; see Figure 37l

With respect to this decomposition, terms in the differential are of the following
four types:
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o o [ ]
oo\ oo\ oo\
X Y z

FIiGUure 37. DD bimodule of a critical point. Three gener-
ator types are illustrated.

(P-1) R; ® Lyjy and L;j ® Ry(jy forall j € {1,...,m}\ {c—1,c}; these connect
generators of the same type.

(P-2) C; ® U¢(j) if j€S; and U; ® O¢(j) if je{l,.... m}I\&

(P—3) 1® UCCC+1 ife+1€8 or1® OCUC+1 if ce8s.

(P-4) Terms in the diagram below connect generators of different types.

(7.4)

With the understanding that if ¢ = 1, then the terms containing L. or R._1 are
missing; similarly, if ¢ =m + 1, the terms containing R.;2 and L.;2 are missing.

7.1. Grading sets. For any generator P of &, if (a2 ® a1) ® Q@ appears with
non-zero multiplicity in d*(P), then for all i = 1,...,m, w;(a;) = wg, (i) (az) and
we(az) = wey1(az). This is obvious from the form of the bimodule (Equation (7Z3))).
In the language of Section 3] we can express this by saying that the bimodule is
supported in grading 0 in Hy(W,9W), where W is the partial knot diagram with
a single critical point in it.

7.2. Critical points and crossings. Later, we will study in detail how the bi-
modules of critical points interact with the bimodules associated to crossings. For
the time being, we will content ourselves with the following special case, where the
critical point and the crossing are connected to each other.

To set notation, let ¢.: {1,...,m} — {1,...,m + 2} be the function

j ifj<e
bej)={ e+1 ifj=c
7+2 ifj>¢

ie. Yo ="Teq10 Pe = Te O Pot1-

Lemma 7.2. Fix integers 0 < k < m+1, and an arbitrary subset S; C {1,...,m},
and let By = B(m, k,S1), Bs = B(m+2,m+2—k,S2) Bs = B(m+2,m+2—k,S3),
Bys=B(m+2,m+2—k,S4) where

82:¢C+1({1,...,m})\Sl)U{c+1} or 82 :¢C+1({1,...,m}\Sl)U{c—I—Z},
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S35 = 7.(S2) and Sy = 7.41(S3). There is homotopy equivalence of graded bimod-
ules:

(7.5) Bopg, B B2Big, oy~ BNgH R Bubig,

Remark 7.3. The gradings on the crossing bimodules were chosen so that Equa-
tion (CH) holds as a bigraded module map.

The above lemma is a straightforward computation, using the following trident
bimodule B1-BsT .

Generators correspond to pairs of idempotents x and y for B; and Bs with the
following properties:

Letting, then 9.(x) Ny = 0.

ly = [x|+1

lyn{c,e+1}>1

if [yn{c,c+1}| =2 then either c—1 ¢ x and c—1 ¢y or ¢ ¢ x and
c+2¢y

We separate these pairs into four types:

(x,y) isof Type Pifc—1¢dxand c—1¢€y (so {¢c,c+1}Cy)
(x,y) isof Type Q if cgx and c+2¢€y (so {¢c,c+1} Cy)

(x,y) isof Type X if c &y
(x,y) isof Type Y if c+1¢y

)

)

See Figure B8l for a picture. (Note that these generator types correspond to the
partial Kauffman states in the sense of Definition [5.1] of the diagram containing the
maximum and the crossing, with the understanding that the incoming idempotent
is complementary to idempotent state coming from the top of the diagram.)

@] @]

0 AR :

FiGURE 38. The four generator types of the trident bimodule.

Let Tx,y be the corresponding generator of 7. As a left module over I(B1)®1I(B3),
the action is specified by (Ix®1Iy)-Txy = Txy. The differential has the following
types of terms:

(1) Rj®@L; and L; ® R; for all j € {1,...,m}\ {c}; these connect generators
of the same type.

(2) C; ® Uwc(j) if j €81\ {c} and U; ® Oi/lc(j) if je{l,...,m}\ (S1U{c});
these connect generators of the same type.

(3) C.® Ucti if ce Sy and U, ® Cc—i—l if c€ S
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(4) Terms in the diagram below connect generators of different types:

Le®Ueq1 +1®LeLey1Leqta
_ Q
w—

1+2yet2y ® 27 4 ¢+2n°
o ————— -
1® Re
o
s E
& ®
+ —
£
etoy @1
1®UcLeyo+Le ® Rey1Re

(7.6)

Proof of Lemma A straightforward computation identifies both sides with
the trident bimodule specified above, after a possible homotopy (as in the proof
of Lemma [6.2]). The fact that the map respects gradings follows quickly from the
grading conventions; see Equations (@8] and (7). O

8. THE DA BIMODULE ASSOCIATED TO A MAXIMUM

We will describe now the type DA bimodule Bz QCB; of a region in the knot diagram

where there are no crossings and a single local maximum, which connects the c**
and the (c+1)%t outgoing strand. The algebras are specified as follows. Fix integers
c, k,and m with 1<c<m+1and 0<k<m+41., and let

By = B(m, k,S1) and By =B(m+2,k+1,85),
where S C {1,...,m} is arbitrary, and So C {1,...,m + 2} is given by
Sy = ¢c(81) U {C} or S = ¢c(81) U {C+ 1}

The two cases as corresponding to the two possible orientations of the strand with
the maximum; see Figure

~

c—1 c c+1 c+ 2

FIGURE 39. Picture of maximum. Here the maximum is ori-
ented from left to right, so Sa N {c,c+ 1} =c.

As in Section[7] an allowed idempotent state for Bs is an idempotent state y for Bo
with ¢ € y and |[yNn{c—1,c¢+1}| < 1. There is a map ¢’ from allowed idempotent
states for By to idempotent states for B, given by
—1 .
/ o @ (Y) ife+r1¢y
vix) = { 6 y)Ufe—1} ifctley
Observe that ¢'(y) = {0,...,m} \ ¢¥(y), where ¢ is the map from Section [1 (c.f.
Equation (7.2)).
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A basis for the underlying vector space of B Q%i is specified by the allowed idem-

potent states for Ba. The bimodule structure, over the rings of idempotents I(53})
and I(B,), is specified as follows. If Qy is the generator associated to the allowed
idempotent state y, then for idempotent states x and z for B} and Bs respectively,

. 1 _ ) Qy ify=zandx=1'(y)
L Qy L= { 0 otherwise.

The map 47 : 329%/1 — B2 ®1(8,) 8292,1 is given by

Ul ifct+1€S,
Qy — Iy . (Rc-l-ch + Lch+1 T { OcUchl if ce 827 }) ¥ Z Qz'

where the sum is taken over all allowed idempotents z for Bs.

We split the bimodule B QCB’I =2 X ®Y @ Z according to the types of the corre-
sponding idempotents as defined in Section [ i.e.

X = @ Qy Y = @ Qy

{y’yﬂ{c—l,c,c-{-l}:{c—l,c}} {y‘yﬂ{c—l,c,c-{-l}:{c,c-i—l}}

7 = &b Q,.

{v]yn{e-tecti={c})

With respect to this splitting, 1 can be expressed as follows. If ¢ € Sy, then
651(X) =CeUrt1 @ X + Rey 1R @Y
51(Y) =C.Upy1 ®Y + LeLey1 @ X
61(Z) =CoUct1 ® Z;
whereas if c+1 € S,
651(X) =U.Cop1 @ X+ Rey 1R @Y
61(Y)=U.Coi1 ®Y + LeLey1 ®X
61(Z2) =U.Cey1 ® Z;

To define 83, it is helpful to have the following:

Lemma 8.1. Let X' and y’ be two idempotents for B that are close enough, and
x be an allowed idempotent state for By with ' (x) = x'. Then, there is a uniquely
associated allowed idempotent state y with ¢'(y) =y’ so that there is a surjective
map Ox: Iw - By - Iy — Ix - Bo - I, that maps the portion of Iy - By - Iy with
weights (wy,...,wy,) surjectively onto the portion of Ix - By - Iy with wgy, ;) = w;
and we = wey1 = 0, and that satisfies the relations ®x(U; - a) = Uy ;) - Px(a) and
Ou(Cj-a) = Cy ;) - Px(a) foranyicl,...,m, j€ 8], and a € Ly - B} - Iyr.

Proof. Recall the weight v* of idempotents, as defined in Equation (B3]). Since
x' and y’ are close enough, then there is some integer j € Z so that exactly one
of the following holds:
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(8) (1,02) = (4,5) and (Wy,0¥) = (+1,5)

(4) WEp, ) =g —1) and (0 4,0¥) = (= 1,j —2)
(5) @awr) = (g —1) and (0 o) = (G- 1.5 -1)
(6) (vyvX) = (g = 1) and (4, 0¥) = (4,5 = 1)

(1) (wy0F) = (g = 1) and (04, 0¥) = (j,)

(8) WXy, 0X) =7 —1) and (014,0¥) = (+1,4)

In each of these cases, we claim that there is a unique allowed idempotent state y
for By with ¢/(y) =y’ so that

(8.1) (01, 07) = (v, 07).
To specify y, it suffices to specify its type, as we do in the eight cases listed above:

(1)
2

is of type Z; y is of type Y.

is of type Z and y is of type Z

is of type Z; y is of type X.

is of type X and y is of type Y.

is of type X and y is of type Z

and y are both of type X or both of type Y
is of type Y and y is of type Z

is of type Y and y is of type X.

[ T I T I

3
4
5
6
7

8

>

AN AN N N S N
M

Recall that there are graded identifications
¢V L F[UL, ... Up] = Ty - Bo(m, k) - I,
@Y F[Ur, ..., Upgo] = Ix - Bo(m + 2,k + 1) - I,.
The ring map
¢: F[UL,...,Un] = F[UL, ..., Upnqo]
with ¢(1) =1 and ¢(U;) = Ug(;) induces a map
Lo - Bo(m, k) -Iyr — 1o - Bo(m +2,k+1) - I
that maps the portion of Ly - By(m, k) - I, with weights fixed at (wf,...,w],)

m

onto the portion of Lc - Bo(m + 2,k + 1) - I, with weights fixed at w; = w}, ;) and
We = Wey1 = 0.

In the eight above cases, we check that ¢(Z(x',y’)) is mapped into Z(x,y). In all
cases other than Case [G there are no generating intervals for (x’,y’) that contain
¢ —1 in their interior. Moreover, the images of these generating intervals under ¢,
are generating intervals for (x,y). In Case[d there is a generating interval [p,q|
with p < ¢—1 < ¢. If, furthermore, x and y are of type X, then [¢+2,...,¢+2] is
a generating interval for (x,y), so Z(x',y’) is still mapped into Z(x,y). Similarly,
if x and y are of type Y, [p,...,c— 1] is a generating interval for (x,y), so once
again Z(x’,y’) is mapped into Z(x,y).

It follows that ¢ induces the map ®x on B(m,k) C B}, which we can extend so
that ®,(a - C;) = Cy(j) - Px(a) for all j € S] to get the map required by the
lemma. g

Lemma 8.2. Suppose that X, x5, and x4 are three idempotent states for B}, so
that xj is close enough to xj,, for i =1,2; and choose any x1 so that 1 (x1) = x .
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Let xo be the idempotent state associated to (x1,x},x5) as in Lemma [8], and
then x3 be associated to (Xa2,x%,x%) by that lemma. Then, there is a commutative
diagram:

#/
(Lq - Bl L) @ (L - By L) —2— Ly - Bj I

Dy OB, l l«bxl

(I, - Bo - Li,) @ (I, - By - I,) —2— I, - By - 1o,

where ph and ps are multiplications on By and By respectively.

Proof. Commutativity of this diagram is an immediate consequence of the fact
that ® preserves the weights, which in turn determine the multiplication on the
algebras. 0

If a =1I¢-a- I, € B(m,k) C B} is a non-zero algebra element, and x is any
allowed idempotent with 1'(x) = x’, let 41(Qx,a) = Px(a) ® Qy, where y is the
idempotent from Lemma [B1] associated to (x,x’,y’); i.e. ®x(a)- I, = Px(a).

Theorem 8.3. These actions give 829%,1 the structure of a DA bimodule that is
adapted to the corresponding partial knot diagram (containing a single maximum,).

Proof. Consider the case where c+1 € Sy ; the case where ¢ € S works similarly.

The Ao relation with no incoming algebra elements has the form

+ +

o1
(8.2) Lo+ 7
/5% Ba I
B |
P 2 $ \/ ¥

The terms that change type from X to Y and back to X (contributing on the left
to Equation (82)) contribute (Rey1 - Re - Le - Ley1) @ X = U, - Uey1 @ X which
cancels with d(Ceq1-Uc)®X (contributing on the right to Equation (82)). A similar
argument works for generators of type Y. Since U.U.41 ® Z = 0, Equation ([82)
now follows.

The Ay relation with one algebra input follows from the equations

v <
55 o1

(8.3) 1 + 1 =0
B { 0 B { 03

| o |
v b v 4
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and
' 1 v
51 B
(8.4) v + v x =0
p 8

We verify Equation (83)) for incoming algebra elements a = Ix/-a-Iy . For the terms
in 6{ that preserve type, U.Ce11, both have the same contribution: multiplication
by U. - Ceq1 induces an endomorphism of Iy - B - I, that maps the portion with
we = Weq1 = 0 injectively into w. = wer1 = 1 (since the generating interval for
(x,y) containing ¢ or ¢+ 1 contains both ¢ and ¢+ 1).

Consider next the terms (L.L.y1 and R.y1R.) where ] changes the type of the
idempotent. When &3 changes the type of the idempotent, as well, both terms
in Equation (83]) vanish, since in that case the outgoing algebra element moves
too far. Finally, consider the the case where 83 preserves the idempotent, and
suppose the incoming generator is of the form @, where x; is of type X and
¥'(x1) = x. Let x2 be the allowed algebra element of type Y with ¢/(x2) =y,
so that Ix, - LeLey1 = LeLeyr - I, . The cancellation of the corresponding terms
in Equation ([83]) now follows from the easily verified identity ®x,(a) - LeLet1 =
LcLet1 - Px,(a). The case where the incoming generator is of type Y follows from
the similar equation: ®x,(a) - Ret1Re = Rer1Re - Px, (a).

Equation ([84) follows from the fact that Cs.(j) * Px = Px - C; for all j € S;.

The relation

|

|

|

v u + /(5
By &
2

‘ I
g ;

is equivalent to Lemma B2 Since d; =0 for £ > 2, the A, relations now follow.

To verify the grading, note that all the algebra output in the bimodule satisfy
we(b) = wet1(b). Combined with the grading properties from Lemmal[8T] it follows
that Q¢ is graded by H*(W, W), where W is specified by the partial knot diagram,
and the module is thought of as supported in grading 0. To verify the Maslov
grading, note that all the algebra outputs appearing in 6 have Maslov grading
—1. We can think of Q¢ as supported in Maslov grading 0. It follows readily that
Q¢ is adapted to W, as in Definition O
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It is convenient to summarize this as follows: when ¢+ 1 € S, the §] actions are
specified by the following diagram:

CeUcta CeUcy1

Q LeLey Q
—
Xe— Y
Rcyi1Re

CeUcy1

)

Z

and the 03 actions are specified by the diagram

ReyoRe—1 ® ReRe—1

Xe—— —""""—=Y
Le_1Leya® Le_1Le
%

once we include outside actions L; ® Ly, (5, Bi @ Ryiy, Ui @Uyy and C; @ Cy,_ (5
for i € {1,...,m} and j € §;, with the further understanding that &} is extended
to be multiplicative in the incoming algebra elements.

Proposition 8.4. Q° is dual to the module &. from Section [, in the following
sense. Let By = B(m,k,S1), where S C {1,...,m}; B} = B(m,m+1—-E,S}),
where 8§ ={1,...,m}\ S1; and B2 = B(m,m+ 1 —k,S2), where So = S} U {c}
or 8§ U{c+1}. Then, BZQCBi X BuBic ~ Babig

Proof. This is straightforward to check using the definitions. O

8.1. A special case. When there is a single maximum, and no other strands, we
define a type D structure over the algebra By = B(2,1,{1}) or B(2,1,{2}), 52Q.
This type D structure has one generator Z with Ify-Z = Z, and Y Z) = C1ULRZ
or 64(Z) = U103 ® Z, according to how the strand is oriented. Obviously, this can
be thought of as a degenerate case of the earlier construction, where the incoming
algebra Bj = B(0,0,0) = F.

8.2. Partial Kauffman states and grading sets. Formally, the generators can
be thought of as corresponding to partial Kauffman states. There are no crossings,
and it has the following types of regions:

e one of these regions does not meet the top slice, and so it must be “unoccu-
pied”, and so its only intersection with the bottom slice must be occupied,

e one of these regions meets the top slice in one interval and the bottom in
two: thinking of this region as “occupied” gives the generator of type Z;
thinking of it as unoccupied gives the other two generator types X and Y,

e all other regions meet both the top and the bottom slice in one interval
apiece; they can be either occupied or unoccupied.
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The bimodules can be graded by %Zm exactly as in the case of Section [l The
fact that 63 respects this grading is contained in Lemma BRI} the fact that &7
respects it is clear. As in Section [[I] the grading set of can be thought of as %Z—
valued functions on the arcs in the partial knot diagram. This grading is consistent
with the grading of K by %Zm, combined with the induced grading on the tensor
product, Proposition R4

9. THE MINIMUM

Fix integers 0 <k <m+1 and some 1 <c<m+ 1, and let
(91) B :B(m+2,k+1,81) and Bs :B(m,k,Sg)

and where Sy C {1,...,m} is arbitrary and S; = ¢.(S2) U {c} or 81 = ¢.(S3) U
{c+1}, where ¢, is the function from Equation (ZI)). We will describe a bimodule
Bz Uj, that will correspond to introducing a new minimum (or cup) in the diagram
that connects the incoming strands ¢ and ¢+ 1. (We will be primarily interested
in the case where m = 2n, k =n = |S|.) Note that we follow the convention that
B is the incoming algebra and Bs is the outgoing algebra; thus the notation for
B1 and B, is opposite to the one used in Section [8]

9.1. Description of the bimodule when ¢ = 1. We start by describing Bz U3,
when ¢ =1 and 2€ S; (and so 1 ¢ Sy).

A preferred idempotent state for By = B(m +2,k+1,S3) is an idempotent state x
with xN{0,1,2} € {{0},{2},{0,2}}. We define a map 1) from preferred idempotent
states of By to idempotent states of By, as follows. Given preferred idempotent
state x for By, order the components x = {x1,...,Zr1} so that &1 < -+ < Tgy1.

Define
Y(x) = {0,253 —2,... 251 — 2} if [xN{0,1,2}] =2
{2 —2,... 241 — 2} if xn{0,1,2}| =1

Generators of the DA bimodule 0! = 52 Up, correspond to preferred idempotent
states, and the bimodule structure over the idempotent algebras is as follows. If x
is a preferred idempotent state, let Tx be its corresponding generator. Then,

| Tx ifx=zandy =9(x)
Ly Tl = { 0  otherwise.

The bimodule structure is expressed in terms of the following oriented graph I'.
The vertices of I' correspond to words {Cs, L1Cs, Ra, Uf, L1U}}4>0, with the un-
derstanding that UY = 1. The graph comes equipped with the following oriented
edges, labelled by words of the form {1, L, U, U{Cy, RiU{C3}t>0.n>0:

An edge labelled 1 from Ry to Rs.

An edge labelled 1 from L1C5 to L1Cs.

An edge labelled L1Cs from 1 to L1Cs.

An edge labelled Ly from C5 to L1C5.

An edge labelled Ry from from 1 to Rs.

An edge labelled Us from 1 to Cs.

An edge labelled Ly from Rs to Cs.

For each n > 0, an edge labelled U7* from L;Cs5 to L,Uun1.
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Co

FIGURE 40. Operation graph for a minimum when 2 € S;.

For each t > 0, an edge labelled R U{ from L;C5 to U}.

For each s > 0 and ¢t > 0 so that s +¢ > 0, an edge labelled CoU; from
Ut to U™ and another with the same label from U{L; to U;**"'L;.
For each s > 0 and ¢ > 0 with s +¢ > 0 an edge labelled CoU;{L; from
Ut to U 1L,.

For each s > 0 and t > 0, an edge labelled CoUf Ry from UfL; to Uf“.
For each n > 1, an edge labelled U}* from Cy to Ulnfl.

For each n > 1, an edge labelled U'Ly from Cs to ULy .

See Figure [Q for an illustration.

Fix a sequence aq,...,ar—1 of pure algebra elements in B(m + 2,k + 1,81). We
call the sequence an preferred sequence if the following conditions are satisfied:

(U-1) there are idempotent states xi,...,x; so that Iy, - a; - Ix,,, = a; for
i=1,...,0-1,

(U-2) The idempotent states x; and x, are preferred idempotent states.

(U-3) Each C; with j € &\ {2} divides at most one of the ay.

(U-4) There is an oriented path eq,...,ep in I’ beginning at C2L; if 0 € x; and

at Ry if 0 € x1. The label on the edge e;, thought of as an algebra element
in B(m+ 2,k +1,51), has wi(a;) = wi(e;) and wa(a;) = wa(e;); and a;
is divisible by C5 if and only if e; is divisible by C5, none of the internal
vertices are at Ry or L1C5, and the terminal vertex is at L1Cy or Rs.
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For a preferred sequence, there is at most one pure non-zero element b € By char-
acterized by the following properties

(PS-1) b= Ty(x,) - b
(PS-2) For j € Sy, C; divides b if and only if Cj o divides some ay,
(PS-3) For i=1,....m, wi(b) = 35 7 wira(aj).
-1

—_—
Define maps 4, : 820181 BI®--- @B = B ® 320181 by specifying them on
sequences ai,...,ap—1 € B(m+2,k+1,81) for which there are idempotent states
X1,...,X¢ with I, - a; - Iy,,, = a; and the a; are pure. For such a sequence,
the operation & (Tx,,a1,...,a¢—1) is non-zero only if the sequence is a preferred

sequence, and we define 5} (Tx,,a1,...,a0-1) = b® Tx,, where b is the algebra
element specified by the sequence. For £ = 1, we define J; = 0.

For example, sequences (ay,...,as—1) for which &} (T,ay,...,a) is non-zero (for
suitably chosen T') include the sequences

(92) (LQ,Ll), (Rl,RQ), (LQ,Ul,RQ), (Ul,OQ);

the first comes from a path from Ry to L;C5; the second comes from a path from
L1C5 to Ry, the third goes from Ry to itself, and the last goes from L;C5 to
itself). The loops labelled 1 also give rise to the following actions: if x; and xa
are preferred idempotent states, then:

5% (TxlyRi) =R, 2® TX2 if ¢ > 2 and le R =R, - IX2

0}(T,, Li) = Li—a® Ty, ifi>2andif L, - L; = L; - L,
6% (TX17Ui) = Ui—2 & TX1 ifi>2
6%(TX170]'):C]’—2®TX1 lf2<]€81

As an illustration, we list some other preferred sequences:

n n

n
(U1 Ry, L1Cs, Cy), (Ly,U1,Us, ..., Uy, Us, L), (U7, Cy, ..., Cy).

So far, we described the case where 2 € 1. In cases where 1 € §1, we modify the
earlier construction slightly as follows: in the description of the graph I', switch the
roles of Uy and Uy, Ly and Ry, Ry and Ly, Cs and C7. To read off the actions,
allowed idempotent states with 0 € x correspond to the starting vertex L;, and
those with 0 ¢ x correspond to R2C;. With this adjustment, the bimodule is
defined as before. See Figure [41] for a picture.

Proposition 9.1. The above maps 8, on 826}31 satisfy the DA bimodule rela-

tions; and U is adapted to the one-manifold underlying its knot diagram (Defini-
tion [3.19).

Proposition @I will be proved after we give an alternative construction of U', later
in this section. The significance of U! is formulated in the following:

Lemma 9.2. U' is dual to &, in the following sense. Fix arbitrary integers
0 <k <m, asubsequence Sy = {u,...,us} C{1,...,m}, and let

S1={lLu1 +2,...,us+2} or S1={2,u1 +2,...,up+ 2},
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QUzcl

FIGURE 41. Operation graph for a minimum when 1 € S;.

S3 = {1,...,m+2}\81; B = B(m+2,k+1,81), By = B(m,k,Sg), and Bz =
B(m+2,m+1—Fk,8Ss). Then, there is an equivalence 520, R BB ~ B2Bag

Proof. The generators of U! corresponding to idempotent states with xN{0,1,2} =
{2}, {0}, and {0, 2} respectively induce generators in 525, K 852K correspond-
ing to generators of Q of type X, Y, and Z, in the notation of Section [§

If 2 € S1, we can pair the actions from Equation (@2 (counting the last one twice)
with the differential from K to give the differentials

X—=>(1®LL)RY, Y>> (10RR)®X, Y= (10CU:)®Y
X—-1eCU)eX, Z—(1eCU;)®Z

appearing in the description of B2:83&; . The loops labelled 1 induce 83 actions by
the part of the algebra with w; = wa = 0. These actions give rise to the remaining
terms for the differential in & . The case where 1 € §; works similarly. O

9.2. An alternative construction. We describe a By —B; DG bimodule M that
is quasi-isomorphic to the bimodule BZUCBI with ¢ = 1. Proposition [0.J] will be an
immediate consequence of this construction. We continue with the hypothesis that
2 € &1, returning to the other case at the end of the subsection.

Let T = Z{x‘m:l} Ix € By. There is a natural inclusion of ¢: By — I- 857 -1,

whose image consists of the portion of I-B; - I with w; = wy = 0. In particular,
d(R;) =1 -Riyo and ¢(L;) =1-L;1o. Thus, we can think of I-B; as a left module
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for Bsy; it is also a right module for B;. Consider the bimodule
62M61 == I : Bl/LlLQ : Blv

thought of as a Ba-Bi-module, i.e., with mq1)0(b, a) = ¢(b) - @ and mg1(a,a’) =
a - a’; and equipped with the equipped with the endomorphism 8 = d + U;Cs.

In the next lemma, we describe the left Bs-module strcture on M, using the fol-
lowing notation. Fix an algebra element a € By, and consider I-a. This generates
a left I(B2)-module, under the identification I(Bs) = I-I(B3)-I. Thus, we can
form a new left By-module By ®yg,) I(B2) - Ia, which we abbreviate B ®yz,) a.
In general, there is a quotient map of left Bz-modules Bz ®y(5,) a — Bz - a.

Lemma 9.3. Consider p,Mp, equipped with endomorphism mg10 = 0 as a left
module over Bo. There is an isomorphism p, M = @ai Ba ®y(B,) ai, where the a;
are chosen from the generating set

(9.3) {RUL, UL, CaRuUL, CuUL, LU, Uf, CoUl}is0nso0-

Proof. Consider any a = Ix-a-I, with 1 =1, and with non-trivial projection to
I- Bl/LlLQ . Bl. If Yy = 0, then a = Ll[]ie - a2 with ’LU1(CL2) = w2(a2) = 0, indeed,
in this case, a = abL U} (where a) and a differ in their initial idempotent). If
y1 = 2, then a = b- RyUS or b- RyULCy. Finally, if y; = 1, then a = b-US or
a =0b-U}. This shows that the generating sets are as enumerated above.

So far, we have identified the Bs-orbits g, M = @, Bz-a;, where the a; are as listed
above. For each of the above summands, the identification By - a; = By ®1(5,) a; is
equivalent to the statement that if x is an idempotent state with 1 =1, b=1-b-1
is an element of By with w(b) = wa(b) = 0, and Iy - b-a; = 0, then Ix -b=0.
But this follows from Proposition B 7 together with the fact that that if x is an
idempotent state for By with 1 = 1 and y is another idempotent state, then no
generating interval (in the sense of Definition B:f]) can contain exactly one of 1 or
2, whereas none of the a; enumerated above is divisible by U1Us. [l

According to the above lemma, g,Mp, can be thought of as a type DA bimodule
with generating set specified in the lemma (see Equation (23); i.e. there is a type
DA bimodule 32 Xp, sothat g,Mp, = B2 X B2 X3, - There is a much smaller model
for this type DA bimodule using the following;:

Lemma 9.4. The inclusion map (B2 -L1C2) & (B2- R2) C g,Mp, induces an
isomorphism in homology.

Proof. In view of Lemma [0.3] we can define H: M — M by specifying
H(by - RoUy) = by RoUy ' Co
H(by - U) = boUy ™ 102
H(by - CoUT) = boUT'™
H(b2) = H(bz - Ra) = H(b2C2R2U3) = H(b - L1U7)
= H(by - CoRoU%) = H(by - LiCoU}) =0

for all n > 0, t >0, and be € By (thought of as the subalgebra of I-8; -1 with
wy = wg = 0). Tt is straightforward to verify that Id+90 o H + H o d is projection
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onto the image of (By - L1C3) @ (B2 - Ra) C B, Mp, . For example, if a = by - CoU7
with n > 0, then 9o H(a) = a + (dbo)Uy™*, and H o d(a) = (dbo)U™*; so
(Id+0o0 H+ Hod)(a) =0. O

Proof of Proposition We continue with the hypothesis that 2 € ;. By
Lemma [34] (and the homological perturbation lemma, in the form of Lemma [2.12)
(By - CaL1) @ (B - R2) inherits an A, bimodule structure quasi-isomorphic to M .
To this end, note that the maps H appearing in Lemma [0.4] are Bs-linear, and so
they can be thought of as morphisms of type D structures as in Lemma

The induced DA bimodule structure on (Bs-CoL1) @ (B2 - Rg) coincides with
the bimodule structure on 52 U}gl. In a little more detail, the labels on the edges
e1,...,ep—1, associated to the algebra elements ai,...,as—1 are chosen according
to the following rules:

e labels for the possible edges e; out of v1 = Ry or L1y are chosen so that,
according to Lemma[0.3] we have by € By with vy - a3 = by - vo (thinking of
v; as certain left By-module generators of M from Equation ([@3)));

e labels for the edges e; with 1 <i < ¢ —1 from v; to v;+1 (thought of as
certain elements of B;) are chosen so that, according to Lemma [0.3] there
is b; € By with v; -a; = b; - w; , and Vir1 = H(’LUZ)

e For the choices of final edges e;—1 into (with vy = Ry or L1C5), once again
the labels were chosen so that for some by_1 € By, vp_1-ap_1 =by_1-vp.

Thus, as in Lemma 212 the induced DA bimodule structure associates to the
sequence ai,...,ag—1, is the product b = by ---by—1, which in turn is the output
element associated to the pure sequence in our definition of 5} from Section 0.1

Observe that for all sequences a1 ® --- ® ag—1 appearing in the A, operations,
Zf;ll wi (a;) = Ef;ll ws(a;). This, together with Property [(PS-3)] amounts to the
statement that U’ is graded by the set H'(W,0W). Observe also that for each
preferred sequence a,...,as_1, we have that Ele ma(a;) — 2ws(a;) =1—£. (To
see this, note that the change in the vertical coordinate of an arrow labelled by an
algebra element a in Figure[@0lis given by ma(a) —2wa(a)—1.) This, together with
Property ensures that the operations respect a Z-valued Maslov grading.
Obviously, U is finite dimensional. We have thus verified that U? is adapted to
the one-manifold underlying the partial knot diagram with a left-most minimum.

When 1 € §;, the above discussion applies with straightforward notational changes,
switching the roles of U; and U, L1 and Rs, Ry and Ly, Cy and C;. For
example, the analogue of Lemma holds, where now a; are chosen from

{LUf, Uy, CGiLUf, GlUY,  ReUs, Us, CiUs}iso.n>o0-
The analogue of Lemma[0.4] gives a model generated by (Ba- R2C1)® (B2 L), with
A structure obtained from the graph I' with the corresponding modification. [
9.3. The bimodule of a minimum with arbitrary c. Having defined BQU%I

for ¢ = 1, we can inductively define it for arbitrary ¢ by the relation

(9.4) Bug, = Poy BPPg, R BpgY
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with algebras B; and By chosen as in the beginning of the section; and Bs =
Bm+2,k+1,7.-1(S1)) and By =B(m+2,k+ 1,7c07.-1(S1)). See Figure d2

FIGURE 42. To define 3¢, tensor U°~ ! with P°¢ and P°~!, as shown.

Proposition 9.5. Choose By and Bz as in Equation (@), and let B} = B(m +
2m+2—k{l,...,m—+2}\ S1). Then BZUCBI is a type DA bimodule that is
adapted to the one-manifold underlying its partial knot diagram, and it is dual to
E., in the sense that

(9.5) Baps, ) BB o~ Babig,

Proof. The tensor product defining U¢ is well defined thanks to Proposition [3.20]
and induction on c.

Equation (@) is verified by induction on ¢, and the basic case ¢ = 1 is Lemma[@.2
For the inductive step, we compute:

B, M BB > Bugt R Bipg ® (BPg R BE)

~ By Bepg, ® (Bpg R i)

12

BQUCB;l X (Bll'PC::l X (847)1033 X Bg,BéIC>>

1

Buptw (Bipgtw (P R Fii))

1

B, c—1 B, c 32 c—1 34,3,
1Pg R BPE K ( U, ' ) BB
B -1 B By.B
~ Bipp iR By W it
’ ’ !
~ Bipe iR BN TR BB,
3 1
’
~ 81’8250,

using associativity of X (Lemmas 24 and [29), Lemma [6:6, the trident relation
(Lemma [T.2)), the inductive hypothesis, and the fact that P and N are inverses
(Equation (6.I))). LemmaZdapplies, since the bimodules P* for any k& have 5} =0
for all j > 3. The steps (skipping associativity) are illustrated in Figure [43] O

9.4. The terminal Type A module. We have described the DA bimodule as-
sociated to a local (but not global) minimum. For the global minimum, we give
the following different construction. Note that the algebra immediately above the
global minimum has B = B(2,1,{2}) or B(2,1,{1}), depending on the orientation
on the global minimum (left to right or right to left). Consider first the case where
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DD bimodules, the rest correspond to type DA bimodules.

B = B(2,1,{2}). Since the outgoing algebra has no strands (and so it can be
thought of as ), the we construct a type A module over the incoming algebra.

As a vector space, tUp(2,1,{2}) is a two-dimensional, with generators X and Y.
The right I(B(2,1,{2}))-module structure is determined by

(9.6) X=X-I;; Y=Y I

The right module structure is determined by the formulas:

(9.7) X-In=Y Y R =X X-Co=Y- -Cy=0.
The idempotent relations imply that X - Ro = 0. It follows that
X -LUi=Y Y R U =X X -Ul=X Y Ui =Y,

for all ¢ > 0; and U,y acts trivially.
Defining M (X) = M(Y) =0, it follows that tU has a Z-valued Maslov grading,.

Unlike the modules encountered thus far, tU is not graded by Alexander set, which
in this case is %Z. However, it is filtered by it, in the sense that if a is a homoge-
neous element with ms(X,a) # 0, then wa(a) — wy(a) <0.

An analogous construction works for B = A(1,{1}). In that case, X = X - Ijyy,
Y =Y - Ijy;; and actions are determined by X - Ry =Y, Y- Ly =X, X-Cy =
Y - C7 = 0. Again, this module is filtered.

Both versions of tU have an associated graded object, with two generators X and
Y satisfying Equation (@6). The actions by Ly L2, Ry, Ra, Uy, Uy are all 0;
the action by C7 or Cy (whichever is in the algbera) is also 0.

Proposition 9.6. Let Y be a type D structure over B =B(2,1,{1}) or B(2,1,{2}),
with equipped with a Z-valued Maslov grading and a %Z-wlued Alexander grading.

Then, the tensor product tOKXY is naturally Z-graded (by the Maslov grading) and

it is filtered by the Alexander grading. Its associated graded object coincides with

the tensor product ORY .

Proof. The sums in the tensor product are finite since tU is bounded. The Maslov
gradings on Y and tU induce Maslov gradings on the tensor product as usual, and
the Alexander grading on Y induces an Alexander function on tO XY . Since 0
is the associated graded object for tU, it follows that the associated graded object
for tURY is tORY . 0
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10. SYMMETRIES

We note some symmetries in the algebras and bimodules described above.

One symmetry, which can be visualized as rotation through a vertical axis, is in-
duced by an isomorphism between the algebras. That is, consider the isomorphism
R: B(m,k,S) — B(m,k, p(S)) defined in Equation BI0). As in Example[Z3] this

map gives a DA bimodule, denoted [R] = B(m’k’p(s))[R]B(mykyg).

The bimodules for crossings and critical points are symmetric under this vertical
rotation, according to the following:

Lemma 10.1. Fix integers ¢, k, and m, with 1 <c<m+1 and 0 <k<m+1;
and fir S1 C {1,...,m}, Sa C {1,...,m + 2} so that S2 = ¢.(S1) U {c} or
Sy = ¢.(S1) U {c+ 1} (with ¢. as in Equation [I)). Let By = B(m,k,S1),
By = B(m,k,S), By = B(m,k,p;,,(S1)), and By = B(m, k,p;,5(S2)) (using
notation from Section[38). The following identities hold:

B R]s, B 5205 = PR ROR]s, P [R]s, RPUE, = B0E R [R]s
Also, forany i =1,...,m—1, let B3 = B(m, k,7(51)) and B = B(m, k, p,,,(7(S1))
we have identities

%R]s, @ 5Py, ~ PP KR, P [R]s, BN, ~ BN R R]s,

Proof. It is easy to see that [R]XK =2 L KX [R].

The above results then follow from the invertibility of the DD bimodule, and the
easily verified identities [R]XE. = &, q2-X[R] and [R]XP; = P,,,_; K [R], where
the latter isomorphism preserves N and S and switches E and W. ([

Recall that there is an algebra isomorphism B(m,k,S) = B(m,k,S)°? (Equa-
tion (3II)). An arbitrary DA bimodule %2 Xy, has an opposite module X , of the
form 5, XB2 = 85" XBop If B; = B(m;, k;,S;) for i = 1,2, we can view the opposite
module X°P as a bimodule over the same two algebras, X°P = [o] KX X K [o].
Proposition 10.2. Under the identification B(m,k,S) = B(m, k,S)°? from Equa-
tion BII), there are identifications of bimodules QP ~ Q., P ~ U, (P")P =~
N, and (N*)°P ~ P

Proof. We claim that £P ~ &£.. The identification switches the roles of X and
Y, and fixes Z. For each pair of generators in Equation (74)), there are two arrows,
and the symmetry switches those two arrows; observe that if one arrow is labelled
by a ® b, then the other is labelled by o(a) ® o(b).

The identity (P;)°P ~ N; follows from the definition of N; given in Section 55 O

11. CONSTRUCTION AND INVARIANCE OF THE INVARIANT

11.1. Topological preliminaries.

Definition 11.1. A pointed knot diagram is a projection of an oriented knot dia-
gram in S?, with a marked point on it. A pointed Reidemeister move is a Reide-
meister move supported in a complement of the marked point.
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The following result is well known; see [8], Section 3].

Proposition 11.2. Any two pointed knot diagrams for the same knot can be con-
nected by a sequence of isotopies (in S? ) and pointed Reidemeister moves (in S?).

Proof. By Reidemeister’s theorem [26], any two knot diagrams for the same knot
can be connected by a sequence of Reidemeister moves. To see that we can arrange
to make those moves disjoint from the marked point p, it suffices to show that p can
be moved through a crossing by a sequence of pointed Reidemeister moves. Suppose
we are attempting to move a crossing across p, situated immediately south of the
crossing. Viewing the knot projection as supported in S?, we can equivalently
move the strand north across the knot diagram, bringing it back north through the
point at infinity, as shown in Figure @4l This move can be realized as a sequence
of Reidemeister 2 and 3 moves disjoint from p. O

]
J}TL —\f

FIGURE 44. Moving an overpass across the basepoint is equiva-
lent to a sequence of Reidemeister moves away from the basepoint.

Consider a pointed knot diagram in the plane, and consider the projection to the y
axis. We say that the diagram is in bridge position if the following properties hold:

e All critical points are either minima or maxima.
e The minima, maxima, and crossings project to distinct points in the y axis.
e The global minimum is the marked point.

There are two kinds of diagrams in bridge position, depending on the orientation
of the global minimum; i.e. left to right (LR) or right to left (RL).

Definition 11.3. A bridge move connecting two diagrams D1 and Do in bridge
position is any of the following types of moves:

e Creation of a single local mazximum and local minimum; or the cancellation
of such a pair. This is called a pair creation or pair annihilation.

o Sliding a mazimum or non-global minimum through a crossing, called a
trident move

o Commutations between distant pairs of special points (each of which is a
mazmimum, non-global minimum, or a crossing), called a commutation
move.

In the above description, “distant” refers to special points not on the same strand,
which are covered by the other two kinds of moves. All of the above moves are
pointed isotopies; they leave the global minimum in place.

If D is in bridge position, there is a pointed diagram D’ in the sphere, by adding
a point at infinity adjacent to the marked point. We say that D induces D'.
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AT =TT =R T
YO =TT
VNI = TH A

FIGURE 45. Bridge moves. Top row: annihilation and creation
of a pair of local minimum and a maximum; second row: a trident
move. (The three other trident moves are obtained by changing
the two crossings, reflecting through a horizontal line, or both.)
Third row: commutations of a maximum and a distant crossing.

Lemma 11.4. Any pointed knot diagram in the sphere is induced from a planar
knot diagram in bridge position. Moreover if two planar knot diagrams Dy and Do
of the same type (i.e. LR or RL) induce (planar) isotopic knot diagrams in the
sphere, then they can be connected by a sequence of bridge moves as above.

Proof. Consider the basepoint on the knot projection, and place a second point
p € S? so that the point on the knot with minimal distance to p is the basepoint.
There is a choice here: the orientation on the knot distiguishes the two sides where
p can be placed; e.g. thinking of the knot locally as the z axis, oriented from left
to right, p could either be slightly above or slightly below the x axis. Let a be a
minimal arc from p to the basepoint in K. Stereographic projection from p gives
a planar knot diagram, which we rotate so that a is taken to the portion of the y
axis with y < t. If p was slightly below resp. above the distinguished point, the
resulting diagram is of type LR resp. RL. Perturbing this map slightly (e.g. by
moving p slightly) we can arrange that the resulting diagram is in bridge position.

Performing this construction in a one-parameter family, we get a one-parameter
family of planar diagrams, for which the global minimum is the marked point. In a
generic one-parameter family, the following can occur: two critical points create or
cancel, a crossing crosses a critical point, or any two distant special points project to
the same y coordinate. Crossing this codimension one locus, the diagram undergoes
a pair creation or annihilation, a trident move, or a commutation move. O

11.2. Constructing the invariant. Choose a knot planar knot diagram D in
bridge position, and slice it up t; < --- < t; so that the following conditions hold:

e for i =1,...,k — 1, the interval [t;,¢;+1] contains the projection onto the
y axis of exactly one crossing or critical point
e for i =1,...,k, t; is not the projection of any crossing or critical point

e there are no crossings or critical points whose y value is greater than
(and so [tx—1,tx] contains the global maximum)

e there are no crossings below ¢;, and the only critical point whose y value
is smaller than ¢; is the global minium.
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For i = 1,...,k — 1, we have seen how to associate a type DA bimodule to the
portion of the diagram that projects into [t;,t;11]; it is either of the form P7,
NI, Q¢ or U°. The top portion [tx_1,tx] contains the global maximum, where
the incoming algebra has no strands, so the DA bimodule is, in fact, simply a
type D module (see Section[BT]). The bottom portion [—oo,t1] has only the global
minimum, so the outgoing algebra has no strands; there we attach the terminal
type A module tU from Section Note that for each partial knot diagram,
the assoicated bimodule is adapted to the one-manifold underlying the partial knot
diagram; and the hypothesis that our diagram is a indeed one for a knot ensures
that the tensor products can always be taken; see Proposition .20 It is also worth
noting that the generating sets for all the partial knot diagrams correspond to
partial Kauffman states; this property is evidently preserved by X.

The chain complex C(D) is now obtained as an iterated tensor product (via X) of
these pieces. It inherits a filtration, whose associated graded object, C(D), can be
computed by exchanging tU with the simpler terminal module tU.

Theorem 11.5. The filtered homotopy type of C(D) is an oriented knot invariant.

The quasi-isomorphism type of the chain complex C(D) does not depend on the
order in which the type DA bimodules are tensored together (Lemma[Z4). Thus, to
check the invariance of C(D), it suffices to check identities between DA bimodules
associated to the bridge moves, which we do in the next section. The proof of
Theorem is then given in Subsection [1.41

11.3. Invariance under bridge moves. We order bridge moves as follows:

(1) Commutations of distant crossings

(2) Trident moves

(3) Critical points commute with distant crossings
(4) Commuting distant critical points

(5) Pair creation and annihilation.

We verify the invariance of our invariant under bridge moves in the above order.

Bridge moves involve the interactions of two consecutive pieces in the chopped up
knot diagram, The above procedure associates bimodules to each of those consecu-
tive pieces which we tensor together, and the bridge moves are verified by verifying
identities between the bimodule associated to the two bimodules tensored together
and the tensor of the two bimodules after the bridge move (except in pair creation
or annihilation, which states a relation between the tensor of two bimodules and a
third bimodule, the identity bimodue). Thus, for example, commutations of distant
positive crossings asserts the relation P X PJ ~ PJ X P? when |i — j| > 1, which
was already verified in the verification of the braid relations (Theorem [6-1]).

Consider next trident moves. There are four types of trident moves: the one illus-
trated in the second row of Figure [45 the one obtained by changing the crossings
in the picture, the one obtained by mirroring the picture through a horizontal line,
and the one obtained by changing the crossings in the horizontally reflected picture.

Lemma 11.6. The DA bimodules associated to the two pictures before and af-
ter a trident move are quasi-isomorphic; i.e. the following four identities hold,
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corresponding to the four kinds of trident moves:

(11.1) Bapg W Plgt ~ PN R B0,
) Bpet g By ~ Bong R OBy
) B @ By ~ By, ) BINGH
) 836%2 X 8273;-:-1 ~ 336%1-1 X B4Nl§1

Proof. All four identities follow from Lemma [.2] together with symmetries of the
bimodules, as follows.

Since the K is invertible (Theorem B.IT), Equation (I1.1]) follows from P¢X QT X
K~ Nt K Q° X K; which follows from Proposition B4 and Lemma

Applying horizontal rotation to Equation (III]) (with m — ¢ — 1 in place of c¢),
together with Lemma 0.1} Equation (IT2) follows from Equation (IT.])

Similarly, observe that
B ’ ’ /
R Bpg BEEK ~ PO R (Fipg, B

~ Bipg, ®(Bug mBEK)
~ B/l'Pgé X 6/2763504_1

(using Lemma twice, Lemma [2.9] Proposition [0.5]); and by the same logic,

B, B BINGH R BB~ BINGH R Bl
Thus, Equation (I1.3]) follows from Lemma [T.2]
Equation (IT4) follows from Equation (IT3]) by horizontal rotation. O

Lemma 11.7. The DA bimodules for positive crossings commute with those for
local mazima and minima, in the sense that if |c+ 1 —i| > 0, then (with ¢. as in

Equation ([T1]))
(11.5) P KO ~ Q° K P
(11.6) PR ~ 5K Preld)

Proof. Direct computation, as in the proof of Lemma [6.4] shows that

(11.7) PrORE, ~ O RP;.

Both stated equations now follow from Equation (IT.7), the invertibility of K, and
Propositions B4 and [@.5t compare the proof of Lemma O

Lemma 11.8. The DA bimodules for crossings commute with those for distant
critical points.

Proof. Lemma [[T.7 handles positive crossings. Multiplying Equation (I3 on
both sides by N* and using the fact that N and P? are inverses of one another
(Equation (G])), it follows that negative crossings also commute with local maxima;
Equation (TI1.G) shows that negative crossings commute with local minima. d

Lemma 11.9. The DA bimodules for pairs of distant critical points commute.
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Proof. Fix i < j. The lemma states identifications

QRY PR RO~ KU
VIR~ RO RO ~ QRO

To verify the first identity, we tensor on the right with C, to reduce to the identity
between two type DD bimodules (using Proposition [84):

(11.8) VRE L ~PIRE,

which is easy to verify in the spirit of the proof of Lemma Tensoring on the
right with K, the second on the right,

Bags, B B0 RBBIC ~ By BBl
~ By, 1 (Bi0g ! B
~ B0l w (P, BB
5 2
~ Bllﬂgl X B2Bag,

Similarly, 0! KU KK ~ Q' K E_1, so the second identity also follows from
Equation (TL8).

Consider the third identity, now with ¢ = 1. Tensoring on the right with I, we
reduce to the easily verified identity /"' K & ~ U' XK &;41. (Compare Equa-
tion (ITH).) The cases where ¢ > 1 now follow from the case where ¢ = 1, the
inductive definition of U¢ (Equation (@0.4)), and Lemma [IT.7

The fourth identity follows from the third and Lemma [T0.11 d

Lemma 11.10. The DA bimodules are invariant under pair creation and annihi-
lations, in the sense that U°X Q¢! ~ Id ~ BT X Q°

Proof. Rotating through a vertical axis, i.e. using Lemma [[0.1] we see that 3¢ X
Q! ~ Id implies also that Id ~ U°t! X Q°. The verification of ¢ X Q! ~ Id
can be reduced to the case where ¢ = 1 using Reidemeister 2 moves, as follows.
First, introduce a sequence of ¢ — 1 positive crossings that carry the ¢! strand to
the far left, and let P be the corresponding bimodule; then let N be its inverse,
ie. NX P ~1Id. (Clearly, N is obtained from P by reversing all the crossings
and taking them in reverse order.) (cf. Equation (GI])). In view of Lemma [IT.0]
a sequence of trident moves identifies P X ¢ X Q°t! ~ ! K O? X P. Thus,
if 0! X 0% ~ Id, we can conclude that U° K Q°t! ~ NK P X U° K Q¢t! ~
NXUO'KOPKRP~NXKP~Id.

It remains now to verify that U!' X Q? ~ Id. We claim that the generators of
616}32 B2 Q%l correspond to the idempotents in the algebra B;; see Figure
Specifically, Q%, the generator is constrained to be either of type Y or Z; while in
U1, the generator is either of type X or Z. Thus, in the tensor product, we divide
the generators into four types XXY, XXZ, ZXY, and ZX Z. We claim that

(11.9) SYXRY,L1)=L®(ZRZ) 6}(ZRZ R) =R ®(XKY),



KAUFFMAN STATES, BORDERED ALGEBRAS, AND A BIGRADED KNOT INVARIANT 93

By

By

FIGURE 46. Generators of 816}32 B2 Q%l . Generators cor-
respond to the idempotents in the incoming algebra B ; the con-
straints on the intermediate generators are as shown.

FIGURE 47. Generator types for 510} X5 QF .

as can be seen from the following diagrams:

1 2 1 2
oy, 0% B, vy, 0% B,

| | | |

N

| v | E /

| + | +

| Vv |
X 5% Z 5%

| |

R X

M L1 gl L RaRe gl

2 1

5y 51

If the leftmost strand is downwards, then furthermore
(11.10) 5(pX¥q,U)) =U1®(pXRq)

for all choices of p € {X,Z} and q € {Y,Z}: when pXq = XX Z, both sides
vanish; for the other cases:

With these computations in hand, it follows that U'KOQ2KI = K, so U'XKO? ~ Id.
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If the leftmost strand is upwards, then instead of Equation (IT.I0), we claim that
N(XKNq,C) =0 @ (XKq) for q € {Y,Z}; for example,

Up, Q% By

|

|

| 03

Z : x> \:,X VY

AN 51

1 et 1

05 — &y

yz | 2
| |
Again, it is straightforward to verify now that U!' X Q2 ~ Id. O

11.4. The invariance proof. We can now assemble the pieces to prove Theo-
rem [[1.5 and tie it with the discussion from the introduction.

Proof of Theorem The tensor product description gives a chain com-
plex thanks to a combination of Proposition [3.20, and finally Proposition
when attaching the final stage, to get a filtered complex. Combining Lemma [I1.4]
with the invariance of the bimodules under bridge moves (Theorem [61] Lem-
mas [[T.6) [T.7 OT.8, ITI0) shows that (Alexander-)filtered chain homotopy type
of C(K) depends only on the pointed knot diagram for K, and the orientation
type of the global minimum, i.e. LR or RL of Lemma [IT.4l (Keep here in mind
that homotopy equivalences of DA bimodules induce homotopy equivalences under
tensor product.) Choose for definiteness the orientation type LR.

Next, we appeal to Proposition [I1.2] to see that we have a knot invariant.

Invariance under Reidemeister (1) moves follows from the easily checked relation
PR ~ QF. (Here QF and Qf are bimodules associated to maxima, with opposite
orientations on the new strand.) Invariance under Reidemeister (2) and (3) moves
now follows from the braid relations, Theorem

Arguing in the same manner for RL, we obtain another conceivably different knot
invariant. A straightforward computation shows that

t0p(2,1,42}) = t0B2,1,111) ¥ 6(2’1’{1})73113(2,1,{2})-
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It follows that both RL and LR give the same knot invariant.

The Alexander filtration, takes values in the H! of the knot modulo a neighborhood
of the global minimum, can be turned into a rational number by evaluating against
the orientation class of the knot. This evaluation is computed by the local formula
from Figure [2 according to Proposition Since it is the exponent of ¢ in the
contribution of the corresponding Kauffman state to the Alexander polynomial
(compare [0]), it follows that the Alexander filtration takes values in Z. O

Corollary 11.11. The homology of é(D) is a bigraded invariant of the underlying
oriented knot, whose Euler characteristic agrees with the Alexander polynomial.

Proof. Invariance follows from Theorem [IT.5] since the homology of the associ-
ated graded object is invariant under filtered homotopy equivalences. The Euler
characteristic computation follows from the correspondence between the generators
and Kauffman states, and the observation that that (—1)M®)¢A) (see Figure[) is
the monomial associated to a Kauffman state in the computation of the Alexander
polynomial from [6]. O

It is a straightforward matter to go from the filtered homotopy type to the invari-
ant over a polynomial algebra described in the introduction; see [I6, Chapter 14].
Explicitly, replace the filtered module tU with an Alexander graded module tU~
over a polynomial algebra F[v]. For B(2,1{2}), replace Equation ([@.7)) with

X-Ii=v-Y Y Ri=v-X X-Co=Y -Cy=0

(and making the analogous construction for B(2,1,{1})). In this construction the
base algebra now is F[v], and v is given gradings A(v) = 1/2 and M(v) = 0.
Replacing tO with t0~ and forming the same tensor product as before, we arrive
at a bigraded complex C~ over F[v]. Since the Alexander grading of generators
is integral, we can restrict this to a complex over F[U] with U = v?. Accord-
ing to Theorem [IT.5 the homology of the associated graded object, thought of
as a bigraded module H'(K) over F[U], is an oriented knot invariant. Letting
HJ(I?, s) = H&_%(Iz, —s), we arrive at the bigraded invariant from the introduc-

tion. Setting v =0 (and so U = 0) clearly recaptures C. Since U drops Alexander
grading by one and Maslov grading by 2 on H ™~ (K), Equation () follows from

~

the fact that the graded Euler characteristic of C is the Alexander polynomial.

Remark 11.12. We have described tU as having two generators. In fact, to de-
fine our knot invariants, it suffices to work with the submodule tG - Iy, since
the outputs of our D modules are all contained in the subalgebras of B(m,k,S)

(i) s (5 )

12. FIRST PROPERTIES

We will discuss efficient computations of these invariants in [19]; but there are
some easy computations that can be done readily by hand. As a trivial example,
the unknot has one-dimensional H , supported in bigrading (0,0), since it has a
diagram with a single Kauffman state in it. More generally:
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Proposition 12.1. If K is an alternating knot, then ﬁ(K) is determined by the
signature 0 = o(K) of K and the symmetrized Alexander polynomial Ak (t) =
Siai-tt by Hy(K,s)=TFlel if d=s+ % and 0 otherwise.

Proof. As in [22], this result is simply a consequence of the local contributions
to the Alexander and Maslov gradings (pictured in Figure [2). Those formulas

show that for an alternating diagram M — A = Z. The rest now follows from the

interpretation of the Alexander polynomial in terms of Kauffman states [6]. O

We list a few of the properties that follow immediately from the constructions from
this paper. The methods of this paper are best suited for H ; analogous results for
H~ will be established in a follow-up paper [19].

Proposition 12.2. If K and K' are mirror knots, then Hy(K,s) = H_4(K',—s).

Proof. According to Lemmal[[(.2}, the complex of C (K’) is computed by tensoring
together the opposites of the various bimodules used to compute C (K). Tt follows
that C(K) and C(K') are dual complexes. Since we are working over the field F,
the proposition now follows from the universal coefficient theorem. O

Proposition 12.3. Let K1 and Ks be two knots. Then, E[(Kl#Kg) is the bi-
graded tensor product of H(K;) and H(Ks).

Before turning to the proof, we start with some more general properties.

Let D be a knot diagram with a single global minimum, oriented up and to the
left. Let B = B(2,1{1}) and let 5C(D) denote the type D structure associated to
the diagram with minimum removed.

Lemma 12.4. Let B = B(2,1,{1}) and B' = I3y - B-Iyyy. The output alge-
bra for BC(D) is contained in B'; i.e. if Plils denotes the bimodule associated

to the inclusion i: B’ — B, then we have a type D structure BIC(D) so that
Slils ® ¥'e(D) =Fc(D).

Proof. For m,k with 0 < k < m+1 and S C {1,...,m}, let B'(m,k,S) C

B(m,k,S), be the subalgebra (Ex‘o,mgx Ix> - B(m, k,S) - <Zx‘07m€x Ix> . We

claim that all of the DA bimodules Q°¢, U¢, P?, N have the property that their
restriction to B’ C B (with appropriate decorations) have their output algebras

in the corresponding B’ C B. Moreover, the global maximum has output algebra
contained in B’ (c.f. Subsection [BT). O

Recall that BI = I{l} 3(2, 1, {1}) . I{l} is F[Ol, U1, UQ]/C% = 0, with dCl = Ul,
with gradings
(w1(Ur), w2 (Ur)) = (1,0), (w1(C1),w2(C1)) = (1,0), (w1(Uz),w2(U2)) = (0,1).

It has a subalgebra B” C B’ isomorphic to F[E;,Us]/E? = 0 (with vanishing
differential), and (wl(El),’LUQ(E1>) = (1,1) and (wl(UQ),UJQ(UQ)> = (071) The
subalgebra is specified by E; = C1U;.
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Lemma 12.5. With B = B(2,1,{1}), the type D module BC(D) is homotopy
equivalent to a type D module over B” C B.

Proof. Use Lemma[2.4to restrict to B’. This result then follows from homological
perturbation theory, since the inclusion B” C B’ is a homotopy equivalence. O

Proof of Proposition 2.3l Consider a connected sum diagram for K; and K,
where the connected sum region is taken to be the global minimum and the next
minimum above it, as pictured in Figure 48]

T R NN
FIGURE 48. Connected sums.

The invariant associated to the disjoint union of K7 and K3 (missing the two
minima) is a type D structure C(K; U K3) over B(4,2,{1,3}). Arguing as in
Lemma[12.4] the output algebra of this D module is contained in Iy 3y-B(4,2, {1,3})-
I;; 3. Note that there is a natural identification

(Tay - B(2,1,{1}) - Iry) @ Ly - B(2,1,{1}) - Iyyy) = Lpusy - B(4,2,{1,3}) - I1.3y;
and under this identification, C(K; U K3) = C(K;) ® C(K3).
Consider the type A structure N over B(4,2,{1,3}) with one generator X satis-
fying X -Iy; 33 = X, and trivial action by all other pure algebra elements. Clearly,
(12.1) NR (C(K; UK>)) = C(Ky) @ C(K,)

Consider next the type A structure P over B(4,2,{1,3}) obtained by tensoring

together a minimum with a global minimum to obtain the type A structure pictured

on the right in Figure @8l We restrict to the idempotent type P - Iy sy .

It is easy to see that P has actions mao(X, Iy 3y) = X. Also, if me1(X, a1,...,a0) #
¢ ¢

0, then >, wi(a;) =0=>",_; wa(a;) and

14 4
(122) ng(ai) = Zw;;(ai).
i=1 i=1

Let B' = Ij1 3 - B(4,2,{1,3}) - I1 3, and B” be the subalgebra isomorphic to
F[El,Eg,UQ,U4]/E12 = E22 = O, were El = OlUQ and E2 = 03U4. Lemma [12.9]
gives type D structures B”(Q’l’{l})Ql and B”(Q’l’{l})Qg so that

8(2’1’{1})C(K1) ~ Q1 and 8(2’1’{1})C(K2) ~ Qs;
and so B”(Ql ®Qy) ~ FCK UK,).

Since wy (E1) > 0, we see that the action by E; on P is trivial. Next, we claim that
any output algebra element in @y of the form U} with ¢ > 0 must pair with some
action on P with wy > 0; but such an action must also involve an output from
Q2 with ws > 0 (by Equation (I2.2))), and so it must come from some multiple of
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But any sequence containing a non-trivial factor of E3 in it acts trivially on

P, since wy(E3) > 0. Similarly, outputs from Q2 containing a non-trivial multiple
of F3 or Uy act trivially since w4 of both of those algebra elements are trivial.

We have shown that the outputs from @1 ® Q2 giving non-zero differentials when
paired with P consist only of the trivial output (1), showing that

NR(Q®Q2) = PR (Q® Qo) = CK#K>).

Combining this with Equation (I2ZI]), we get an isomorphism of chain complexes
C(K 1#K3) 2 C(K1) ® C(K2); and the proposition follows readily. O
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