
Pensieve header: A trace for GDO at $k=1$.

In[ ]:= SetDirectory["C:\\drorbn\\AcademicPensieve\\2018-08"];

<< ../Projects/SL2Invariant/SL2Invariant.m

Loading KnotTheory` version of January 20, 2015, 10:42:19.1122.

Read more at http://katlas.org/wiki/KnotTheory.

This is Profile.m of http://www.drorbn.net/AcademicPensieve/Projects/Profile/.

This version: June 2018. Original version: July 1994.

In[ ]:= $k = 1; ℏ = 1; γ = 1;

In[ ]:= trm_ := {m}→{} βm bm,
m 1 - Bm

m - 1
ξm ηm / ℏ,

1 + Sum
ϵk

 m - 1k+l
pk,n,l βm

n
(ξm ηm)

l, {k, $k}, {n, 0, 2 k}, {l, 1, 2 k - n}
$k

In[ ]:= trm

Out[ ]= {m}→{}bm βm,
1 - Bm m ηm ξm

-1 + m

, 1 +
ηm ξm p1,0,1

-1 + m
2
+
ηm
2 ξm

2 p1,0,2

-1 + m
3
+
βm ηm ξm p1,1,1

-1 + m
2

ϵ + O[ϵ]2

In[ ]:= Ekk_ := Block{$k = kk},

-1 + i j
3 $k Coefficientdmi,j→m // trm〚3〛- dmj,i→m // trm〚3〛, ϵ, $k // Together

In[ ]:= E0

Out[ ]= 0

Dror Bar-Natan: Academic Pensieve: 2018-08: Trace-k.nb 2018-08-31 17:27:09

http://drorbn.net/AcademicPensieve/2018-08/#MathematicaNotebooks

http://www.drorbn.net/AcademicPensieve/Projects/Profile/


In[ ]:= E1

Out[ ]= -
1

4 i
2 j

2
-1 + i j

4 i
2 j

2 ηj ξi - 4 Bm i
2 j

2 ηj ξi - 4 i
3 j

3 ηj ξi + 4 Bm i
3 j

3 ηj ξi - 4 i
2 j

2 βi ηj ξi + 4 Bm i
2 j

2 βi ηj ξi +

4 i
3 j

3 βi ηj ξi - 4 Bm i
3 j

3 βi ηj ξi - 4 i
2 j

2 βj ηj ξi + 4 Bm i
2 j

2 βj ηj ξi + 4 i
3 j

3 βj ηj ξi -

4 Bm i
3 j

3 βj ηj ξi - 2 i
3 j

2 ηi ηj ξi
2 + 4 Bm i

3 j
2 ηi ηj ξi

2 - 2 Bm
2 i

3 j
2 ηi ηj ξi

2 - 2 i
4 j

3 ηi ηj ξi
2 +

8 Bm i
4 j

3 ηi ηj ξi
2 - 6 Bm

2 i
4 j

3 ηi ηj ξi
2 - i

2 j
2 ηj

2 ξi
2 + Bm

2 i
2 j

2 ηj
2 ξi

2 - 2 i
3 j

3 ηj
2 ξi

2 + 8 Bm i
3 j

3 ηj
2 ξi

2 -

6 Bm
2 i

3 j
3 ηj

2 ξi
2 - i

4 j
4 ηj

2 ξi
2 + 4 Bm i

4 j
4 ηj

2 ξi
2 - 3 Bm

2 i
4 j

4 ηj
2 ξi

2 - 4 i
2 j

2 ηi ξj + 4 Bm i
2 j

2 ηi ξj +

4 i
3 j

3 ηi ξj - 4 Bm i
3 j

3 ηi ξj + 4 i
2 j

2 βi ηi ξj - 4 Bm i
2 j

2 βi ηi ξj - 4 i
3 j

3 βi ηi ξj +

4 Bm i
3 j

3 βi ηi ξj + 4 i
2 j

2 βj ηi ξj - 4 Bm i
2 j

2 βj ηi ξj - 4 i
3 j

3 βj ηi ξj + 4 Bm i
3 j

3 βj ηi ξj +

2 i
3 j

2 ηi
2 ξi ξj - 4 Bm i

3 j
2 ηi

2 ξi ξj + 2 Bm
2 i

3 j
2 ηi

2 ξi ξj + 2 i
4 j

3 ηi
2 ξi ξj - 8 Bm i

4 j
3 ηi

2 ξi ξj +

6 Bm
2 i

4 j
3 ηi

2 ξi ξj - 2 i
2 j

3 ηj
2 ξi ξj + 4 Bm i

2 j
3 ηj

2 ξi ξj - 2 Bm
2 i

2 j
3 ηj

2 ξi ξj - 2 i
3 j

4 ηj
2 ξi ξj +

8 Bm i
3 j

4 ηj
2 ξi ξj - 6 Bm

2 i
3 j

4 ηj
2 ξi ξj + i

2 j
2 ηi

2 ξj
2 - Bm

2 i
2 j

2 ηi
2 ξj

2 + 2 i
3 j

3 ηi
2 ξj

2 - 8 Bm i
3 j

3 ηi
2 ξj

2 +

6 Bm
2 i

3 j
3 ηi

2 ξj
2 + i

4 j
4 ηi

2 ξj
2 - 4 Bm i

4 j
4 ηi

2 ξj
2 + 3 Bm

2 i
4 j

4 ηi
2 ξj

2 + 2 i
2 j

3 ηi ηj ξj
2 - 4 Bm i

2 j
3 ηi ηj ξj

2 +

2 Bm
2 i

2 j
3 ηi ηj ξj

2 + 2 i
3 j

4 ηi ηj ξj
2 - 8 Bm i

3 j
4 ηi ηj ξj

2 + 6 Bm
2 i

3 j
4 ηi ηj ξj

2 - 4 i j ηj ξi p1,0,1 +

4 i
2 j

2 ηj ξi p1,0,1 + 4 i j ηi ξj p1,0,1 - 4 i
2 j

2 ηi ξj p1,0,1 + 8 i ηi ηj ξi
2 p1,0,2 +

4 ηj
2 ξi

2 p1,0,2 + 4 i j ηj
2 ξi

2 p1,0,2 - 8 i ηi
2 ξi ξj p1,0,2 + 8 j ηj

2 ξi ξj p1,0,2 - 4 ηi
2 ξj

2 p1,0,2 -

4 i j ηi
2 ξj

2 p1,0,2 - 8 j ηi ηj ξj
2 p1,0,2 - 4 i j βi ηj ξi p1,1,1 + 4 i

2 j
2 βi ηj ξi p1,1,1 -

4 i j βj ηj ξi p1,1,1 + 4 i
2 j

2 βj ηj ξi p1,1,1 - 4 Bm i
2 j ηi ηj ξi

2 p1,1,1 - 4 Bm i j ηj
2 ξi

2 p1,1,1 +

4 i j βi ηi ξj p1,1,1 - 4 i
2 j

2 βi ηi ξj p1,1,1 + 4 i j βj ηi ξj p1,1,1 - 4 i
2 j

2 βj ηi ξj p1,1,1 +

4 Bm i
2 j ηi

2 ξi ξj p1,1,1 - 4 Bm i j
2 ηj

2 ξi ξj p1,1,1 + 4 Bm i j ηi
2 ξj

2 p1,1,1 + 4 Bm i j
2 ηi ηj ξj

2 p1,1,1

In[ ]:= SolveAlways[E1 ⩵ 0, {ξi, ξj, ηi, ηj, βi, βj(*,i,j,Bk*)}]

Out[ ]= {p1,0,2 → 0, i → 0}, {p1,0,2 → 0, j → 0}, p1,0,1 → --1 + Bm i j,

p1,0,2 →
1

4
1 - 4 Bm + 3 Bm

2 i
2 j

2 1 + i j, p1,1,1 → -1 + Bm i j, i →
1

j



In[ ]:= p1,0,1 = --1 + Bm m, p1,0,2 =
1

4
1 - 4 Bm + 3 Bm

2
 m

2
1 + m, p1,1,1 = -1 + Bm m

Out[ ]= 1 - Bm m,
1

4
1 - 4 Bm + 3 Bm

2 m
2 1 + m, -1 + Bm m

In[ ]:= E1

Out[ ]= 0

In[ ]:= E2

Out[ ]=

-
1

288 i
4 j

4
-1 + i j

144 i
4 j

4 ηj ξi - 144 Bm i
4 j

4 ηj ξi - 288 i
5 j

5 ηj ξi + ⋯ 3357⋯ + 288 Bm
3 i

5 j
6 ηi

3 ηj ξj
4 p2,3,1

large output show less show more show all set size limit...

In[ ]:= SolveAlways[E2 ⩵ 0, {ξi, ξj, ηi, ηj, βi, βj(*,i,j,Bk*)}]
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In[ ]:= Expand /@ dmi,j→k

Out[ ]= {i,j}→{k}ak αi + ak αj + bk βi + bk βj, yk ηi +
yk ηj

i

+
xk ξi

j

+ ηj ξi - Bk ηj ξi + xk ξj, 1 +

1

4 i j

-4 yk j βi ηj - 4 xk i βj ξi + 4 xk yk ηj ξi + 4 ak Bk i j ηj ξi + 2 yk j ηj
2 ξi - 6 Bk yk j ηj

2 ξi +

2 xk i ηj ξi
2 - 6 Bk xk i ηj ξi

2 + i j ηj
2 ξi

2 - 4 Bk i j ηj
2 ξi

2 + 3 Bk
2 i j ηj

2 ξi
2 ϵ + O[ϵ]2

In[ ]:= trk_ := {k}→{} βk bk,
k 1 - Bk

-1 + k

ξk ηk / ℏ,

1 + ϵ c + d βk + e ξk ηk + f βk
2
+ m βk ξk ηk + g ξk

2
ηk

2
;

Simplifydmi,j→k // trk ≡ dmj,i→k // trk

Out[ ]=

1

i j -1 + i j

ϵ (ηj ξi - ηi ξj) 4 g ηi ξj + ηj ξi + 2 j ξj + 4 i 2 g ηi ξi + (-6 g + m Bk) j
2 ηj ξj +

j e + m βi + m βj - 2 g ηj ξi + m Bk ηj ξi - 2 g ηi ξj + m Bk ηi ξj +

i
4 j

3 2 1 - 4 g + 2 -2 + m Bk + 3 Bk
2 ηi ξi + j -4 e - 4 m βi - 4 m βj + ηj ξi - 4 g ηj ξi + ηi ξj -

4 g ηi ξj + 4 Bk d - f + 2 f βi + 2 f βj - ηj ξi - ηi ξj + 3 + 4 f Bk
2 (ηj ξi + ηi ξj) +

i
2 j 4 (-6 g + m Bk) ηi ξi + 2 1 + 12 g - 2 1 + 2 m Bk + Bk

2 j
2 ηj ξj +

j -4 - 12 e + 4 - 12 m βi + 4 βj - 12 m βj + ηj ξi + ηi ξj + -1 + 4 f Bk
2 (ηj ξi + ηi ξj) +

4 Bk 1 + d - f + -1 + 2 f βi + -1 + 2 f βj - 2 m ηj ξi - 2 m ηi ξj +

2 i
3 j

2 1 + 12 g - 2 1 + 2 m Bk + Bk
2 ηi ξi + 1 - 4 g + 2 -2 + m Bk + 3 Bk

2 j
2 ηj ξj +

j 2 + 6 e + -2 + 6 m βi - 2 βj + 6 m βj + ηj ξi +

4 g ηj ξi + ηi ξj + 4 g ηi ξj - -3 + 4 f Bk
2 (ηj ξi + ηi ξj) +

2 Bk -1 - 2 d + 2 f + 1 - 4 f βi + βj - 4 f βj - 2 ηj ξi + m ηj ξi - 2 ηi ξj + m ηi ξj ⩵ 0

In[ ]:= eqn = Coefficientdmi,j→k // trk〚3〛- dmj,i→k // trk〚3〛, ϵ // Simplify // Numerator

Out[ ]= (ηj ξi - ηi ξj) 4 g ηi ξj + ηj ξi + 2 j ξj + 4 i 2 g ηi ξi +

(-6 g + m Bk) j
2 ηj ξj + j e + m βi + m βj - 2 g ηj ξi + m Bk ηj ξi - 2 g ηi ξj + m Bk ηi ξj +

i
4 j

3 2 1 - 4 g + 2 -2 + m Bk + 3 Bk
2 ηi ξi + j -4 e - 4 m βi - 4 m βj + ηj ξi - 4 g ηj ξi +

ηi ξj - 4 g ηi ξj + 4 Bk d - f + 2 f βi + 2 f βj - ηj ξi - ηi ξj + 3 + 4 f Bk
2 (ηj ξi + ηi ξj) +

i
2 j 4 (-6 g + m Bk) ηi ξi + 2 1 + 12 g - 2 1 + 2 m Bk + Bk

2 j
2 ηj ξj +

j -4 - 12 e + 4 - 12 m βi + 4 βj - 12 m βj + ηj ξi + ηi ξj + -1 + 4 f Bk
2 (ηj ξi + ηi ξj) +

4 Bk 1 + d - f + -1 + 2 f βi + -1 + 2 f βj - 2 m ηj ξi - 2 m ηi ξj +

2 i
3 j

2 1 + 12 g - 2 1 + 2 m Bk + Bk
2 ηi ξi + 1 - 4 g + 2 -2 + m Bk + 3 Bk

2 j
2 ηj ξj +

j 2 + 6 e + -2 + 6 m βi - 2 βj + 6 m βj + ηj ξi +

4 g ηj ξi + ηi ξj + 4 g ηi ξj - -3 + 4 f Bk
2 (ηj ξi + ηi ξj) +

2 Bk -1 - 2 d + 2 f + 1 - 4 f βi + βj - 4 f βj - 2 ηj ξi + m ηj ξi - 2 ηi ξj + m ηi ξj

In[ ]:= sol = Last@SolveAlways[eqn ⩵ 0, {ξi, ξj, ηi, ηj, βi, βj(*,i,j,Bk*)}]

Out[ ]= e → i j 1 - Bk - d Bk + f Bk + d Bk i j - f Bk i j  -1 + i j
2,

g → i
2 j

2 1 - 4 Bk + 3 Bk
2 - 4 f Bk

2 + i j - 4 Bk i j + 3 Bk
2 i j + 4 f Bk

2 i j  4 -1 + i j
3
,

m →
i j -1 + Bk - 2 f Bk + 2 f Bk i j

-1 + i j
2
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In[ ]:= Simplify[eqn /. sol]

Out[ ]= 0

In[ ]:= sol /. {c d f → 0}

Out[ ]= e →
1 - Bk i j

-1 + i j
2
,

g → i
2 j

2 1 - 4 Bk + 3 Bk
2 + i j - 4 Bk i j + 3 Bk

2 i j  4 -1 + i j
3
, m →

-1 + Bk i j

-1 + i j
2


In[ ]:= Trk_ := {k}→{} βk bk,
k 1 - Bk

-1 + k

ξk ηk / ℏ,

1 + ϵ c + d βk + e ξk ηk + f βk
2
+ m βk ξk ηk + g ξk

2
ηk

2
 /. sol /. {i → 1, j → k};

Trk

Out[ ]= {k}→{}bk βk,
1 - Bk k ηk ξk

-1 + k

,

1 + ϵ c + d βk + f βk
2 +

1

-1 + k
2
k 1 - Bk - d Bk + f Bk + d Bk k - f Bk k ηk ξk +

k -1 + Bk - 2 f Bk + 2 f Bk k βk ηk ξk

-1 + k
2

+

k
2 1 - 4 Bk + 3 Bk

2 - 4 f Bk
2 + k - 4 Bk k + 3 Bk

2 k + 4 f Bk
2 k ηk

2 ξk
2  4 -1 + k

3
 

In[ ]:= Simplifydmi,j→k // Trk ≡ dmj,i→k // Trk

Out[ ]= True

In[ ]:= Simplify /@ Trk /. {c d f → 0}

Out[ ]= {k}→{}bk βk, -
-1 + Bk k ηk ξk

-1 + k

,

1 + ϵ -1 + Bk k ηk ξk 4 - 4 βk + -1 + 3 Bk k
2 ηk ξk + k -4 + 4 βk + -1 + 3 Bk ηk ξk 

4 -1 + k
3


In[ ]:= TRk_ := {k}→{}bk βk, -
-1 + Bk k ηk ξk

-1 + k

,

1 + ϵ -1 + Bk k ηk ξk 4 - 4 βk + -1 + 3 Bk k

2
ηk ξk + k -4 + 4 βk + -1 + 3 Bk ηk ξk 

4 -1 + k
3
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In[ ]:= Simplify /@ R1,2 R3,4 C5 // dm1,4→1 dm2,3→2 // dm1,5→1 // (TR1)

Out[ ]= {}→{2}a2 b1,
-1 + B1 x2 y2

-1 + B2
,

1

B1

- -1 + B1 x2 y2 -4 a2 -1 + B2 B2 + 1 - 3 B2 + B1 1 + 5 B2 x2 y2 ϵ 

4  B1 -1 + B2
3
 + O[ϵ]2

In[ ]:= Simplify /@ R1,2 R3,4 C5 // dm1,4→1 dm2,3→2 // dm1,5→1 // (TR1) /. B1 → 1

Out[ ]= {}→{2}a2 b1, 0, 1 + O[ϵ]2
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