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Pensieve header: The $sl_2"\epsilon$ dequantizator.
Code borrowed from Phi2CR-Classical.nb.
U,y conventions: g = "¢, H = {a, x)/([a, x] = yx) with
A=c " xA=gqAx, S(a,A.x)=(—a,A"',-A"1x),
A(a, A, x) = (a) + az, A1Az, x1 + A1xa)
and dual H* = (b,y)/([b,y] = —ey) with
B=¢ M, By=gqyB, S(bBy) = (-bB ', —yB),
A(b, B,y) = (b1 + b2, BBz, y1B2 + y2).

iri - ) i RN —
Monoblog on Oct 18, 2017: ~ Pairing by (a.0)" = = h(b,y) making Gbalxt) =
§ijouh~Uth ji[k]! so R = 3 "B Then U = H**P@H

I

with (¢f)(wg) = W1S ! )W, f1)(¢w2)(f>g). With the central
t:=€a—vyb, T =e" = A" B get

[a.y] = —yy, [b,x] =ex, xy—qyx=(1—-TA%)/n.
Ate = 05 q’{h;y() = <b’y’ a, X>/([b, ] = O’ [a’ X] =YX [a’y] =
—yy, [x,¥] = (1 — e ™) /h) with A(b,y,a,x) = (by + by, y1 +
e iy, ar + as, x1 + x2).

o 1-TA?
{rhs = simplify|

/. {T>e? 2, Ase™?} /. bsea-t], Limit[rhs, a 0]}

B (t-2ae) h
{7L’ 7t+236}
h

Representing g°.

ME = MatrixExp;
Simp[sol_] :=

Flatten[sol] /. C[_]1 >0 /. (var_-val_ ) =» (var - Simplify[PowerExpandeval]);
01 ) .

3

SR FREE R M EE ANV (R

Simplifye {pa.pox - pX.pa == pX, pa.py -py.pad = -py, PX.pY -pPYy.pX == 2 € pa - pt}
{True, True, True}

The 2-Stitch of Exponentials

Log[1l+en; £1]

¢ = {t9—>——+t1+t2,
€
e e % &,
Mo M1+ ——, dg > 2Log[l+eny 1] +ag +03, S~ —+§2}3
l+vené l+rené
Simplify[

ME[z, pt] .ME[n1 py].ME[a; pa] .ME[§1 pX] .ME[T; pt].ME[n; py].ME[a; pa] .ME[&; pX] ==
ME[ze ot] .ME[ne Y] .ME [ap pa] .ME[§p oX] /. ¢]

True
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d = Simpli'Fy[ta Tg + YoTlo + dg Og + Xp Eo /. d)]

e %,
dg <2L0g[1+€772§1]+0(1+0(2>+y9 (n1+—]+
lvemé&
e & ] ( Log[1 + € ny &1] )
l+en & €

Collect[Limit[&, € - 0], {to, Yo, Qo) Xo}]

3o (01 +03) +Yeo (N1+€ 1) +Xo (€ &1+ &) +to (~112 &1+ Ty + T2)

Finding the Dequantizator

t-2€a)

Should satisfy x§ - g § x= ==

~—— Where g= e"Y€ (temporarily at y = 1).

The xy side

Simplify[dg,e®] /. {(tIn|a|&1-0, (vi(t|n|a|&)a»v, (vi(t|y|a]|x))s=v}

e aracrynex g+t T (x+<ear] <_t+Za€—y€ 77))

Makes xfly, a-1]-(t-2a€e+yedy)0,fly, al.

The gy x side

Simplify[dg,e®] /. {(vi(zInlal&))i=v, (tinla|€2-0, (vi(t|y]|a]|x))y=»v}

ea a+yn+x +tt X

Makes xe"€ f[y, a.

The overall equation

_eh(t—z €a)

x(fly, a-1]1-€"¢fly, al) - (t-2a€+y€d,) 9, fly, a] = =2~

At e=0 this is x (fly, a - 1] - fly, al) - t 3, fly, a] = ==, which is solved by f[y, a] =y <"

1 el (t-2€2)

eqn[f ] :=Simplify[x ((f/.a—>a-1)-e"°f) - (t-2ea) 8yf+yedy,nf- —
h

eqn[f[y, al]l] /. € » ©

1
=(-1+et"exn (fly, -1+a] -fly, a]) ~taf®® [y, a])
A

ht_l

Simplify[eqn[y z ]7. €~ 0]

ht
<]
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eht

SeriesCoefficient[eqn[y +efi[y, a]], {€, 9, 1}]

xy etfixy 2a 2aet?

~2aethy — - — +xfily, -1+a] -xfi[y, a] -t > [y, a]
t th th
. .. e"t-1 ya e'’ya
SeriesCoefficient[eqn|[y +e |[—- +fi1ly, al|], (e, 0, 1}]
aAt t t

2a 2aet”
—a-aetf-o —

th th

+xfily, ~1+a] -xfi[y, a] -tf, 29[y, a]

Simplify[egn[y g[xy, al]l //. xy - z]

1
= (-1+e®?29 " zn (g[z, -1+a] -e“"g[z, a]) -
h

(t-2a€e)n(glz,al +zg™¥[z,a])+zen (2g™% [z, al +2g>? [z, a]))

eqlg_] := Simplify[i (_1+e(t—2ae)ﬁ .
A
zh ((9/.a»a-1)-e°"g) - (t-2ae)h (g+20,9) +2€h (20,9+202,2,9))]

eq[g[z, a]] == Simplify[eqn[y g[xy, al] //. xy - z]

True
Simplify[eq[g[z, a]] /. € -» 9]

1
—(-1+e*"+zhglz, -1+a] - (t+z) hg[z, a]l -tzhg™? [z, a])
h

SeriesCoefficient[eq[g[z, al], {e€, 9, 9}]

1 eth
-—+—+2g[z,-1+a)-tglz,al-zglz, a]l -tzg¥? [z, a]

h h

ht

SeriesCoefficient[eq| +regilz, al], {e, 0, 1}]

etz 2a 2aetl

z
—2aetly—- - +z2gi[z, -1+a] -tgi[z,al -zgi(z, a]l ~-tzg¥? [z, a]
t t th th
simplify[eqn[x*g[t'xy, a]] /7/. t7ixy > z]
1 (t-2ae) h 2a (L,e)rz. a X (2,8) 17, a
S S glz, -1+al-eTglz, a] -g>? [z, a] + €8 [z,a] xyee 2, a]
g h t t2

Simplify[eqn[x*g[xy, al] //.xy - z]

1
glz, -1+a]l+ —(-1+e®229 " _e“"hnglz, al - (t-2aec)hg®?¥[z,al +zeng?? [z, a])
h

e(‘t—Zae)Il_l
eq[g_ ] := Simplify[———+ (g /. a»a-1) -e“"g- (t-2a€) 0,9+2€0;,7]
h
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Simplify[eq[g[z, a]] == eqn[x* g[xy, a]] //. xy - Z]

True

Changing the dependent variable:

t
l-a+—

2017-10-29 20:00:27

-1 t-2ae
Collect[(z 2e ) eq[zz- glz, al], {glz, al, glz, -1+al, g®? [z, a]}, Simplify]

t
(71+e(t72ae)h) Z*1+a*; 1
+8lz, -1+a] -
A 47%¢

(t?+(2-4a)te+de (e"z+ (-1+a)ae))glz, a] +eg®? [z, a]

Changing the independent variable:

t+e-2ae

eq[g[z™ <, a]]

3-2a+%
c

1-4a+2%
z =

1-2a+%

tie-2ae)?g?9 |z <, al

t
1-2a+—
e“figlz °%

e,a]+g[z ,—1+a}+

Changing the dependent and the independent variable:

Collect[eq[z* g[2z™*, a]], g™ [z, a], Simplify]
1+ e(t—Zae)h

h

+z2% gz, -1+a] -z g(z®, a] (e*"z+ (t+e-2ac)s;-€esi)+

2z, (~t-e+2ae+2esy+e5,) gt (2%, a] + 2122 e 5320 (2%, a

Expanding in €:
Simplify[eq[g[z, a]] /. € » @]

l-et"+hglz,al +thg™®? [z, a)
h

glz, -1+a] -

SeriesCoefficient[eq[g[z, al], {€, 9, 9}]

1 et? 1o
-—+—+glz, -1+a] -g[z, a]l -tg™*? [z, a]

h h

1 eth
Series[-—+ —, {a, 0, 3}]
h h

t2h t3n? t*A
+ +

2 6 24

+0[Ah)%

+

elft-_1

SeriesCoefficient[eq| z+egiz, al], {e, 0, 1}]

etz 2a 2aet?

z
- +
t t th th

-2aet?+
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. z
Series[-2ae'”+ — - - — > {h, 0, 2}]
t t th th
2at? tz) , 3
(-at-z)n+ |- - — | n?+0[h)
3 2

SeriesCoefficient [

elft-_1 z «p 2@ 2ae'’? z (z etPz 2z 2et?z
eq[ Z+e|—|-2ae " - —+ +— | —+ + - +81[z, a] ]:

ht t
{€, 9, 1}]

g1(z, -1+a) -gi[z, a] ~tg, TP

z, aj

. z en 2a 2aet? z (z etz 2z 2et?z
Series[— [-2ae®” - —+ — | =4 + - , {t, 0, 1}]
t th th 2t \t t t2ha t2ha
2% n? 1
[azh+ ]+(16azh2+22h3>t+0[t]2
12 24
IR - ¢n 2@ 2ae'’ z (z etz 2z 2et?z
FullSimplify[— |-2ae"” - — + +— =4 + -
t th th 2t \t t t2a t2ha

2t%z (z(2+th+e*” (-2+th))-4at (1+e*” (-1+1th)))

ExpandeSeriesCoefficient|

eft-1 z ¢n 2a 2ae'” z (z ethz 2z 2e'%z
eq z+e |— |-2aet? - — 4 + + - +reglz,all],
at t 2t \t t t2h t2h

{e, 0, 2}]

4aZeth z d4az etz z2 e'hz2 43?2 4a%et” 2z 4d4az 2et"z 4aet?z
- + — + + - — + - +— + + - - +
t t2 t2 t2 t3 t3 t2h t2h t3hn t3h t3h t3n
» th zh etfzhn 2aet?zn z2n et"z2h
2atet?Pn+ — - + - - ————— 48[z, -1+a] -ga[z,a] -tg!
2t 2t t 2t 2t2

L9 [z, a]

Expand@SeriesCoefficient [

elft-1 z en 2a 2aet? z (z et?z 2z 2et?z
eq[ zZ+e|—[|-2ae -— % +— | =+ + - +

ht t th th t t t2h t2h

z a2 4 et 4 4 et? th z2 (4 8et? 12 12et?2 2et2p
e|— |- - + +2e"h|l+a— |[—+ + - - +
t t t2a t2ha 2t \t2 t2 t3h t3h t
1
: zz(—12t+12e”’t—24z+24ethz+6t2f1—18e”’t2h—12tzf1—12ethtzﬁ+
12t5h

3t3f12+9e”’t3h2—2tzzf12+2ethtzzf12) + 8202, a])]], {e, 0, 2}]

g0z, -1+al -g(z, a]l -tg, "% [z, a]
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Expand@SeriesCoefficient [

eft-1 z cn 2a 2ae'”? z (z etPz 2z 2et?z
eq[ zZ+e|—|-2ae"" - — + +— =+ + - +
at t th th 2t \t t t2h t2h
(zaz[ 4et? 4  4et” n ] z2 (4 8et? 12 12et'” Zethh]
e|— |- - + +2e**hAl+a— | —+ + - -— |+
t t t2ha t2n 2t \t? t2 t3ha t3n t

1
: 2> (-12t+12e*"t-24z+24e* " z+6t°n-18e" "t H-12tzh-12e" "t zh+
12t5h

3p%+9e " Pa? -2t zh%+ 2 "2 21?) + e g3(2, a]]J], {e, 0, 3}]

8ale'” z 6az 12a%z 3etfz 2aet”z 12a%et?z 522 12az? 7et"z2 273
N t2 +t3 i t3 i t3 - t3 i t3 i t3 N t4 N t4 N t4 i t5 -
2et?z3 8a3 8alet? 2z 8az 2438’z 2etPz 8aelfz 24a%ettz 1222
— -+ - —— + + + - - - -
t° t3h t3h t*h t*h t*h t*h t*h t*h t°>h
12az2 12e'22z2 12aet?z?2 4a3et?n zh 2azh 3etPzn 2z?n 3az’lh
+ + + + + + - - +
t° h t°h t° h t 2 t2 t2 2 t2 t3 t3
3et"z2n 3aet”z?n Z22h e'"Z’h 4 , ., , zh? e'"zh? ae'"zn? 2a2e'"zn?
- + + ———-—a’e "h°+ - + - -
t3 t3 t4 t4 3 6t 6t t t
2272 eth 2232 gethz2p2 2372  ethz3p2 e
- + + - +83[z, -1+a] -g3[z, a] -tgs'™" [z, 3]
2 t2 t2 12 6 t3 6 t3
. eft_1 z cn 2a 2ae'” z (z et?z 2z 2et?z
Series[——z+e |~ |-2ae™® - —+ +— [=+ + - +
nt t th ta 2t \t t t2ha t2ha
z a2 4etn 4 4etn . z2 (4 8e'? 12 12et? 2e'2p
e|— |- - + +2e**hAl+a— | —+ + - - +
t t t2h  t?h 2t \t? t2 t3ha t3h t

: z? (-1zt+12e”t-z4z+24e”‘z+6t2ﬁ-18etﬁt2ﬁ-12tzn-12etﬁtzn+
12t°ha

3tp%+9e " tPa’ -2t zh%+ 2 "2 21?) + e g3(2, a]]], {t, 0, 2}]

222 p? .
7+—(3602—360azeh+302 eh’+
6t 360
240a°ze’n®+602°c’n’-30az’e’n*+ 22’ n*+360¢e’ g3 (2, a ) +
1 1
—(3602h—480azeh2+30226h3+360a2262h3+512262h4—36a2262h4+z362h5>t+
10080

720
(1680 zn* -2520azen®+1262* e h* + 2016 3%z’ h* + 20322 €’ n® - 168az° e’ h® + 422’ 1°) t2 +

ort]?

eqng = FullSimplify[a x ((ygIxy, a-11) -e"c (yglxy, al)) -

1- eh (t-2€ea)

(t-2ea) oy (yglxy, al) +y ey, (YgIXY, al) - — ] 77. xy » z
-l+e®?29 " znglz, -1+a] - (t+e“"z-2a€) hglz, al +
zh ((-t+2(1+a)e)g™?(z,al +zeg?®? [z, a])
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eqng = Fullsimplify@Power‘Expand[
Simplify|
n (x ((ygllogixyl, a-1]) -e" (yg[Log[xyl, al)) -
(t-2ea) dy (ygllog[xy]l, al) +Yy e dyy,2y (yglLog[xyl, a])) - (1-e” *2¢)
| 77. xy » &*
]
~1+e!
h(e*glz, -1+a]l - (e*“"+t-2a€)glz,al+(-tre+2ae)g®? [z, a]l +eg?®? [z, a])

t-2ae)n

FullSimplify[eqng /. € - 0]

-l+e'"+e*hglz, -1+a] -h ((e*+1t) gz, a] +tg™? [z, a])
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