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Let H be a genus g handlebody in R3, let Σ = ∂H, and
let p ∈ Σ be a basepoint (think “H is a tubular neighbor-
hood of a pinched tangle T”). Let C = (intH)c and let
τ : π1(C) → H1(H;Z) ∼= Zg be induced by Alexander (?)
duality. Let Σ̃ ⊂ C̃ be the τ -covers of Σ ⊂ C, respectively,
with covering projections ϕ. Let p̃ = ϕ−1(p); it is a copy
of Zg. Let R := ZH1(H;Z) ∼= Z[T±1

i ]gi=1 be the group ring
of H1(H;Z), the ring of Laurent polynomials in variables
T1, . . . , Tg, and note that Ωg := H1(Σ̃, p̃) and H1(C̃, p̃) are
R-modules and that Ωg does not depend on the embedding
of H.

Definition 1. A(H) := H1(C̃), the Alexander module of
H, and AL(H) := ker i∗ : Ωg → H1(C̃, p̃), the Alexander
Lagrangian of H.

Note that if H is a tubular neighborhood of a knot K then
A(H) is the standard Alexander module of K. Note that i∗

is always surjective so we have the exact sequence

0 // AL(H) // Ωg
i∗ // H1(C̃, p̃) // 0.

The following, coming from p̃ → C̃ → (C̃, p̃), is also exact,
and non-canonically split:

0 // H1(C̃) // H1(C̃, p̃) // H0(p̃) // H0(C̃) // 0

A(H) R
ϵ // Z

where ϵ is the augmentation map. And so with R0 = ker ϵ,
A(H)⊕R0

∼= H1(C̃, p̃) ∼= Ωg/AL(H), where the first isomor-
phism is non-canonical. In the knot case the isomorphism is
canonical.
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