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Pensieve header: A talk and a program about Archibald- and $\Gamma$-calculus and the Halacheva
map between them. Continues pensieve://2021-02/, continued pensieve://Talks/MoscowByWeb-2104/.

Title. | Still don’t Understand the Alexander Polynomial

Abstract. As an algebraic knot theorist, | still don’t understand the Alexander polynomial. There are
two conventions as for how to present tangle theory in algebra: one may name the strands of a tangle,
or one may name their ends. The distinction might seem too minor to matter, yet it leads to a
completely different view of the set of tangles as an algebraic structure. There are lovely formulas for
the Alexander polynomial as viewed from either perspective, and they even agree where they meet. But
the “strands” formulas know about strand doubling while the “ends” ones don’t, and the “ends”
formulas know about skein relations while the “strands” ones don’t. There ought to be a common
generalization, but | don’t know what it is.

General

Inf+]:= XPqu_ := Xp[a, b]; Xmg; , :=Xm[a, b];

Infe]-= SXForm[L ] := SXForm[

Skeleton[L],
Times @@PD[L] /.
X[i_, j_,k_, L ] =» If[PositiveQ[X[i, j, R, L1], Xp[L, 1], Xm[J, i]]
15

Z[L ] := Z[Identity, L];

Z[x , L_1 := Module[{s, z},
{s, z} = List @@ SXForm[L];
z=x[z];
Do[z = z // dm[s[c, 1], s[c, kI , slic, 111, {c, Length[s]}, {k, 2, Length[s[[c]]}];
V4

15

Inf+]:= dA[a_, rest__1[a_ ]l := a // dA[a] // dA[rest];
dA[L List] := dA ee L;
dA[All][a ] := « // dA[dL[a]];
dS[a_, rest__1[a_ ] := a // dS[a] // dS[rest];
dS[L_List] := dS ee L;
dS[Al1l][a ] := a // dS[dL[a]];
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[-Calculus

Inf+]:= TSimp = Factor; SetAttributes[I'Collect, Listable];
TrCollect[T'[v , o , 2 1] := TCollect[TSimp] [T[w, o, A]];
TrCollect[simp ]1[T[w , o, A ]] := I‘[simp[w], simp[o],

Collect[1, h , Collect[#, t_, simp] &]];
dL[r[_, _, 2 1] := Union[Cases[1, (h|t), = a, Infinity]];
Tlel_, , _1[w] := «1;
Tlo_, o, A 1[=] (0h,0) & /@ dL[T[w, o, A]];
T'[w , o, A ]1[A] Module[{S =dL[T'[w, o, 2]]1}, Outer[TSimp[ (O,
TForm[T'[v , o , A 1] := Module[{S, M},
S = dL[T[w, o, A]1];
M =T[w, o, A] [A] // Transpose;
PrependTo[M, s, & /@ S];
M = Join][
{Prepend[s, & /@ S, «]},
Transpose[M],
{Prepend[T [, o, 2] [E], "T"1}

)1 &, S, S11;

h.,

15
MatrixForm[M]
15
TForm[else ] := else /. T'[w_, 0 , 2] » TForm[T'[w, o, A]];
Format[I'[# , o , 2 ], StandardForm] := TForm[I'[w, o, A]]};

Inf+]:= T /: T[wl ,0l , 1 ] == T[w2_ , 02_, 2] := Module]

{5},

S=dL[r[wl, o1, #1]1UdL[T[w2, 02, #2]];

(1 = w2) & (And @@ ((Oh, 0l = Oh,02) & /@ S)) && (

And @@ Flatten[Outer[
(Ot.,h,, 41 == Ot ,n, #2) &,
S, S
1]
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Infe]:= T /: T[el_, o0l , A1 1T[w2_, 02 , 2] :=T[wl*w2, 0l+ 02, A1+ A2];
dm; 5 o [T[w, o, A 1] i= Module[{a, By ¥s 85 05 €5 &, Uy By U}y

= | Otjn A Otyn A O, A | /. (t ] h)y ;05

a 3 6 Ot;,h; A atithA Ot A
[Y ) s J
o ¥ E Oh, A Oh, A A

I‘Collect[r[(u =1-]3) w,

hk (ahid) (ath') +(0’ /. hi|j—>0),
Yy+ad/u e+é6/u
d+ay/u E+0¢/u

]] /. {T-,:—)Tk, Tj—)Tk, bi—)bk, bJ—)bk} // TCollect

ttr, 1}.( ].{hk, 13

I

dmfa_, b_, c_][T[w_, o, A 1] = dmgy,[T[w, o, A]];
dnla_1[».T] := v /. {(h|t), » 0, T, > 1};

wp-  trla_]1[T[e., o, A 1] i= Module[{a, 0, ¥, B},

(a 6) _ (‘3'c.,,ha/1 O, A
¥ 2]\ o2 2

Tlw@-a), 0 /. hy>08, Z+y%x06/ (1-a)] // I‘Collect];

)/. (t|h), - 0;

mp=  FullStitch[y1_r, y2_r] := Module[{S1, S2, S, ¥, t},
S=(S1=dL[»1]) U (52 =dL[>2]);
¥ = 1 (Times @@ (T' /@ e /@ Complement[S, S1]));
Y *= (3/2 /. {ha_ Y ht[a], ta_ 2ty T, » T:[a]]’)
(Timesee (I' /@ e /@ t /@ Complement[S, S2]));
Do[
¥ =v//dm[s, t[s], s],
{s, S}

15
Y
B
T /: y1 I'#x y2 I := Module[{S1, S2, S, ¥lp, ¥2p},
S=(S1=dL[»1]) U (52 =dL[»2]);
¥lp = 1 (Timesee (I' /@ e /@ Complement [S, S1]));
¥2p = y2 (Times ee (I' /@ e /@ Complement [S, S2]));
T[
yip[w] *¥2p[w],
(¥1p[=] ¥2p[Z]) . (h; & /@ S),
(t, & /@ S) . (¥2p[A].¥1p[A]). (h. & /@ S)
1
15
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mp= T /i T[w_, o, 21" := Module[{S =dL[T[w, o, 2]},
r[
v, Collect[o, h_, (1/#) &],
(t; & /@ S) .Inverse[ Outer [TSimp[ (0t h,)] & S, S1].(h, & /@ S)
]
]

oo~ dA[a 1[T[@ , o, A 1] := Module[

{a, 6, ¢, E, oca},

(a 6) (ata,haﬂ O, A
¢ =) | op 2 2
oa =0y, 0;

TCollect [I‘ [

) /. (h]|t),-0;

aw/ oca,
((o /. h;>0) +h, /ca),

{ta, 1}.(_1¢ aE?cbe).{ha’ 1}/a
1]
E

dS[a_][»_r] := rCollect[dA[al[»] /. {Ta>1/T4 bs—> -bs}];

nep=  Mirror[y '] := Module[{¥1},
Yyl =y // (dSeedL[x]);
¥1[31 = ¥1[31 /. {ta. =»hy h, = t.};
¥1];

m-1=  to[rules___Rule][y_I] := rCollect|

ry /. {tu_ > tu/.{ruLes}J Tu_ Ead Tu/.{r‘uLes}: bu_ a4 bu/.{r‘uLes}}

|

ho[rules___Rule][y_r] := rCollect[y /. h, = hy, (ruies]s

Inf+]:= SetAttributes[I', Listable];
T'[p_Times | p_NonCommutativeMultiply] := T /@ p;
Tle[a_1]1 := T[1, hy, h,t,];
11-T,
e T,
T[Xpla, b1] /. To»1/T,;

TIXpla_, b_11 = T[1, hoshyTo, to, ). ( J - thes he3 ]

T'[Xm[a_, b_11]
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w-  MVA[T, L Link] := Module[{Hs, w, 0, 1, A},

{w, o, u} = List ee Z[T, L];
Hs = Rest[h, & /@ (First /@ Skeleton[L])];
A = Outer [Coefficient[u, #1#2] &, Hs, Hs /. hy_ = t,];

[ w Det[A - IdentityMatrixe@eLength@Hs] ]

Factor
1- TSkeleton [L]101,1]

A-Calculus

Inf+]:= WP [Wedge[u_ 1, Wedge[v__
WP[O, ] =WP[_, 0] =0;
WP[A , B ] :=

Expand [Distribute[A ** B] /. (a_. %= u_Wedge) %% (b_. %= v_Wedge) :» abWP[u, v]];

1] := Signature[{u, v}] = Wedge @@ Sort[{u, v}];

;=  WEXp[A_] := Module[{s = Wedge[], t = Wedge[], k = 0},
While[t =!=0, s += (t = Expand[WP[t, A] / (++k)1)]1; sl

m1=  Cx_,y [W_Wedge] :=Module[{i, j},
{i} = FirstPosition[w, x, {0}]; {Jj} = FirstPosition[w, y, {0}];
Which|
(i=0)A(j=20), w,
(i==0)V (j=9), 0,
True, (-1)***H 1318 pelete[w, {{i}, {j}}]
NE

Cx ,y [6.]1 :=6&/.w_Wedge =» ¢y ,[W]
np=  A[T[w_, _, A 1] := Expand [~ WExp [Expand[1] /. ts h, = & A X,]]

ner= A[Xi,5 e, [U_s0_1] 1= &[{1, L},
{Js RYs <1&i > Uy X550, X > Uy § 50>, WEXP[-0 & aXp = €L AX; =€ AXe+0 & aXe]]3
A[Xi 5 e, [u_s0_1] :
WEXp[-07 & AXp - €5 A X+ 07 &5 a X, - &5 4% ]]5
A[Xi_,i k0] 2= A[Xe, 5,00 [Tis T]]s
ALK, 5 k0] 3= ALKy, 5,0,0 [Te> T5]]5

\ﬂ[{i: J}s {Rs L}, <|&; > u, §j"o: Xp = Uy, X = 0] >,

nf-}= A/ A[1sl_, 0s1_, cs1l_, wl_] A[is2_, 0s2_, cs2_, w2_] :=
A[is1J1is2, osi1|Jos2, Join[cs1, cs2], WP[wl, w2]]
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Inf+J:= Ch ,t @A[1ls_, 0s_,cs_,w ] :=4AJ[
DeleteCases[is, t], DeleteCases[os, h], KeyDrop[cs, {X,, §:}1, Cx, ¢, [W]
1 /. If[cs[&1 M0 === T, cs[&:] » cs[xy], cs[Xy] » cs[&:]];
c@A[is_, 0s_, cs_, w_] := Fold[C, o [#1] &, A[1is, 0S, ¢S, W], is[)o0s]

nf-1= WP [Wedge [x], Wedge[y]]

Out[-]J= X A Y

nf-1= WP [Wedge[y], Wedge[x]]

ouf-]= = (X A y)

m1= A= sum[ag (X3 AYi), {i, 2}]

Outf-]= A1 X3 A Y1 + a2 X2 A Y2

n-1= t = Wedge[]
ouf-1- Wedge [ ]

1= WP[t, A]

Outf-]= A1 X3 A Y1 +a2 X2 A Y2

1= WEXp[Sum[a; (X3 aYyi), {1, 4}]]

Outf+]= Wedge[} +aAy1 Xy AYr+axXpgAaYy+az Xz AaYs+agXgAayYg-a1ady X A XpAY1AYy—-a1a3 Xy, AX3AY1AY3 -
A1 A4 X3 AXgAY1AY4-A2a83X2AX3AYoAY3-32a2X3AXgAY2AYa-A3A3X3AXgAY3AYg -
A13233X1 A X2 AX3AY1AYaAY3-a132383 X1 AX2AXgAY1AY2AYa-3A1383384X1AX3AXeAY1AY3AYg -
d2Ad3aA2 X2 AX3AXgAYr2AY3AYa+aA13d2a3aA3X1AX2AX3AXeAY1AY2AY3AY0

Inf-]:= Cxg,xs [X1 A X2 A X3 A Xg]

Out[-]= X1 A Xy A X3 A Xg

1= lhs = Cxs,ya [WExp[Sum[a; (Xi AYi), {i) 41111

our-]- Wedge[] -azWedge[] +a1 X1 ~y1-a183 X1 AY1+32XaAY2-3233X2AY2+33X3AY3~
A3A3X3AY3-31a2 X3 AXpAY1AYa+aA1@2a3X3 AXpAY1AYo-A1ad3XAX3AY1AY3+
A13d3A3 X1 AX3AY1AY3-32a3X3AX3AYyAY3+aA3d33a4XAX34Y0AY3-
Q132 a3 X1 A X2 AX3AY1AYoAY3+3A1d233A3X1AX2AX3AY14Y2AY3

inf-}= rhs = Expand[ (1 - a4) WExp[Sum[a; (X; AYi), {i, 3}11]1]

ouf-]- Wedge[] -asWedge[] +ai1 X1 ~ny1-a183 X1 AY1+32XaAY2-3233 X2 A Y2 +33X3AY3~
A3A4 X3 AY3-a1aX3AXpAY1AY2+a18233X1AX3AY1AY2-A1A3X1AX3AY1AY3+
A1 3334 X1 AX3AY1AY3-a2a83X2AX3AY2AY3+32a3a5X3AX3AY2AY3 -
d1d2 a3 X3 AX3AX3AY1AY2AY3+aA1d2a3a3X1AX2AX3AY1AY2AY3

mr-1= 1hs == rhs

outf-]= True
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ni1= 1hS = Cyy,y, [Cx,y, [WEXP[SUM[a; (x4 A Ys) 5 {1, 4}111]

ouf-]- Wedge[] - as Wedge[] - a,Wedge[] + az azWedge[] +a1 Xy Ay1 —a1a3 X1 A Yy —
didgXgAYi+aigadzadgXgAaYr+axXpays—-azazXpayy-adxagXpayy+azazdgXaAayo -
didxXg AXpAYi1AaYr+aizazadzXg AXpAayYrAaYa+adidzag Xy AXpayYiayYy-didzazag Xy AXpayrays

n n n
)= N =4; ¥0 = 1"[(1), Zha Ca, Zzta hp a10a+b]
a=1

a=1b=1
Yo // tr[2]
w S1 Sy S3 Sa
S1 Q11 013 Q13 Oag
Sp Qz1 Oy Q3 Ooa
out[+]=
S3 031 032 033 O34
Sq Og1 Q42 Og3 Oag
I 01 O3 O3 Og
-w (-1+az) S1 S3 Sa4
S —011 -0 021 +01 X2 ~Q13+03 022 -0 23 ~Q14+014 X2 =012 024
1 -1+05, -1+0p, -1+05,
—031+022 031 =021 32 ~Q23 032 -033+022 33 ~024 032 =034 +022 O34
Outf]= S3
-1+05, -1+0p, -1+05,
S —Qlg1+0p Olg1 — 01 Qg —Qp3 Oligp —0lg3+00Q Oig3 —0024 Olg2—0gq+003 Ogg
4 -1+o, -1+opy -1+0u,
T O1 O3 Oy
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;= lhs = A[y0O // tr[1]] // Simplify

ouf-]= —w (-Wedge[] +ap Xa A Ep + 032 X A E3 + 0ap X A Eg +

013 021 X3 A Ep + 023 X3 A Ep + 013 031 X3 A §3 + Q33 X3 A §3 + 013 041 X3 A §4 + 043 X3 A Eg +
014 021 Xg A E3 + 0og Xg A Ep + 014 031 Xg A 3 + Q34 Xg A §3 + 014 Olg1 Xg A~ E4 + Olgg Xg ~ Eg +

013 Op2 031 Xa A X3 A E A 3 = Q13 Olp1 032 X2 A X3 A §3 A §3 = Qa3 032 Xa A X3 A E2 A &3
022 Q33 Xz A X3 A E3 A &3+ 013 Qa2 Olg1 X2 A X3 A Ex A §4 — Q13 01 Qap X2 A X3 4 E3 A &g
023 Qap Xz A X3 A E3 A &g+ 02 Qa3 Xo A X3 A E3 A &g + 013 Q32 Olg1 X2 A X3 A E3 4 E4 =
013 31 042 X2 A X3 A E3 7 E4 — Q33 042 X2 A X3 A E3 7 E4+ Q32 043 X2 A X3 A E3 7 Eg +
014 Q22 031 X2 A Xg A Ea A €3 = Q1g 021 Q32 Xo A Xg A E3 A E3 — 0lag Q32 Xp A Xg A E A &3
022 O34 Xz A Xg A E3 A &3+ 0l1g Qaa Olg1 X2 A Xg A Ea A E4 — Q1g 01 Qlag X A Xg ~ E3 A &g
04 Olg2 Xo A Xg A Ea A &g+ Qop Olag Xp A Xg A Ex A g+ Olyg 032 Olgg Xp A Xg n E3 8 Eg -
014 031 Olgr Xo A Xg A E3 A Eq — 034 Olap X A Xg A E3 A E4 + 032 Olag Xp A Xg n E3 A Eg +

014 023 031 X3 A Xg A 3 A €3 — Q13 04 031 X3 A Xg A Ep A E3 — Q14 01 033 X3 A X4 A Ep A E3 =

024 033 X3 A Xg A Ep A E3 + 013 01 O34 X3 A Xg A Ep A E3 + Qa3 Q34 X3 A Xg ~ Ep A E3 +

014 023 Ol41 X3 A Xg A Ep A E4 — Q13 04 041 X3 A Xg A Ep A E4 — Q14 021 043 X3 A Xg A Ex A &g

024 043 X3 A Xg A Ep A &g+ Q13 01 Olag X3 A Xg A Ex A E4 + 0023 0laa X3 A Xg n Ex A Eg +

014 033 041 X3 A Xg A E3 A E4 — Q13 O34 a1 X3 A Xg A E3 A §4 — 014 031 Qg3 X3 A Xg A E3 7 Eg =

O34 Qg3 X3 A Xg n E3 A 4+ 013 31 04 X3 A Xg A E3 7 E4+ Q33 04 X3 A Xg A E3 7 Eq +
014 Q23 032 Olgg X A X3 A Xg n E3 A E3 7 E4 — Q13 0ag 032 Olg1 X2 A X3 A Xg A a7 E3 4 &y
Q14 Qa2 033 Olgg X2 A X3 A Xg A E3 A E3 A E4+ Q13 022 O34 Olg1 Xa A X3 A Xg A 3 A E3 4 &y
Q14 Qa3 031 Olag X A X3 A Xg A Ex A E3 A Eq + Q13 024 031 Olg2 Xa A X3 A Xg A Ea A E3 8 &y
Ol14 Q1 033 Olag X A X3 A Xg A Ex A E3 7 Eg + Qag 033 Qag X A X3 A Xg nEx A E3 8 &g~
013 01 Ol34 Olga Xp A X3 A Xg A Ex A E3 A 64— Qa3 Q34 Olgp Xp A X3 A Xg A EpnE3nby+
Ol14 Opp Ol31 Olg3 Xp A X3 A Xg A Ep A E3 A &g —Qua 01 132 Olg3 X A X3 A Xg A Ex A E3 8 &y
Olog 032 043 Xo A X3 A Xg A Ex A E3 A &g+ 0lpp Q34 Qa3 Xp A X3 A Xg A EpnE3ndy-

013 Opp Ol31 Olag Xp A X3 A Xg A Ep A E3 A &4+ Q13 Qo1 032 Olag X A X3 A Xg A Ex A E3 8 &y
023 032 Ol4q Xo A X3 A Xg A Ex A E3 A 4 — 0lpp O33 Aaga Xp A X3 A Xg A EpnE3néyt

012 (041 (Xo A Ea— 033 Xp AX3 A E3 &g —0aXanXgn&Epn&a—034XynXgn&3n&yt

+

+

+

+

2021-03-14 16:56:09

Olaq 33 Xp A X3 A XgnExnE3nEq—003 (XanX3n&pnba+03aXarX3nXgnban3zndy)) +
Og1 (Xa A& +0u3XaAX3n&pn&a+03aXanXgn&anbs+OlagXynXegn&ynbye
O34 Qa3 Xg A X3 A XgnEanE3nEq+033 (XaaX3n&ans—0gaXarXzaXgnanbazndy)) +
031 (X2 A E3+043X2 A X3 A E3A 84— 00gXanXgnEpnE3+0aaXynXgn&znby-
024 Qa3 Xg A X3 AXg A& nE3nEq+ 03 (- (XaaX3n&ands) +0aaXaAX3AXgnExnb3zndy))) +
agy (Wedge[] —0ua Xa A €4~ 03 X3 A Ex — 033 X3 A E3 ~ Qa3 X3 A E4 — Apg Xg A~ E3 — O3 Xg A 3 —
Olgg Xg A Eq + 023 0ga Xp A X3 A Ep A 4+ 033 Qap Xp A X3 A E3 A &L+ 00y Xg A XgnEpndg+
O34 Olgr Xo A Xg A E3 A Eq+ 0q 0133 X3 A Xg A Ex A E3 =03 033 X3 A Xg A Ex A &3+ 0log 043 X3 A Xg A Ep A &g =

03 0tag X3 A Xg n Ex A &4+ 034 043 X3 A Xg A E3 A Eq— 033 0aa X3 A Xg n E3 1 &g
024 0133 Olgz X2 A X3 A Xg A Ep A E3 A &g+ Q3034042 Xp A X3 AXgnEpnE3ndy-

Oz (X2 A Ea+043 X2 A X3 A ExnEa+03aXanXgnExnE3+0aaXynXgnéonbpt
034 043 Xg A X3 A XgnExnE3n&q+033 (XanX3n&pnbs—0gaXarXanXgnéanszndy)) -
032 (X2~ E3+043Xp A X3 A E3n 84004 XanXgnEpnE3+0agXynXgn&znéy-
O2q Qa3 Xg A X3 A XgnEanE3n&a+0n3 (- (XaaX3n&pnls) +0aaXpgrX3aXgn&anb3znéy))))
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;= rhs = g x, [A[¥O1] // Simplify

ouf-]= —w (-Wedge[] +ap Xa A Ep + 032 X A E3 + 0ap X A Eg +

013 021 X3 A Ep + 023 X3 A Ep + 013 031 X3 A §3 + Q33 X3 A §3 + 013 041 X3 A §4 + 043 X3 A Eg +
014 021 Xg A E3 + 0og Xg A Ep + 014 031 Xg A 3 + Q34 Xg A §3 + 014 Olg1 Xg A~ E4 + Olgg Xg ~ Eg +

013 Op2 031 Xa A X3 A E A 3 = Q13 Olp1 032 X2 A X3 A §3 A §3 = Qa3 032 Xa A X3 A E2 A &3
022 Q33 Xz A X3 A E3 A &3+ 013 Qa2 Olg1 X2 A X3 A Ex A §4 — Q13 01 Qap X2 A X3 4 E3 A &g
023 Qap Xz A X3 A E3 A &g+ 02 Qa3 Xo A X3 A E3 A &g + 013 Q32 Olg1 X2 A X3 A E3 4 E4 =
013 31 042 X2 A X3 A E3 7 E4 — Q33 042 X2 A X3 A E3 7 E4+ Q32 043 X2 A X3 A E3 7 Eg +
014 Q22 031 X2 A Xg A Ea A €3 = Q1g 021 Q32 Xo A Xg A E3 A E3 — 0lag Q32 Xp A Xg A E A &3
022 O34 Xz A Xg A E3 A &3+ 0l1g Qaa Olg1 X2 A Xg A Ea A E4 — Q1g 01 Qlag X A Xg ~ E3 A &g
04 Olg2 Xo A Xg A Ea A &g+ Qop Olag Xp A Xg A Ex A g+ Olyg 032 Olgg Xp A Xg n E3 8 Eg -
014 031 Olgr Xo A Xg A E3 A Eq — 034 Olap X A Xg A E3 A E4 + 032 Olag Xp A Xg n E3 A Eg +

014 023 031 X3 A Xg A 3 A €3 — Q13 04 031 X3 A Xg A Ep A E3 — Q14 01 033 X3 A X4 A Ep A E3 =

024 033 X3 A Xg A Ep A E3 + 013 01 O34 X3 A Xg A Ep A E3 + Qa3 Q34 X3 A Xg ~ Ep A E3 +

014 023 Ol41 X3 A Xg A Ep A E4 — Q13 04 041 X3 A Xg A Ep A E4 — Q14 021 043 X3 A Xg A Ex A &g

024 043 X3 A Xg A Ep A &g+ Q13 01 Olag X3 A Xg A Ex A E4 + 0023 0laa X3 A Xg n Ex A Eg +

014 033 041 X3 A Xg A E3 A E4 — Q13 O34 a1 X3 A Xg A E3 A §4 — 014 031 Qg3 X3 A Xg A E3 7 Eg =

O34 Qg3 X3 A Xg n E3 A 4+ 013 31 04 X3 A Xg A E3 7 E4+ Q33 04 X3 A Xg A E3 7 Eq +
014 Q23 032 Olgg X A X3 A Xg n E3 A E3 7 E4 — Q13 0ag 032 Olg1 X2 A X3 A Xg A a7 E3 4 &y
Q14 Qa2 033 Olgg X2 A X3 A Xg A E3 A E3 A E4+ Q13 022 O34 Olg1 Xa A X3 A Xg A 3 A E3 4 &y
Q14 Qa3 031 Olag X A X3 A Xg A Ex A E3 A Eq + Q13 024 031 Olg2 Xa A X3 A Xg A Ea A E3 8 &y
Ol14 Q1 033 Olag X A X3 A Xg A Ex A E3 7 Eg + Qag 033 Qag X A X3 A Xg nEx A E3 8 &g~
013 01 Ol34 Olga Xp A X3 A Xg A Ex A E3 A 64— Qa3 Q34 Olgp Xp A X3 A Xg A EpnE3nby+
Ol14 Opp Ol31 Olg3 Xp A X3 A Xg A Ep A E3 A &g —Qua 01 132 Olg3 X A X3 A Xg A Ex A E3 8 &y
Olog 032 043 Xo A X3 A Xg A Ex A E3 A &g+ 0lpp Q34 Qa3 Xp A X3 A Xg A EpnE3ndy-

013 Opp Ol31 Olag Xp A X3 A Xg A Ep A E3 A &4+ Q13 Qo1 032 Olag X A X3 A Xg A Ex A E3 8 &y
023 032 Ol4q Xo A X3 A Xg A Ex A E3 A 4 — 0lpp O33 Aaga Xp A X3 A Xg A EpnE3néyt

012 (041 (Xo A Ea— 033 Xp AX3 A E3 &g —0aXanXgn&Epn&a—034XynXgn&3n&yt

+

+

+

+
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Olaq 33 Xp A X3 A XgnExnE3nEq—003 (XanX3n&pnba+03aXarX3nXgnban3zndy)) +
Og1 (Xa A& +0u3XaAX3n&pn&a+03aXanXgn&anbs+OlagXynXegn&ynbye
O34 Qa3 Xg A X3 A XgnEanE3nEq+033 (XaaX3n&ans—0gaXarXzaXgnanbazndy)) +
031 (X2 A E3+043X2 A X3 A E3A 84— 00gXanXgnEpnE3+0aaXynXgn&znby-
024 Qa3 Xg A X3 AXg A& nE3nEq+ 03 (- (XaaX3n&ands) +0aaXaAX3AXgnExnb3zndy))) +
agy (Wedge[] —0ua Xa A €4~ 03 X3 A Ex — 033 X3 A E3 ~ Qa3 X3 A E4 — Apg Xg A~ E3 — O3 Xg A 3 —
Olgg Xg A Eq + 023 0ga Xp A X3 A Ep A 4+ 033 Qap Xp A X3 A E3 A &L+ 00y Xg A XgnEpndg+
O34 Olgr Xo A Xg A E3 A Eq+ 0q 0133 X3 A Xg A Ex A E3 =03 033 X3 A Xg A Ex A &3+ 0log 043 X3 A Xg A Ep A &g =

03 0tag X3 A Xg n Ex A &4+ 034 043 X3 A Xg A E3 A Eq— 033 0aa X3 A Xg n E3 1 &g
024 0133 Olgz X2 A X3 A Xg A Ep A E3 A &g+ Q3034042 Xp A X3 AXgnEpnE3ndy-

Oz (X2 A Ea+043 X2 A X3 A ExnEa+03aXanXgnExnE3+0aaXynXgnéonbpt
034 043 Xg A X3 A XgnExnE3n&q+033 (XanX3n&pnbs—0gaXarXanXgnéanszndy)) -
032 (X2~ E3+043Xp A X3 A E3n 84004 XanXgnEpnE3+0agXynXgn&znéy-
O2q Qa3 Xg A X3 A XgnEanE3n&a+0n3 (- (XaaX3n&pnls) +0aaXpgrX3aXgn&anb3znéy))))

inf-;= Simplify[1lhs == rhs]

ouf-]= True

http://drorbn.net/AcademicPensieve/2021-03/#MathematicaNotebooks



Dror Bar-Natan: Academic Pensieve: 2021-03: AnG.nb

Inf- ]:=

Out[~]=

Import[
"C:\\drorbn\\AcademicPensieve\\Talks\\Sandbjerg-0810/pA.txt",
"Text"

]
(» WP: Wedge Product «)
WSort[expr_] := Expand[expr /. w_W :> Signature[w]x«Sort[w]];
WP[O, _] = WP[_, @] = O;
WP[a_, b_] := WSort[Distribute[a *+ b] /.
(cl_. = Wl_W) % (c2_. = W2_W) :> cl1 c2 Join[wl, w2]];
(» IM: Interior Multiplication x)
M[{}, expr_] := expr;
IM[i_, w_W] := If[FreeQ[w, i], O,
- (-1)~Position[w, i][[1,1]]«DeleteCases[w, i] ];
M[{is___, i_}, w_W] := IM[{is}, IM[i, w]];
IM[is_List, expr_] := expr /. w_W :> IM[is, w]
(» pA on Crossings «)
AlXp[i_,j_,k_,1_]] := AHD[(t[i]==t[k]) (t[j]==t[1]), {i,1}, W[],k],
W[1,i] + (t[i]-1)W[1,]J] - t[1IW[1,k] + W[i,3] + t[1IW[],k] I;
AfXm[i_,j_,k_,1_1] := AHD[ (t[i]==t[k]) (t[j]==t[1]), {i,]}, W[k,1],
t{JIW[i,J] - t[JIW[i,1] + W[J,k] + (t[i]-1)W([F,1] + W[k,1] ]
(» Variable Equivalences )
ReductionRules [Times[]] = {};
ReductionRules[Equalfa_, b__]] := (& -> a)& /@ {b};
ReductionRules[eqs_Times] := Join @@ (ReductionRules /@ List@e@eqs)

(» AHD: Alexander Half Densities «)
AHD[eqs_, is_, -os_, p_] := AHD[egs, is, os, Expand[-p]];
AHD /: Reduce[AHD[egs_, is_, os_, p_]] :=
AHD [eqs, Sort[is], WSort[os], WSort[p /. ReductionRules|eqgs]]];
AHD /: AHD[eqsl_,isl ,o0sl_,pl_] AHD[eqs2_,is2_,0s2_,p2_] := Module]|
{glued = Intersection[Union[isl, is2], List@@Union[osl, o0s2]]},
Reduce [AHD [
eqslxeqs2 //. eql_Equalxeq2_Equal /;
Intersection[List@e@eql, Liste@eq2] =!= {} :> Union[eql, eq2?],
Complement [Union[isl, is2], glued],
IM[glued, WP[osl, os2]],
IM[glued, WP[pl, p2]]
111

(» pA on Circuit Diagrams =«)
pA[cd_CircuitDiagram, eqs___] := pAf[cd, {}, AHD[Times[eqs], {}, W[], W[]1]];
pA[cd_CircuitDiagram, done_, ahd_AHD] := Module][
{pos = First[Ordering[Length[Complement[List @@ &, done]] & /@ cd]]},
pA[Delete[cd, pos], Union[done, List @@ cd[[pos]]], ahd«pAf[cd[[pos]]]]
13
pA[CircuitDiagram[], _, ahd_AHD] := ahd
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1= Expand[ (Xp,,p // T) [31]
outf-]= hgty +hpty —hpty T+ hy tp Ta

1= Expand[ (Xp,p // T)[B1] /7« ta hy = = (EaaXp) /+ {€a > E15 Eb > Eis Xa = X4 Xp = Xks Ta > 0}

Ouf-J= =0 &3 A Xk = &1 A X5 —E1 A X+ 0E] A Xy

inf-1= Expand [ (Xma,p // T)I31] /. ta hb_ = (EaaXp) /. {fa = &5, b > &is Xa > X15 Xp > Xk Ta 0}

Ei ~ Xk &5 A Xk
= &5 A X+
0 )

Out[+]= — - §] A X1

The A-invariants of the crossings.

KR Q\X/)k
RN 1=\

In[#]:= .ﬂ[Xi’j,k,l]
our = AL {1, 11, {3, K}y (| &3> Ti, X35> T1, X > Tiy E1-T1]),

Wedge [ ] _XjA"gl—TlxkAfi—XkAgl‘*TleAgl‘*TlXjAXkAgiAgl}
Inf[e]:= 'ﬂ[Yi,j,k,l]

our-= A {1, 3}, {k, 1}, <|§i%Ti) Xj%-!—j: XkﬁTi) glﬁTj|>)

wedge[]+ +Xk/\€j— +X1A§j—

Xk A € Xk A &5 XkAXl/‘gi’\gj}
T3 E T

1= A[Xz,s5,4,1] A[X3,7,6,5] A[Xe,0,8,4]1 // Short

outf-J/short= A {1, 2, 3, 4, 5, 6}, {4, <<b>, 9}, <1>,
Wedge[] —Xgn &1+ <<328>> + Ty TaTs Xg A X5 A Xg A X7 A Xg A Xg A &1 AExn&3nansnlel

inf-1= A[Xa,s5,4,1]1 A[X3,7,6,5]

our- A[{1, 2, 3, 5}, {4, 5,6, 7},
(| €25 Tay X5 > T1y X4 > T2y E1T1, E35 T3, X35 Ts, X6 = T3, &5 > Ts |,
Wedge[] -Xan &1+ T1XanE1-TiXan & - X5 A E1-TsXg 7 E3-Xg A &5+ Ts Xg # &5 -
X7 A€ +TiXgAnXs A1 A& -ToXgaXenE1 a3 +TiTsXgnaXgnE1nE3-XgnXgn&rnds+
TiXanXgnE1nEs+TsXagAXenE1 A& —TiTsXanXegn &1 a&s-T1TsXanXgnEpn&s-
TiXagnXen&anEs+TiTsXgnXenEanEs—XgnXgn &1 nls+TiXgnXyn&1als—TyXgnXyn&pn&s-
TsXs AXgrnE1nE3-XsAXeAE1nEs+TsXsaXgn&rns—XsAXyaE1aEs—TsXgAXynE3n &5~
TiToXgnaXsaXernE1nEanE3-TiXanXsaXgnE1nEpn&s+TiTsXanXsaXgn&qnpns—
TiXgaXsaXgnErnEpns+TsXgnXenXygn&1aE3nE5-TyTsXgnXegnrXgnEaEzn&s+

T1T5X4AX6AX7A§2’\§3A§5+T5X5AXGAX7A§1A§3A§5—T1T5X4AX5AXsAX7A§1A§2A§3A§5]
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inf-}= Ca,1 [A[Xz,5,4,1] A[X3,7,6,5]]

outf+]= ﬂ[{zz 3,5}, {5,6, 7}, <‘§29T2; Xs = Ty, €3> T3, X7 > T5, Xg = T3, 559'!'5‘);
2Wedge[] -ToWedge[] +ToXs A & -2TsXg A E3+TaTsXen E3-2Xe A &5+ TaXen &5 +2Ts Xg A S5 -
ToTsXen s =2X7 A &5 +To Xy nEs+TpTsXs aXgn & nE3+ToXsaXgn & n&s—TrTs XgaXgn&ynds+
TzXSAX7A§2A§5—2T5X6AX7A§3A§5+T2T5X6AX7A§3A§5—T2T5X5AX6AX7A§2A§3A§5]

)= C[A[Xg,5,4,1] A[X3,7,6,5]1]

Out[-]= ﬂ[{l: 2, 3}, {4,6, 7}, <‘§29T2) X4_>T2: §1->T1, §3-> T3, X7_>T1: X6%T3|>J
Wedge[] -Xgrn &1+ TiXgn &1 -TaiXgn &+ XenE1-TiXegn &1 -T1Xegn E3+ X740 E1 -
TiXanXenE1nEr+TiXgnXenExna-TiXanXgn&xn&s+TiXgnXenExnlsm

2 2
T1X4AX6A§2A§3—T1X4AX7A§1A52—T1X6AX7A§1A§3—T1X4AX6AX7A§1A§2A§3]

= 1hs = C[A[Xy,5,4,1] A[X3,7,6,5] A[Xs,0,8,4] ]

Out[-]= ﬂ[{l: 2, 3}, {7, 8, 9}, <‘X9%T2) X8_>T3: &2~ Ta, §19T1) §3_>T3: X7%T1|>:
Wedge[] +X7 281+ Xgn &1 -TiXga &1 +T1Xgn & -TaToXgn &+ T1ToXga &3+ Xgn &q -
TiXon &1 +TiXgnEp =Ty XgaXgn &1 nEp+T1ToXgaxgna &y n&r-T1ToXgaXga &1 &3~
T1X7AX9/\§1A§2—T1T2X8AX9/\§1A§2+T%T2X8AX9A§1A§2+T1T2X8AX9A§1A§3—

2 2 2
T1T2X8AX9A§1A§3+T1T2X8AX9A§2A§3+T1T2X7AXSAX9A§1A§2A§3]

)= rhs = C[A[X3,5,4,2] AlXa,6,8,1] ALXs,7,9,6]]

Outf+]= ﬁ[{l: 2,3}, {7,8,9}, (X35 T1, Xe 5 T2, E35T3, E25Ta, Xg > T3, E15T1 ),
Wedge[] +X7 281 +Xgn 81 -TiXgr E1+T1Xgn & -TiTaXgn &+ T1ToXga &3+ Xgn&q -
TiXon &1 +TiXgn &y —TiXgaXgn &1 nEp+T1ToXgaXgn & n&r-TiToXgaXgna&pnds—
T1X7AX9’\§1A§2—T1T2X8AX9A§1A§2+T%T2X8AX9A§1A§2+T1T2X8AX9A§1A§3—
TiTzXSAX9A§1A§3+T§T2X8AX9A§2A§3+T§T2X7AX8AX9A§1A§2A§3]

nf-1= 1hs[4] == rhs[4]

outf-]= True

1= €[A[X2,4,3,1] ALX3,4,6,51]

outf+]= ﬂ[{l: 2}, {5, 6}, (’é‘z%Tz: €1 - T1, X = Ta, X5%T1’>, Wedge [ ] *XSA§1+X6A§2’XS/‘X6’\§1A§2}
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