
In[ ]:= m0i_,j_→k_ := {k → i j, ξk → j ξi + ξj, ηk → i ηj + ηi, βk → βi + βj - ξi ηj};

σ0i_→j_ := {j → i, ξj → ξi, ηj → ηi, βj → βi}

In[ ]:= d1[f_] := Plus[

f /. m01,2→0,

-f /. m02,1→0
]

In[ ]:= d2[g_] := Plus

g /. σ0a→1 ⋃ m0b,c→2,

g /. σ0b→1 ⋃ m0c,a→2,

g /. σ0c→1 ⋃ m0a,b→2



In[ ]:= Simplifyf[0, β0, ξ0, η0] /. m01,2→0 /. σ0a→1 ⋃ m0b,c→2 -

f[0, β0, ξ0, η0] /. m02,1→0 /. σ0c→1 ⋃ m0a,b→2

Out[ ]= 0

In[ ]:= Expand /@ f[0, β0, ξ0, η0] /. m01,2→0 /. σ0a→1 ⋃ m0b,c→2

Out[ ]= f[a b c, βa + βb + βc - ηb ξa - b ηc ξa - ηc ξb, b c ξa + c ξb + ξc, ηa + a ηb + a b ηc]

In[ ]:= Expand /@ f[0, β0, ξ0, η0] /. m02,1→0 /. σ0c→1 ⋃ m0a,b→2

Out[ ]= f[a b c, βa + βb + βc - ηb ξa - b ηc ξa - ηc ξb, b c ξa + c ξb + ξc, ηa + a ηb + a b ηc]

In[ ]:= f[0, β0, ξ0, η0] // d1

Out[ ]= f[1 2, β1 + β2 - η2 ξ1, 2 ξ1 + ξ2, η1 + 1 η2] - f[1 2, β1 + β2 - η1 ξ2, ξ1 + 1 ξ2, 2 η1 + η2]

In[ ]:= f[0, β0, ξ0, η0] // d1 // d2

Out[ ]= f[a b c, βa + βb + βc - (ηb + b ηc) ξa - ηc ξb, b c ξa + c ξb + ξc, ηa + a (ηb + b ηc)] -

f[a b c, βa + βb + βc - ηb ξa - ηc (b ξa + ξb), c (b ξa + ξb) + ξc, ηa + a ηb + a b ηc] +

f[a b c, βa + βb + βc - (c ηa + ηc) ξb - ηa ξc, ξa + a c ξb + a ξc, ηb + b (c ηa + ηc)] +

f[a b c, βa + βb + βc - ηb ξa - (ηa + a ηb) ξc, b ξa + ξb + a b ξc, c (ηa + a ηb) + ηc] -

f[a b c, βa + βb + βc - ηc ξb - ηa (c ξb + ξc), ξa + a (c ξb + ξc), b c ηa + ηb + b ηc] -

f[a b c, βa + βb + βc - ηa ξc - ηb (ξa + a ξc), ξb + b (ξa + a ξc), c ηa + a c ηb + ηc]

In[ ]:= Simplify[f[0, β0, ξ0, η0] // d1 // d2]

Out[ ]= 0

In[ ]:= f[0, ξ0, η0] // d1

Out[ ]= f[1 2, 2 ξ1 + ξ2, η1 + 1 η2] - f[1 2, ξ1 + 1 ξ2, 2 η1 + η2]

In[ ]:= f[1, ξ1, η1, 2, ξ2, η2] // d2

Out[ ]= f[a, ξa, ηa, b c, c ξb + ξc, ηb + b ηc] +

f[b, ξb, ηb, a c, ξa + a ξc, c ηa + ηc] + f[c, ξc, ηc, a b, b ξa + ξb, ηa + a ηb]
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In[ ]:= Simplifyβ0 -
0
-1

0
-1 - 1

ξ0 η0 // d1

Out[ ]= 0

In[ ]:= Flatten@Table[{ξi ηj}, {i, 2}, {j, 2}]

Out[ ]= {η1 ξ1, η2 ξ1, η1 ξ2, η2 ξ2}

In[ ]:= Simplify@d1[ξ0 η0]

Out[ ]= -1 + 1 2 (η2 ξ1 - η1 ξ2)

In[ ]:= Column@Flatten@Table[{ξi ηj → Expand@d2[ξi ηj]}, {i, 2}, {j, 2}]

Out[ ]=

η1 ξ1 → ηa ξa + ηb ξb + ηc ξc

η2 ξ1 → ηb ξa + b ηc ξa + c ηa ξb + ηc ξb + ηa ξc + a ηb ξc

η1 ξ2 → ηb ξa + b ηc ξa + c ηa ξb + ηc ξb + ηa ξc + a ηb ξc

η2 ξ2 → b ηa ξa + c ηa ξa + a b ηb ξa + ηc ξa + ηa ξb +

a ηb ξb + c ηb ξb + b c ηc ξb + a c ηa ξc + ηb ξc + a ηc ξc + b ηc ξc

In[ ]:= BPn_[λ_List] := Union@Flatten@Table[

Product[ξi, {i, p1}] Product[ηi, {i, p2}],

{p1, Tuples[λ, n]}, {p2, Tuples[λ, n]}

]

In[ ]:= BP3[{1, 2}] // Length

Out[ ]= 16

In[ ]:= BP2@{0}

Out[ ]= η0
2 ξ0

2

In[ ]:= md1n_ := Module[{dz}, Table[

dz = d1[z];

Table[Expand@Coefficient[dz, w], {w, BPn@{1, 2}}],

{z, BPn[{0}]}

]];

md2n_ := Module[{dz}, Table[

dz = d2[z];

Table[Expand@Coefficient[dz, w], {w, BPn@{a, b, c}}],

{z, BPn[{1, 2}]}

]]

In[ ]:= md21 // MatrixForm

Out[ ]//MatrixForm=

1 0 0 0 1 0 0 0 1
0 1 b c 0 1 1 a 0

0 1 b c 0 1 1 a 0

b + c a b 1 1 a + c b c a c 1 a + b

In[ ]:= MatrixRank[md21]

Out[ ]= 3
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In[ ]:= MatrixRank[md22]

Out[ ]= 9

In[ ]:= MatrixRank[md12 /. _ → 1]

Out[ ]= 0

In[ ]:= MatrixRank[md22 /. _ → 1]

Out[ ]= 7

In[ ]:= Dimensions[md22]

Out[ ]= {9, 36}

In[ ]:= md12 // MatrixForm

Out[ ]//MatrixForm=

 0 -2 2 + 2 1 2
2 -1 + 1

2 2
2 2 2 - 2 1 2

2 0 -2 1 + 2 1
2 2 1 - 1

2 2
2 2 1 - 2 1

2 2 0 

In[ ]:= Expand[md12.md22]

Out[ ]= 0, -2 2 + 2 1 2
2 + 2 1 c - 2 1

2 2 c, 0, -2 2 b + 2 1 2
2 b + 2 1 b

2 - 2 1
2 2 b

2,

2 1 - 2 1
2 2 - 2 b + 2 1

2 2
2 b + 2 1 a b

2 - 2 1
2 2 a b

2, 0,

2 2 c - 2 1 2
2 c - 2 1 c

2 + 2 1
2 2 c

2, 0, 2 2 - 2 1 2
2 - 2 1 c + 2 1

2 2 c,

4 1 b - 4 1
2 2 b - 4 1 c + 4 1

2 2 c, 4 1 a b - 4 1
2 2 a b - 4 1 b c + 4 1

2 2 b c,

-2 1 + 2 1
2 2 + 2 b - 2 1

2 2
2 b - 2 1 b

2 c + 2 1
2 2 b

2 c, 0,

-2 2 c + 2 1 2
2 c + 2 1 c

2 - 2 1
2 2 c

2, 0, 2 1 - 2 1
2 2 - 2 c + 2 1

2 2
2 c + 2 1 b c

2 - 2 1
2 2 b c

2,

-2 2 + 2 1 2
2 + 2 1 a - 2 1

2 2 a, 0, 2 2 - 2 1 2
2 - 2 1 b + 2 1

2 2 b,

-4 1 a b + 4 1
2 2 a b + 4 1 a c - 4 1

2 2 a c,

-2 1 + 2 1
2 2 + 2 a - 2 1

2 2
2 a - 2 1 a

2 b + 2 1
2 2 a

2 b, 0, 4 1 a - 4 1
2 2 a - 4 1 b + 4 1

2 2 b,

2 2 b - 2 1 2
2 b - 2 1 b

2 + 2 1
2 2 b

2, -2 1 + 2 1
2 2 + 2 c - 2 1

2 2
2 c - 2 1 a c

2 + 2 1
2 2 a c

2,

-4 1 a + 4 1
2 2 a + 4 1 c - 4 1

2 2 c, 2 2 a - 2 1 2
2 a - 2 1 a

2 + 2 1
2 2 a

2,

-4 1 a c + 4 1
2 2 a c + 4 1 b c - 4 1

2 2 b c, 0, 2 2 - 2 1 2
2 - 2 1 a + 2 1

2 2 a,

0, 2 1 - 2 1
2 2 - 2 a + 2 1

2 2
2 a + 2 1 a

2 c - 2 1
2 2 a

2 c, 0,

-2 2 + 2 1 2
2 + 2 1 b - 2 1

2 2 b, -2 2 a + 2 1 2
2 a + 2 1 a

2 - 2 1
2 2 a

2, 0

In[ ]:= ξ0
2
η0
2
// d1 // Expand // d2 // Expand

Out[ ]= 0

In[ ]:= Expand[md12.md22] /. _ → 1

Out[ ]= {{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}}
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